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Abbreviations

I.V.
I.v.8
d.f.
d.fs
t.f.

t.f.s
ii.d.
PSQAI
pTQAI
pAl
pPQAI
FGM
AMH
VaR
ES
CVaR
HG
MC

random variable

random variables

distribution function

distribution functions

tail distribution function

tail distribution functions

independent and identically distributed (random variables)
pairwise strongly quasi-asymptotically independent
pairwise tail quasi-asymptotically independent
pairwise asymptotically independent

pairwise quasi-asymptotically independent
Farlie-Gumbel-Morgenstern (copula)
Ali-Mikhail-Haq (copula)

Value-at-Risk (risk measure)

Expected Shortfall (risk measure)

Conditional Value-at-Risk (risk measure)
Haezendonck-Goovaerts (risk measure)

Monte Carlo (simulations method)



Notations

R Set of real numbers.

Ry Set of nonnegative real numbers, i.e., R} := [0, 00).
R Set of extended real numbers, i.e., R := RU{—00, 00}.
N Set of natural numbers, i.e., N:={1,2,3,...}.

Ny Set of nonnegative integers, i.e., Ng := {0,1,2,...}.
F Cumulative d.f. of ar.v. §, i.e., Fe(x) :=P({ < z). We

write I’ without a subscript when the corresponding
r.v. is clear from the context.

Fe¢ T.f of arwv. &, e, Fe(z) := P(§ > z). We write F
when the corresponding r.v. is clear from the context.

Fex F Two-fold convolution of a d.f. Fg, i.e., Fe * F¢e(x) :=
P(& +& < x), where £ and & are independent copies
of &.

Cy Copula with parameter ©¥. We write C' when the spe-
cific parameter is not relevant.

cy Joint density function of a copula Cy.

Fe Generalised inverse of a d.f. F, i.e.,

F<(¢):=inf{zx e R: F(x) > ¢}, ¢ € [0, 1].
Generalised inverse of a t.f. F, i.e.,
F(p):=inf{z e R: F(z) <p}, p€0,1].

Class of heavy-tailed distributions.

T

54 Class of subexponential distributions.
Z Class of long-tailed distributions.

9

Class of dominatedly varying distributions.

10



EXYV (0,8}

EXYV

=
s

VaR,
ES,

Class of consistently varying distributions.

Class of extended regularly varying distributions with
indices 0 < a < 6.

Class of extended regularly varying distributions

Class of regularly varying distributions with index v >
0.

Class of slowly varying distributions.

Class of regularly varying distributions.
Class of positively decreasing distributions.
Upper Matuszewska index Jljf of a d.f. F.
L-index of a d.f. F.

Normal (Gaussian) distribution with mean x4 € R and
standard deviation o > 0.

Standard normal distribution, i.e., ®g1}.
Uniform distribution on the interval [a, b], a < b.
Pareto distribution with parameters a,b > 0.

Generalised Peter and Paul distribution with param-
eters b > 1, a € (0, 00).

Cai-Tang distribution with parameter p € (0,1).

“Distributed as”. For example, if a r.v. X has a stan-
dard normal distribution ®, we write X 4.

Sum of n € N real-valued r.v.s £1,...,&,, ie., S5 =

> k=1
Sum of n € N real-valued r.v.s &1,...,&, weighted by
cey Qn, i.e., Szg = ZZ:I kak

nonnegative r.v.s 01, .

Product of n € N standard normal r.v.s &1, ..., &,, i.e.,
Product of n € N normal r.v.s &1,...,&,, ie., f[n =

[Ti=1 &k-
Value-at-Risk risk measure at level q.

Expected Shortfall risk measure at level gq.

11



CVaR, Conditional Value-at-Risk risk measure at level q.
HG, Haezendonck-Goovaerts risk measure at level q.

| x| Floor function of a real number z, i.e., the greatest

integer less than or equal than .

[x] Ceiling function of a real number z, i.e., the least in-

teger greater or equal to x.

() Fractional part of a real number z, i.e., (x) :== z— |z].

xt Positive part of a real number z, i.e., " := max{0, z}.

T~ Negative part of a real number z, ie., = :=
max{0, —z}.

Ia Indicator function of a set A, ie., Ia(x) :=

1, if x € A,
0, if z ¢ A.
For two real functions f and g, we write

f(z)=o0(g(x)) if lim gé—;) =0.

T—00

[

For two positive real functions f and g, we write

f(z) =0(g(x))) if limSup% < o0 or, equivalently, if
T—>r00

there exist D1, Dy > 0 such that f(z) <
Dg(x) for x > D.

[

flx) ~ g(x) if lim £ = 1.

T—00 o0 9(T

—

flz) < g(x) if limsup% < 1.

~
T—00 T—00

fz) =< g(x) it f(z) =0(g(x)) and g(z) = O(f(x)))-

12



1 Introduction

1.1 Research topic, problems and relevance

The heavy-tailed phenomenon, which describes the tail behaviour of a
distribution, roughly speaking, means that large values under a given
distribution are assigned relatively high probabilities, or more precisely
that a t.f. decays significantly slower than any exponential t.f. (see also
Lemma below). Contrary to the more classical and widespread
theory in probability and statistics, which is centred on lighter tailed
distributions, Gaussianity, central moments, and central limit theorem,
heavy-tailed behaviour is governed by large values in the tails [92]. As
a result, when dealing with heavy-tailed distributions, asymptotic tail
behaviour becomes a vital characteristic.

Over the years, heavy-tailed distributions have received considerable
attention in a wide range of fields, including applied probability theory
(risk theory, extreme value theory), economics and finance, insurance,
information networks, and environmental sciences, and are often used
to model relatively rare but extreme events that classical distributions
tend to underestimate. Due to the complex nature of the systems in
which they are applied, various transformations of heavy-tailed distri-
butions are often considered — for instance, sums (see [506, 25|, 132 [26]
among many others) and products (see [30) 311 [68], [74, Chapter 5]) of
r.v.s distributed in this way or certain functionals, such as generalised
moments (see [76, [105]) or risk measures (as in [108], 80, 109]).

1.1.1 Products of normal random variables: from light to
heavy

The normal (Gaussian) distribution is often taken as a counterexam-
ple to heavy-tailed distributions. It is arguably the most widely used

13



distribution in probability and statistics and has well-known proper-
ties. In contrast, the distributional behaviour of the product of two or
more normal r.v.s to this day remains the subject of active research; see
[82, 34l 54, [55] and the references therein. In many of the articles, the
exact expressions of the density of product of two normal r.v.s have been
explored (see Section . However, the formulas obtained involve in-
tegrals or infinite series, which hinder their direct applicability and gen-
eralisation to the case of more multipliers. Consequently, asymptotic
properties play an important role in approximating the distributional
behaviour. This is even more significant, as, surprisingly, products of
independent normal r.v.s have heavy tails when three or more multipli-
ers are involved (see Lemma. More formally, let n € N be given and
consider a collection of independent standard normal r.v.s {&1,...,&,}.

Denote the product of such r.v.s by

1L, .= H &n.
k=1

Then it can be shown that II, is heavy-tailed if n > 3 and light-tailed
otherwise. In a relatively recent study [6], asymptotic formulas were
obtained, that could be applied to the tail distribution

P(IL, > z) as x — 00.

The formulas are given in an asymptotically exact form; however, since

no error terms are provided, the asymptotic convergence rate is not clear.

1.1.2 Random(-ly weighted) sums of heavy-tailed random
variables

Random outcomes in a system can often be expressed as a sum of r.v.s.
This occurs, for instance, when modelling total claims in an insurance
portfolio, where each claim amount is an individual summand, or in
financial contexts, where total losses of a portfolio are comprised of
losses of underlying assets, such as stocks or bonds. In cases where
the contribution of an individual component in a system is stochastic,
the aforementioned sums may well be generalised to a weighted setting
where each summand is multiplied by a random weight.

To formalise the above discussion, let n € N be fixed and {&1,...,&,}

14



be a collection of real-valued and possibly dependent heavy-tailed r.v.s,
also called primary r.v.s. Additionally, suppose that {61,...,0,} is a
collection of nonnegative, nondegenerate at zero r.v.s, called random

weights. Consider sums of the primary r.v.s

SE—Z@ G+...+6& (1.1)

and that of the randomly weighted summands

SHE =" 0k&e = 01& + ...+ O (1.2)
k=1

During recent years, the asymptotics of sums and have been
studied extensively in the literature of applied probability in the con-
text of risk and extreme value theories (for a more detailed overview,
see Section . In particular, many studies focus on the asymptotic
behaviour of the tail probabilities

P (S,% > 9:) and P (Sff > x) , as x — 00,

expressing them as sums of tail probabilities of the individual summands,
ie, Yp_1 P& > x) and >} P(6k&k > ) respectively (see [25], 50, 26]
59, 1621 [76], 107, 113], 114, 132] and the references therein). In addition,

the asymptotic behaviour of the tail expectations

E (Sﬁ ]I{SS>$}) and E (Szf H{Szg>m}> , as x — 00,

has been studied; however, the literature remains relatively scarce (see,
e.g., [62] [76, 128, [105]). More generally, the problem could be extended
to the case of generalised tail moments

E (@(SS) H{Sﬁ>x}) and E (@(Szg) I[{SZ€>E}> , as T — 00,

where p: R — R is a specific measurable transformation.

It is worth mentioning that the sums and frequently arise
in applications in finance and insurance. In the following, we give three
more specific use cases:

e The first is related to the discrete-time risk model in which a pri-

15



mary r.v. &, k € N, represents the net loss (total claim amount
minus the total premium income) of an insurance company in pe-
riod k, while a random weight 85 corresponds to the stochastic
discount factor used to discount insurer’s cash flows from period k
to the present time. In this setting, Sgﬁ denotes the present value
of the total net loss of the company accumulated over the first
n periods. For more details, see [85], 106, 59, 114} (1], 110} 116]
among others.

The second insurance-related example is based on the individual
risk model (see [I12, 37], [38, Chapter 4]). Assume that an in-
surance company has a portfolio of n policies with independent
random claims X7, ..., X,,. Since there is a possibility that there
is no claim on a policy, each random claim X is decomposed
into the product X = 0i&x, K = 1,...,n, where 0 is an indica-
tor Bernoully r.v., which is equal to one if the k-th claim occurs
and zero otherwise, and &, is the claim size conditional on a claim
event. Then the sum S% corresponds to the total amount of claims

incurred in the insurance portfolio.

The third use case concerns the construction of an investment port-
folio and capital allocation (see [I10]). Assume that a portfolio is
formed from n distinct financial assets. In such a setting, r.v. &g,
k € {1,...,n}, denotes the size of future losses incurred from the
k-th instrument in the portfolio, while the corresponding random
weight 6 admits several interpretations. It could be treated as
a stochastic discount factor or as a weight, corresponding to the
k-th instrument share in the portfolio. The randomly weighted
sum SY% then either denotes the present value of the total loss of
the portfolio or the total weighted loss of the portfolio.

1.1.3 Application to risk measures for aggregate risk

Financial and insurance activities are closely associated with the estima-

tion of tail events. One of the main tools that allow to assess the risk of

such events are risk measures — transformations (or, more precisely, func-

tionals) which assign to each financial position a numerical (monetary)

value representing its risk. On the one hand, they serve as a method

to assess the amount of additional capital required to safeguard against

16



potential losses. On the other hand, they might be interpreted as pre-
mium principles in an insurance context, which determine the premium
an insurer should charge. As risk management depends on the level of
risk aversion, most risk measures are parametrised by a confidence level
q € (0,1) that determines the degree of conservativeness. Generally, the
higher the confidence level, the more conservative the assessment of the
risk of a position.

The harsh lessons learnt from crises and the increasing complexity in
financial markets have exposed the limitations of certain risk measures.
In particular, widely used measures may fail to adequately capture tail
risk, lack desirable coherence properties, or have limited flexibility to
model risk preferences. For instance, a well-known Value-at-Risk (VaR)
measure (see Definition in general fails to obey the diversification
principle and, due to its very definition, does not account for the severity
of potential tail losses beyond a selected threshold (for more, see Sec-
tion below). After the Global Financial Crisis some researchers and
regulators even argued that VaR was one of the contributing factors to
the systemic failures (see, for instance, the discussion in [I0T]).

The aforementioned challenges have motivated the search for more
robust and theoretically grounded alternatives. One of them is the Ex-
pected Shortfall (ES) risk measure (see Definition [2.20) which, contrary
to VaR, is a coherent risk measure [9]. Another coherent and more gen-
eral alternative is the Haezendonck—Goovaerts (HG) risk measure (see
Definition , which depends on a Young function ¢ that governs
its behaviour [I5]. The flexibility to choose a preferred Young function
gives more control over the degree to which extreme tail losses influence
risk assessment. Interestingly, the HG risk measure reduces to the ES if
a linear Young function is selected.

It is important to note that, despite being more theoretically ground-
ed and flexible than some of the alternatives, the HG risk measure,
due to its very definition involving generalised quantiles, might be less
straightforward to implement in practice. In fact, as mentioned in [108],
the analytical expression of the HG risk measure is, in general, not at-
tainable, although for certain Young functions, such as power functions,
more manageable expressions were obtained (see [I08] and Section [5.1]).
For these reasons, statistical inference (see [119, [78| 134] and the refer-

ences therein) and asymptotic formulas (see [80, 108, 109]), when the

17



confidence level ¢ tends to unit, are often considered in the literature.
It should be noted that when the risk being measured is an aggregate of
potentially dependent individual risks (represented by S& and S%), the
estimation often becomes even more complex as the distribution of the
sum of r.v.s generally has to be estimated.

1.2 Main goals of the research

The main goals of this Doctoral dissertation focus on the asymptotic
properties of three types of transformations of heavy-tailed r.v.s dis-

cussed in the previous section and can be summarised as follows:

e Obtain more accurate asymptotic formulas for the tail probability
of the product II,, of n independent standard normal r.v.s. In
particular, the exact asymptotic equivalence

P(II, >x) ~ Wy(x),

T—r00

where W, is a real function dependent on x and n, which could
be derived from the results in [6]. We intend to improve this
asymptotic formula by uncovering error term(s), which would give
more insight into the decay rate of the tail probability. The results
could then be also generalised to the products ﬁn of n zero-mean
normal r.v.s with arbitrary variances.

e Derive asymptotic bounds for the generalised tail moments of ran-
domly weighted sums S% with heavy-tailed and not necessarily
independent primary r.v.s under a transformation from a certain
class of transformations that would improve and generalise the pre-
vious results. More specifically, our objective is to define a class KC
of measurable functions such that, if ¢ € K, then the tail moment
of p(S%) can be asymptotically bounded by the sums of tail mo-
ments of transformed individual summands ¢(6xé;), k=1,...,n,

ie.,

E (p(SE) T goe.,y) 2

T—00

Z (@ (0k&r)Lipe >0} )
E (¢S ge ) S ii (O gy,
Pon M legtesay) ~ . C¢ kSk)H{o¢>x}

.',E—>OO
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where C, is a special correcting constant depending on the r.v.

&k

o Establish asymptotic formulas of the Haezendonck-Goovaerts risk
measure specified by the power Young function ¢(t) = t* for the
sums S§ and S% with heavy-tailed and not necessarily independent
random summands, when the confidence level of the measure tends
to 1. Relying on the exact formulas obtained in [I08] we seek to
obtain expressions that would allow us to estimate the value of
the HG measure for such sums by a functional depending on the
marginal distributions of individual risks & or 0xéx, k= 1,...,n,
without the need to estimate the distributions of S§ or S%.

1.3 Methodology

To obtain the main research goals, we predominantly use the classical
results of probability theory and real analysis. Additionally, we rely
on the probabilistic extreme value theory techniques to explore the tail
asymptotics of heavy-tailed r.v.s, utilise properties of quantile functions
when dealing with risk measures, and employ copula theory to model
dependence between r.v.s.

To empirically validate and illustrate the obtained theoretical re-
sults, we present examples based on Monte Carlo (MC) simulations with
selected distributions and specific copula-based dependence structures.
However, we note that the derivations in the proofs of the main results
are purely analytical and do not involve any numerical approximations.

The MC simulations mentioned above were performed using the sta-
tistical software R (v4.2.3) [90], the figures presented in this Doctoral
Dissertation were also generated in R using the packages ggplot2[122]
and tikzDevice[97].

1.4 Publications

The main results presented in this Doctoral Dissertation have been pub-
lished in the following scientific articles. All of them appear in the jour-
nals indexed by ISI Web of Science.

o M. Dirma, S. Paukstys, and J. Siaulys. Tails of the moments for

19



sums with dominatedly varying random summands. Mathematics,

9(8):824, 2021.

e R. Leipus, J. Siaulys, M. Dirma, and R. Zové. On the distribution-
tail behaviour of the product of normal random variables. Journal
of Inequalities and Applications, 2023(1):32, 2023.

« M. Dirma, N. Nakliuda, and J. Siaulys. Generalized moments of
sums with heavy-tailed random summands. Lithuanian Mathe-
matical Journal, 63(3):254-271, 2023.

o J. Siaulys, M. Dirma, N. Nakliuda, and L. Zanardelli. Asymptotic
Formulas for the Haezendonck—Goovaerts Risk Measure of Sums
with Consistently Varying Increments. Azioms, 15(1):20, 2026.

1.5 Conferences and seminars

The results obtained were presented in the following conferences and

seminars:

e M. Dirma and N. Nakliuda, Asimptotinés formulés sunkiauodegiy
skirstiniy sumy apibendrintiems momentams. Finansy ir draudi-

mo matematikos seminaras, 13 December 2022, Vilnius.

e M. Dirma, Asimptotinés formulés sunkiauodegiy skirstiniy sumuy
apibendrintiems momentams. 11-asis Lietuvos jaunyjy matemati-

ky susitikimas, 30 December 2022, Kaunas.

e M. Dirma, Apibendrinti atsitiktiniy sumy su sunkiauodegiais dé-
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e M. Dirma and N. Nakliuda, Haezendonck-Goovaerts rizikos mato
asimptotika skirstiniy su nuosaikiai kintanciomis uodegomis su-
moms, 66-0ji Lietuvos Matematiky Draugijos konferencija, 26—
27 June 2025, Klaipéda.

e M. Dirma, On the asymptotic behaviour of the Haezendonck-
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ments, International Vilnius Conference on Statistics and Its Ap-
plications, 27-29 August 2025, Vilnius.

1.6 Structure of the dissertation

The rest of the dissertation is structured as follows. Chapter [2 intro-
duces the key concepts and some general results that are used through-
out the thesis. In particular, Section [2.I] reviews the main classes of
heavy-tailed and related distributions, Section [2.2] presents dependence
structures that are similar to asymptotic independence and the main
facts from copula theory used to model dependence. Section [2.3] defines
the concept of a generalised inverse function and presents its properties,
Section introduces risk measures and provides several examples of
them, including the Haezendonck-Goovaerts risk measure. The chapter
concludes with Section [2.5] which presents a couple of useful general
results.

The following three chapters focus on the main research topics of the
dissertation. In Chapter [3] the tail probability asymptotics of the prod-
uct of independent zero-mean normal random variables is investigated.
Chapter [] explores the asymptotic properties of the random sums with
dominatedly varying random summands under certain transformations.
Chapter [5] presents the asymptotics of the Haezendonck-Goovaerts risk
measure for the sums with consistently varying risks. Each of the three
chapters begins with an overview of related results in the literature and
a broader outline of the research problem. Then, the main results are
listed, with their proofs presented in a separate section. At the end of
each chapter, several examples are provided, which illustrate the validity
of the results via the MC simulations.

Finally, Chapter [6] concludes the results obtained and presents pos-
sible directions for future research.
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2 Preliminaries

2.1 Classes of distributions

In this section, we review the main classes of distributions used in this
dissertation. Before introducing the fundamental class of heavy-tailed
distributions, we first present the notion of the support of a distribution.
The support of a d.f. F' is defined as

supp{F} :={x: F(x +0) — F(x —0) >0 forall §>0}.

We say that a d.f. F' is supported on R if supp{F} C R.

Definition 2.1. A d.f. F supported on R is said to be heavy-tailed,
written as F' € 3, if, for every 6 > 0, it holds that

/Re‘swdF(a:) = 00.

Note that, by the alternative expectation formula (see Lemma [2.5]),

we have
o —
/ AP () = 146 / I F(2)dz,
[0,00) 0
implying that
Fe# = F(z)>0,zeR.

In other words, Definition says that a real-valued random variable &
is heavy-tailed if its moment generating function M (8) := E(e%) = oo

for all § > 0. To check whether a distribution belongs to the class JZ,
one can also use the lemma given below.
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Lemma 2.1. A d.f. F is heavy-tailed if and only if for every § > 0,

F
lim sup (a;) = 0.

r—oo €

For the proof of Lemma see [83, Lemma 1.2]. If a distribution
is not heavy-tailed, we say that it is light-tailed.

Example 2.1 (Normal distribution). The normal distribution with mean
p € R and standard deviation o > 0, written as @y, 1, defined by a den-
sity function

f(x)—o\}%exp{—;(xgu>2}, rER,

and a d.f.

1/x— u) 2
F(x ex dx
(@) a\/ 27 P { ( o }
1s light-tailed. It is a well-known fact, that the moment generating func-
tion of @y, 51 is

- b ol (2 oo 2]

for all 6 > 0. We denote by ® := Py 1) the case of standard normal
distribution.

Example 2.2 (Exponential distribution). The exponential d.f. with pa-
rameter A > 0, defined by

F(z) = (1 - e’”) Ljo,00) (@),

is light-tailed. Indeed, by Lemma[2.1] with 6 = X, we get

(QZ‘ ) e—)\:r:
lim sup = limsup —
r—o00 € oz z—o0 € 9%

=1.
In what follows, we present some of the most commonly encountered

subclasses of heavy-tailed distributions, also referred to as regularity
classes. We begin with arguably the most thoroughly studied class of
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distributions listed in this subsection, namely, the class of regularly vary-
ing functions, first formalised by Karamata in [64].

Definition 2.2. A d.f. F' supported on R is said to be regularly varying
with index o > 0, written as F € X, if for all y > 0, it holds that

lim E(a:y)

—

=Yy

Hy s also called a class of slowly varying distributions. We denote by
K = Uas0Za the class of reqularly varying distributions.

As noted in [91], the class %, broadly speaking, consists of func-
tions which “behave asymptotically like power functions”. The class of
regularly varying functions has been widely used in probability theory
and real analysis (see [32, 96, 63, 104} [75, 89] to name a few). For a
systematic treatment of regularly varying functions, see also [16].

Example 2.3 (Pareto distribution). The Pareto d.f. with parameters
a,b> 0 (written as Pag,yp), defined by

Fz) = (1 - <b+b$>) T oo (). (2.1)

is regularly varying with index a, i.e., F € %,. Observe, that for all
y >0,

Fnl a
lim }i(a:y) = lim (b—i—x) =y %
T—00 b—|-g;y

T—00 F(ZE)
A related extension is the so-called class of extended regularly vary-
ing distributions, which generalises the regularly varying functions.

Definition 2.3. A d.f. F' supported on R is said to be extended regularly
varying with indices 0 < a < 3, written as F € EXV (o py, if for all
y > 1, it holds that

A < liminf =22 < limsup ——=22 <y~ @
Y ph0e F(z)  omsel Flz) Y

or, equivalently, for all 0 <y < 1,

F F
y~ ¢ < liminf 7(J:y) < lim sup 7(xy) <y




We denote by EZV = Up<a<p EXZV (a5} the class of extended reqularly

varying distributions.

It can be easily seen that if a = 8 > 0, then EZV (, gy = Za. The
properties of functions from &% were studied in detail in [29] [67) 24]
121] (see also the references therein).

Next, we define the class of consistently varying distributions, which
was introduced in [29] as a generalisation of the class # and was initially

referred to as intermediate reqular variation.

Definition 2.4. A d.f. F supported on R is said to be consistently
varying, written as F € €, if
F(zy)

lim lim su =1
yT1 x—>oop F( )

The class of consistently variation has attracted great interest and
has been examined in depth (see, for instance, [311, 25 23}, [65) [5, (18, 117]
and the references therein).

Example 2.4 (Cai-Tang distribution). An ezample of a consistently
varying distribution was given in [23]. Let Y and N be independent
r.v.s such that YiL{([O, 1]) and N is a geometric r.v. with parameter
€ (0,1), ice., P(IN = k) = (1 — p)p* for k =0,1,... Then a r.v. X,

defined by
X =(01+Y)2", (2.2)

belongs to the class € but not to the # (for the proof, see [25]). It can
be shown that the r.v. X defined in (2.2]) has the following distribution

function:

1 — pliog =]

F(z)=(1-p) (1—p

€z log, ©
+ (2“0%”2@ — 1) pL 82 J) ]I[l,oo)(x)

We denote this distribution by CT, and refer to it as the Cai-Tang dis-
tribution after the authors who applied it in [23]. Indeed, observe that

(2.3)

F(z)=P((1+Y)2" <z) = }:P(1+Y <z)P(N = k)
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© X
—p)ZP(Y< %—1>pk.
k=0

Clearly, F(z) = 0 for v < 1. Now consider the case x > 1. Since
YiZ/{([O, 1]), we get

P (Y < 2% - 1) = Ipgrr1 o0y () + (; - 1> Lok g1y (),

and therefore

ZP( <o )p = Tjp.00) (@ (Uogij 1p)

x logy o
+ <2Uog2 z] 1) pL = JH[LOO) ($)
1 — pllogz 2] x oe
T 1-p T2.00) (@) + (QLlogg a] 1) pl: JH[LOO)(J")

1— p|_log2 x| . .
B ( —p (2Uog2xJ _1> Pl ) Ty o) (@),

implying (2.3).

The following broader class of heavy-tailed distributions, charac-
terised by dominatedly varying tails, was first introduced in [47] and
later extensively studied in [57, 106}, 113), 114} 56, 130} 132 26] among
others.

Definition 2.5. A d.f. F' supported on R is said to be dominatedly
varying, written as F' € 9, if for any fixred y € (0, 1), it holds that
F

(@) _

lim sup —
e F(x)

Example 2.5 (Peter and Paul distribution). As noted in [57], the Peter
and Paul distribution is an example of a dominatedly varying distribu-
tion. We say that a r.v. X is distributed according to the generalised
Peter and Paul distribution with parameters b > 1, a € (0,00) (written
as PPapy), if its d.f. is defined by

Fla)=@0"—1) Y b, (2.4)

k>1,bk<x
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or, equivalently, if its t.f. is

Flz)=0"—1) > b "~ (2.5)

k>1,bk>x

Since for x > 1,

F&ﬁ:@“—n(mil— )3 rw>

k‘?l,bkgx
1 (1-— (b_a)UOgb xJ) o Llogy 2
- — 1 — = a b
(b )<w—1 - (b= :
we get
F og, x+lo —l|log;,
lim sup lmy) = lim sup (b—a)U gy w+logy, y] —|logy,

< (bia) [logy, y|—1

for ally € (0,1), implying X € 2.

We now introduce two extensively studied subclasses of 7, intro-
duced by Chistyakov in [27] in the context of branching processes. The
first is the class of subexponential distributions. Although this class was
originally defined for distributions supported on a positive half-line of
R, we use an extended definition that also applies to the distributions
supported on the whole R (see [0, Section 3.2]).

Definition 2.6. A d.f. F' supported on R is said to be subexponential,
written as F' € 7, if for the d.f. Fy(x) := F(x)l) )(z),

lim Fy x Fy(x)

— = 2.
vroe Fy(x)

The class of subexponential distributions has been further studied
systematically in [28| [ITT], 57, [66], 107, 106}, (6], 1T5] [129] 1T0] among a
number of others. The second closely related and larger class is the class
of long tailed distributions, considered in [42, [30} [66], 23, 125] [49] (see
also the references therein).

Definition 2.7. A d.f. F' supported on R is said to be long tailed, written
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as F € L, if for all y > 0,

lim M =1.
T—00 F(x)

For an in-depth overview of subexponential and long tailed distribu-
tions, also refer to Chapters 2 and 3 of the monograph by Foss et al.
50].

The interrelationships of the classes of heavy-tailed distributions can
be expressed as follows (see, e.g. [57 [16], 23]):

RCERY CECCINL CS CL CH,

(2.6)
9 C H; I\ &L #0.

A schematic illustration of (2.6) is shown in Figure

EXYV

4

Figure 2.1: Classes of heavy-tailed distributions (each class is repre-
sented by a rectangle).

It is worth noting that all the inclusions in (2.6)) are proper. Cline
and Samorodnitsky in [31] provided two examples of distributions which

prove the strictness of the inclusions Z C &ZY C %. In particular, a
d.f.

F(z) = (1 - exp {~[log(x)] + (log(x) — [log(2)])*} ) Ij1.cc) (%) (2.7)
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isin EZV \ %, while a d.f.

F(z) = (1 - exp {~[log(x)] + (log(x) — [log(2)])""*}) I1.00(2) (2:8)

belongs to the class €\ &% . The Peter and Paul distribution given in
Example 2.5 belongs to the class 2\ .Z [57]. The Weibull distribution

F(x) = (1 — exp {ZL‘I/Q}) Lj0,00) () (2.9)

is an example of a subexponential distribution that is not dominatedly
varying [57]. The examples of distributions that belong to .2\ . are
more complicated and were explored in [42] [88], [50, Section 3.7]. We
direct the reader to [45, [31] and the references therein for more specific
examples.

For a more detailed review of the heavy-tailed distributions and their
properties, refer to the monographs of Bingham et al. [I6], Embrechts
et al. [44], Foss et al. [50] and Konstantinides [71].

The classes of heavy tailed distributions can be characterised by
the specific indices. The first one is the so-called upper Matuszewska
indez introduced in [81] and later used in numerous studies investigating
heavy-tail phenomena (e.g., [I6, Section 2], [311 106} 25| 53] 130} 132, 62]
among others). For a d.f. I, the upper Matuszewska index Jljf is defined
by

_ (2.10)

o . F(zy)

= — lim liminf ——=.
y—oo logy z—00 F(.’IJ)

The second important index is the so-called L-inder used in e.g.,
[120} 1311 (130} [132], 62, [76]. For a d.f. F', the L-index L is
F(ay)

Lp :=limliminf = . 2.11
Fi= imlimint e 211

Definitions of the aforementioned classes of heavy-tailed distributions as

well as (2.10) and (2.11) imply the following characterisations (see also
[106]):

Fe9 — Jif < oo — Ly > 0;

Fe¥ — Lp=1 — Jf < oo
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F e R, = Lp=1, Jf=a

In the dissertation we will consider one additional class of functions
satisfying a certain tail monotonicity condition.

Definition 2.8. A d.f. F supported on R is said to have a positively
decreasing tail, written as F € P, if for any fized y € (0,1),
F(yz)

lim inf — > 1,

or, equivalently,
F
lim sup jym) <1

for any y > 1.

The class of positively decreasing functions was considered in [16]
75, [69] among others. For a more general treatment of functions, not
limited to the distribution functions satisfying the condition described
in Definition refer to [20] 21], 19]. We observe that

Ky = U Ko C Pg;, BN Py=0, €NPy#0;, Py\H +I0.
a>0

The first three relations follow immediately from Definitions

and To see that the class #4 contains light-tailed distributions, it

suffices to take a light-tailed exponential distribution (see Example .

Indeed, for F(z) = e ** X\ > 0, we have

F —Azy
lim sup f(xy) = lim sup ¢ —, — limsup e A(y—1)

T—00 F(.’L’) r—oo € T—00

<1,

provided that y > 1. Hence, F € Py \ H.

2.2 Dependence structures

Since we are dealing with not necessarily independent r.v.s we introduce
the main dependence structure used in the dissertation and briefly re-
view the related structures (see also the discussion in Subsection {4.1)).
We note that all the dependence conditions considered concern the tail
behaviour of the distributions and impose some sort of asymptotic tail
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independence regardless of the behaviour in non-extreme regions.

We begin with a dependence structure first introduced by Geluk and
Tang in [56] as Assumption A, which was later referred to as strong
quasi-asymptotic independence in other articles (e.g., [T, 116, [62] [76]).

Definition 2.9 (pSQAI structure). Real-valued r.v.s &1,...,&,, n €
N, with distributions supported on R are called pairwise strongly quasi-
asymptotically independent (pSQAIL) if for all pairs of indices k,l €
{1,...,n}, k#1,

lim P(|&k] > x| & > 1) = 0. (2.12)

min{zy,z; }—o0

The following two dependence structures were later considered by
Cheng in [26] (see also the references therein).

Definition 2.10 (pTQAI structure). Real-valued r.v.s&1,...,&,, n € N,

with distributions supported on R are called pairwise tail quasi-asymptot-

ically independent (pTQAI) if for all pairs of indices k,l € {1,...,n},
k#1,

lim IP;(&—: = $k’§i+ > 1)

min{z,x; }—o0 Fgl-: (:Ck) + F51+ (:cl)

= lim Ei(gk’_ = :Ck’fj_ > 1) =
min{zg,r; }—o0 Fﬁ: (ajk) + FG_ (xl)

(2.13)

Definition 2.11 (pAI structure). Real-valued r.v.s &1,...,&,, n € N,
with distributions supported on R are called pairwise asymptotically in-
dependent (pAl) if for all pairs of indices k,l € {1,...,n}, k #1,

. P>z g>x) L P& >x,§ > )
lim — = lim -
Treo ka (1') o0 Fﬁz (:C)

= 0. (2.14)

Leipus et al. in [76] considered a new dependence structure similar
to pSQAI called Assumption B.

Definition 2.12 (Assumption B). Real-valued r.v.s &1,...,&,, n € N,
with distributions supported on R satisfy Assumption B if for all pairs
of indices k,l € {1,...,n}, k #1,

; + + _ — +
Jim sup® (6 > x| > u) = lim supP (6 > o |67 > u)
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T + — _
—mlgrgoigg <§k > | >u) =0.

The main dependence assumption about r.v.s £1,...,&, considered
in this dissertation, the so-called pairwise quasi-asymptotic independence
due to Chen and Yuen [25], is now introduced.

Definition 2.13 (pQAI structure). Real-valued r.v.s &1,...,&n, n € N,
with distributions supported on R are called pairwise quasi-asymptot-
ically independent (pQAI) if for all pairs of indices k,l € {1,...,n},
k#1,

i P& > 2, & > ) ) P({,‘; >z, & > x)
im — > = lim — oL
w0 Fei(2) + Fer(z) w700 Fepgy + Fer (2)

=0.  (2.15)

It turns out that the pQAI condition imposes the least restrictions
out of the dependence structures considered in this section, as is sum-
marised in the following proposition.

Proposition 2.1. Let &q,...,&,, n € N, be real-valued r.v.s with distri-
butions supported on R. Then

Assumption B = pSQAI = pTQAI = pQAIL (2.16)

Moreover, if the r.v.s &1,...,&, satisfy

Fg; (2)
11m —

=0 for all kEe{l,...,n}, (2.17)

then pAl = pQAIL

Remark 2.1. The additional condition is not accidental—while
the pAl structure can be considered on its own, it does not impose any re-
strictions on the asymptotic behaviour of the left tails of r.v.s &1, ..., &,
unlike the pQAI or pSQAI conditions. What is more, in [26] the condi-
tion was considered together with the pAl structure (see also the
discussion in Section .

Proof. We first prove the ([2.16]).

(Case: Assumption B = pSQAI) Assume that ther.v.s&y,...,§,
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satisfy Assumption B. For any pair &, &, 1 < k # [ < n, we have

lim P (€] > o | & > 1)

min{zy,z;}—o0

— lim (P(§k>$k|§l>$l)+P(fl;>x’f|&>xl))

min{zy,z;}—o0

< lim P (& > min{zg, 2} | § > 27)

min{zy,z;}—o0

+ lim P (flz > min{xg, 2} | & > xl)

min{zy,z;}—oc0

< lim sup P (& > min{xg, 21} | & > w)

min{z,2;}—00 u>min{zy,z;}

+ lim sup P (fk,_ > min{zg, 21} | § > u>

min{zy,z; }—00 u>min{zy,z; }
<£§;2£P@k>$|&>u)
+xll>ngoig€]?(§,; >z | &> u) =0.
(Case: pSQAI = pTQAI) Assume that the r.v.s &;,...,§, are
PSQAL For any pair &, &, 1 < k # [ < n, we have

im ]Pi(flj =~ xk’g > 1)
min{z,z; }—00 F§k+ (k) + F£l+ (x7)

< lim ]P’(§k>a:k\§l>ml):0.

min{zy,z; }—00

In the same way,

lim IP;(fk_ > l’k,{i’- > xl)
min{z,z; }—o0 Ffzj (.%'k) + F€l+ (.%'l)
< lim P@;>mja>m):0

min{xy,x; }—00

(Case: pPTQAI = pQAI) The case follows immediately, by taking

zp =2 in (2.13).

To prove the implication pAl with (2.17) = pQAI, observe, that for
any &k, &, L <k #1<n,

P& >z8>2) _ o Pl >8> 1)

im — — < lim — =0
e Fﬁk (37) + Fﬁz (x) L0 Fﬁk (33)
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and

lim P&k >2& >a) o PG>0 >2) L PG > 2)
v P (x) + Fe(x) @ Fe, (z) r00 Fe ()
F _
= lim ﬁk( z) =
Troo ng(l‘)
Il

Examples of dependent r.v.s could be constructed using copulas. Be-
fore proceeding with further details, we briefly recall the relevant theo-
retical background.

Definition 2.14. (See [84, Definition 2.2.2]) A bivariate or 2-dimen-
sional copula is a function C': [0,1]2 — [0,1], with the following proper-
ties:

e C(z,0)=C(0,2) =0 for all z € [0,1];
e C(x,1)=C(1,2)=2x forall  x€]0,1];

o forall0<u; Sus<1land0 < v vy <1,

C(UQ,UQ) — C’(ul,vg) — C(UQ,Ul) + C’(ul,vl) 2 0.

Definition [2.14] implies that bivariate copulas are basically 2-dimen-
sional distributions with uniform marginal distributions. Below we list

three copulas that will be used throughout the dissertation.

Example 2.6 (FGM copula). A bivariate Farlie-Gumbel-Morgenstern
(FGM) copula [84, Example 3.12] with parameter 9 € [—1,1] is defined
by

Cy(u,v) = uwv + duv(l —u)(l —v), wu,v € [0,1]. (2.18)

The corresponding joint density function is

o 82019(’&, U)

cy(u,v) := S 1+9(1 —2u)(1 —2v).

The plots of cy(u,v) for 9 € {0.5,—0.5} are shown in Figure 2.4
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Figure 2.2: Density plot of FGM copula Cy(u,v)

Example 2.7 (AMH copula). A bivariate Ali-Mikhail-Haq (AMH) cop-
ula [ with parameter ¥ € (—1,1) is defined by
uv

Cy(u,v) = 00— u)(i—0) u,v € [0,1]. (2.19)

The corresponding joint density function is

_9%Cy(u,v)  (1—=0)(1 =91 —u)(1 —v)) 4 20uv
o) == (1—0(1—u)(1—v)? '

The plots of cy(u,v) for 9 € {0.5,—0.5} are shown in Figure 2.5

Example 2.8 (Frank copula). A bivariate Frank copula [8], Section
4.2] with parameter ¥ € R\ {0} is defined by

e ¥ —1

Cy(u,v) = —%log (1 + (e 1)> , w,v€[0,1]. (2.20)

The corresponding joint density function is

2 —I(utv) (1 _ =0
ot v) = 0°Cy(u,v) e (1—e7)

Sudv T e V(utv) _ g—Yu _ o—v | o9’

The plots of cy(u,v) for 9 € {5,—5} are shown in Figure 2.4

The following theorem due to Sklar [I00] is the crucial result that

35



1.00

0.75

0.25

0.00

0.00 025 050 0.75 1.000.00 0.25 050 0.75  1.00

u

B 0409
B o603

B ©s 19
||
||
||

(1.0, 1.2]
(1.2, 1.4]
(1.4, 1.6]
(1.6, 1.8]
(1.8, 2.0]

Figure 2.3: Density plot of AMH copula Cy(u,v)

9

1.00
0.75
= 0.50
0.25
0.00

=5 =-5
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
u

9

Level

(0.0, 0.5]
(0.5, 1.0]
(1.0, 1.5]
(1.5, 2.0]
(2.0, 2.5|
(2.5, 3.0]
(3.0, 3.5|
(3.5, 4.0]
(4.0, 4.5|

(4.5, 5.0]
(5.0, 5.5]

Figure 2.4: Density plot of Frank copula Cy(u,v)

links multivariate distributions to their marginals and copulas (see [84]

Theorems 2.3.3 and 2.4.1]).

Theorem 2.1 (Sklar’s Theorem). Let F' be a bivariate distribution func-

tion with marginal d.f.s Fy and Fy. Then there exists a bivariate copula

C, such that

F(x1,20) = C (Fi(x1), Fo(x2))  for all z1,20 € R.

If the d.f.s F1 and Fy are continuous, then the copula C is uniquely
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determined. Otherwise, C' is only uniquely determined on Ran(F}) x
Ran(Fy). Conversely, let C be a bivariate copula and let Fy, Fy be two
d.f.s. Then there exists a bivariate d.f F' defined by with marginal
d.f.s Iy and F5.

It can be shown that the FGM, AMH and Frank copulas imply the
QAT dependence structure via Sklar’s theorem.

Example 2.9. Let & and & be r.v.s with corresponding d.f.s F1 and Fo
supported on R, such that F1(z) > 0 and Fa(x) > 0 for allz > 0. Con-
sider the FGM copula Cy given in . 1t follows from Sklar’s theorem
(see Theorem that the function F(x1,x2) := Cy(F1(z1), Fa(x2)) is
a bivariate d.f. with marginal d.f.s Fy, Fo. Then, for large enough x,

P& > a8 >x)  1—Fi(x) — Fa(z) + Cy(Fi(z), F(x))

Fi(z) + Fo(z) Fi(z) + Fa(x)
_ Fi@)Fa(e) (1 + 9k () Fa(x))
Fi(z)+ Fy(x)
< _Fi(2)F(x) +F1(QF2($)FL($)F2($)
Fi(z) + Fa(x) Fi(z) + Fa(x)
< 2F (). (2.22)

Similarly, by observing that

P& > 2,6 > o) <PE > z,8 >x) =P(E > 2,8 < —x)

for positive x, we get for large enough x that

P > 2.8 >2) _ Fa(=z) = Cy (Fi(x), Fa(=))
F () +F2(JU) = Fiq (z) +F2(l‘)
_ Fi(2)Fy(—x) (1 — 9F(x) Fa(—x))
Fi(z) + Fz(l’)

_ Fi@)F(—z) | Fi(x)Fy(—x)Fi(x)Fy(—)
Fi(z) + Fa(z) Fi(z) + Fa(z)
< 265 (—x). (2.23)

The estimates (2.22)) and (2.23) imply (2.15). Consequently, the r.v.s &
and & are QAL
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Example 2.10. Let & and & be r.v.s with corresponding d.f.s F1 and Fo
supported on R, such that F'1(z) > 0 and Fa(x) > 0 for all z > 0. Con-
sider the AMH copula Cy given in . It follows from Sklar’s theorem
(see Theorem that the function F(z1,x2) := Cy(F1(x1), Fa(x2)) is
a bivariate d.f. with marginal d.f.s Fy, Fs. Then, for large enough x,

P(&F > 2,&8 > ) 1 — Fi(z) — Fy(x) + Cy(Fi(x), Fa(z))
Fi(z) + Fa(x) Fi(z) + Fa(x)
Fi(@)Fa(x) (1 + VR (2) Fa())
Fi(z) + Fa(x)
Fi(z)Fa(x)(1 4+ 9(Fy(z) — Fi(z)))

~ (Fi(z) + Fa(2))(1 — 9F (2)Fa(x))

2F2($)

1= OF(2)Fa(z) 224

In the same fashion, for sufficiently large x, we obtain
P& > 2,65 > ) . Fy(—x) — Cy (Fi(x), Fa(—x))
Fl (l’) + Fg (.T) h Fl (a:) + Fg (a;)
_ B(=a)Fi(z)(1 - IF(-7))

(F1(z) + Fa(2))(1 = 9F1(2) F2(—1))

25 (=) (2.25)

S 1—9F (z)Fa(—x)

The derived estimates (2.24) and (2.25)) imply that the r.v.s & and &
are QAL

Example 2.11. Let & and & be r.v.s with corresponding d.f.s F1 and Fb
supported on R, such that F1(z) > 0 and Fa(x) > 0 for allz > 0. Con-
sider the Frank copula Cy given in . It follows from Sklar’s theorem
(see Theorem that the function F(x1,x2) := Cy(F1(z1), Fa(x2)) is
a bivariate d.f. with marginal d.f.s F1, Fy. As stated in [8, Section 4.2/
the Frank copula satisfies the property of radial symmetry:

Co(u,v) =u+v—14Cy(l —u,1—v), wu,ve]l0,1],
thus tmplying

P& > 2,6 > 2) =1 - Fi(v) — Fa(z) + Cy(Fi(x), Fa(z))
= Fl(a;) —I—Fg(x) -1+ Cﬁ(l — Fl(x), 1-— FQ(.Z'))
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for large enough x. It follows from the relations e VFi(@)_1 = —IF;(z)+

o(Fi(z)), i ={1,2}, and (2.26)) that

2F X F xr — —
P& > .65 > ) =~ log (1 ¢ PO o<F1<x>F2<x>>>
) Fi@)Falw) + oF1 () Fa(a).

e~

Hence, it follows that

P(&f > :U,EQL > 1) 9 Fi(x)Fa(x)

Fi(z) + Fa(z) e V1T (2)+ Fa(x)

Similarly, for sufficiently large x, we have

P& > a8 > x) =P(& > 2,6 < —x) <P(& > 2,6 < —x)
1(z) — (51 > 52 > —x)
1(z) = Cy(Fi(x) ))
—9F1(x) _ 1)(e—ﬂf2(—x) B 1))

e ¥ —1

< 19F2(—:s) _ 1)

I
=

I
'11\

1+

log

19
1
19

Il
ﬁj\

1—
log 71

(efﬁFz —z) _ 1)

Il
E

(z) =

Again, for large enough x, we obtain

P& > 2,6 > ) < Fy(z) — S +o(Fi(x))
Fi(z) + Fa(z) Fi(z) + Fa(x)




From the estimates (2.27)) and (2.28)) it follows that the r.v.s & and &
are QAL

In a setting where a collection of three or more r.v.s is considered,
there are multiple ways to impose the pQAI dependence structure. Be-

low we consider a couple of examples.

Example 2.12 (Mixing pairwise dependence with pairwise indepen-
dence). Let &1,...,&, be r.v.s with corresponding d.f.s Fy,..., F, sup-
ported on R, such that Fiy(x) > 0, i = 1,...,n, for all z > 0. Ad-
ditionally, let any two r.v.s &,&;, i, = 1,...,n, i # j have one of
the joint distribution functions considered in Examples[2.9, if
max{i,j} — min{i,j} = 1, min{i,j} = 2k — 1, k € N, and be indepen-
dent otherwise. We have already shown that in the first case each pair
consists of QAL r.v.s. In the other case, the r.v.s are QAI as well, since

independence implies the QAL structure.

Example 2.13 (Multivariate FGM distribution). Let &1,...,&, be r.v.s
with corresponding d.f.s F, ..., F, supported on R, such that F;(x) > 0,
i=1,...,n, for all x > 0. A multivariate FGM distribution (see [72,
Chapter 44, Section 13]) is defined by

P (& <$1,--~a§n<$n):HFi($i)

=1
(2.29)
X |14+ ﬁZ]Fi(l'i)F](x]) ,
1<i<j<n
where parameters V5, 1,7 € {1,...,n}, satisfy an addition condition
1+ Z gigjvi; = 0 (2.30)
1<i<j<n

for alle; = —sup{x € R: F;(x)}\{0,1} ore; =1 —inf{z € R: Fj(z)}\
{0,1}. The condition ensures that 1s a well-defined d.f. The
multivariate FGM distribution can be constructed using the multivariate
FGM copula (see [84), Theorem 2.10.9.]) and applying the multivariate
version of Sklar’s theorem (see [84), Example 3.31.]), similarly as in the
bivariate case considered in Example [2.9. Any 2-dimensional marginal

distribution of a multivariate FGM copula is a bivariate FGM copula [84,
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Ezxample 3.31.]. Hence, for any given pair {&;,&;}, i # 5, 1,7 =1,...,n,
Ezample [2.9 applies implying the QAT structure.

For more information on the application of copulas to problems in-
volving the modelling of dependence between heavy-tailed distributions,
the reader may refer to Albrechter et al. [3], Asimit et al. [I0], Yang et
al. [127], Wang et al. [I1§] and the references therein. For a systematic
treatment of copulas theory, see, for instance, the books of Nelsen [84]
and Durante and Sempi [41].

2.3 Quantile functions

In this subsection, we briefly recall some definitions and properties of
generalised inverses of distribution functions. These will be employed
in Sections [.4] [5-4] [3-4, when performing MC simulations, and used
extensively in Chapter [5]

Definition 2.15. For a real-valued r.v. X with d.f. F', the generalised
inverse, or quantile function, is a function F< :[0,1] — R defined by

F7(q):=inf{z e R: F(x) 2q}:inf{x€R:F($) él—q}, (2.31)

where F*<(q) = o0 if {r e R: F(z) > q} = 0.

Remark 2.2. For a t.f. F, the generalised inverse, or quantile function,
is a function F~ :[0,1] = R defined by

F(p) = inf {z € R: Fla) <p}, (2.32)

where F* (p) = oo if {x € R : F(z) < p} = 0. The definition follows
directly from Definition by observing that

F%(p):inf{xER:F(:n) gp}
=inf{z eR:F(z)>21—-p}=F"(1-p).

(2.33)

Below we list several useful properties of quantile functions.

Lemma 2.2. Let X be a real-valued r.v. with d.f. F' and corresponding

quantile function F. Then

(1) F(q) = —o0 if and only if F(x) > q for all x € R. FH(p) =
—oo if and only if F(x) < p for all z € R.
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(2) F*(q) = oo if and only if F(z) < q for allz € R. F* (p) = o0
if and only if F(x) > p for all x € R.
(3) F*(F(x)) <z and F* (F(x)) < .
then F*(F(x)) =z and F*~ (F(x))
(4) F<(q) < oo implies F(F<(q)) > q. F (p) < oo implies
F(F"(p) <p.
Proof. The proof of Lemma for a d.f. F' can be found in [43]. The
cases (1)-(4) for a t.f. F' follow almost directly by (2.33)).

If F is strictly increasing,
=2x

(1) F*(p) = —oc if and only if F(z) > p for all z € R. Thus,
F (p) = F¥(1 —p) = —oo if and only if F(z) > 1 — p or,

equivalently, F'(x) < p for all z € R.

(2) F<(p) = oo if and only if F(x) < p for all z € R. Hence,
F™(p) = F*(1 —p) = —oo if and only if F(z) < 1 —p or,
equivalently, F\(x) > p for all x € R.

(3) Relation (2.33) implies F* (F(z)) = F* (1-F(2)) = F* (F(x)).
Hence, the case follows immediately.

(4) ™ (p) < oo is equivalent to F* (1 — p) < oo by (2.33). Thus,
F(F<(1—p)) > 1 — p and the left hand side of the inequality
can be expressed as

F(F=(1—-p)=F(F (p)=1-F(F" (p)

completing the proof.

One practical application of the quantile function is in MC simulation

methods. The following lemma provides the theoretical justification.

Lemma 2.3 (Inverse probability integral transform). Let U LU ([0,1])
d

and X be a real-valued r.v. with d.f. F. Then F*(U) = X.

One can find the proof of this lemma in [43]. By Lemmal[2.3] one can
easily generate samples from a given distribution F', provided that the
expression of the generalised inverse F' is known, since the majority of
statistical programming languages allow users to sample from a uniform
distribution.
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In the following examples we derive the expressions of generalised
inverses of distributions given in Examples [2.3] 2.4 2.5

Example 2.14 (Quantile function of Pareto d.f.). Consider a regularly
varying Pareto d.f. F' with parameters a,b, as given in . Since F'
is strictly increasing on the interval [0,00) for all ¢ € (0,1), we have
F<(q) = F'(q) and

b
b+x

i=r@)=1- (=) = Flao=si-o7E -

Thus,
F<(q)=b(1—q) « —b. (2.34)

Example 2.15 (Quantile function of Peter and Paul d.f.). Consider a
dominatedly varying Peter and Paul d.f. F with parameters a, b, as given

mn . Since
F(SU) — (1 _ (b—a) [log;, ﬂ) H{r>1}7

to obtain the generalised inverse F< (q) we need to find the smallest x,
for which F(x) > q. As

1
L=l > g = [logya] >~ logy(1— )
it follows that
F<(q) = bl ~ales (-0 (2.35)

Example 2.16 (Quantile function of Cai-Tang d.f.). Consider a con-
sistently varying Cai-Tang d.f. F with parameter p, as given in .
To obtain the generalised inverse F<, we observe that the d.f. F is con-
tinuous, strictly monotone on the interval [1,00) and linearly increasing
on the intervals [2F,25F1) k € Ng. Hence F* coincides with F~1.

Suppose that for a given q € (0,1), the argument x € [2F 2F+1) s
such that F(x) = q. In such a case, we have

F<w>=<1—p><1‘_f+(””—1)p’f> —y =

1 2k
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2 (¢-1+p"2-p)
p*(1—p)

Since F(2™) =1 — p™ for all n € Ny, we obtain

xTr =

9 llog,(1-q)] (q — 1 + pllogp(1-a)] (2 — p))

F*(q) = (2.36)

forall g € 10,1).

Similar to the case of univariate distributions, one can draw sam-
ples from a multivariate distribution even if its marginals are not nec-
essarily mutually independent. The procedure is based on the so-called
Rosenblatt’s transformation presented in [95]. For a random vector
(X1,...,X,) with an absolutely continuous distribution, the mapping
is defined to the random vector (Ui,...,U,), where U; 4 U(o, 1)),
i = 1,...,n, are i.i.d. r.v.s (for a generalised transformation without
the absolute continuity assumption see [17]). Firstly, the n-variate dis-
tribution Fx, . x, ofa vector (Xi,...,X,) is expressed into the product
of conditional distributions as follows:

Fx,.. x,(x1,....;xn) = F1 (x1) Fo (2 | 1) - Fy (2 | Tp—1, ..., 1),

where Fi(z1) = P(X1 < 1) and Fg, kK = 2,...,n, is the conditional
distribution of Xj:

Fk(l‘k|SC]§_1,...,.T1):]P)(X]§<CC]§|Xk_1 :l‘k_l,...,Xlzl‘l).

Then the r.v.s Fi(X1), Fo(Xo | X1),..., Fo(Xn | Xn—1,...,X1) are in-
dependent and uniformly distributed on the interval [0, 1].
To sample from the multivariate distribution of (X1,..., X,), n > 1,

we follow the so-called conditional distribution method (see |36, Chapter
11, Section 1.2]) combined with Lemma

ALGORITHM 1 (Multivariate distribution sampling). Generation of sam-

ples from a multivariate distribution of a random vector (X1,...,X,).

Step 1: Generate n independent realisations uy, . .., uy from the uni-
form distribution U([0,1]).
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Step 2: Obtain a realisation (x1,...,xy) from (Xi,...,X,) recur-

stvely:

1= Fy (u1),

xp = F5 (uz | 21),

Ty =F (un | Tn-1,...,71).

For any copula C(u1,u2) = P(U; < uy,Us < ug), the conditional
distribution function of Uy given the event {Us = ug} is defined by

0
CU2<’U,1) IZ]P’(Ul < (51 ’ U2 = UQ) = a—C(ul,uQ)
U2
=y G202 10) = O, wa) (2.37)
6—0 1)

By Theorem 2.2.7 of [84], it follows that the partial derivative in ([2.37))
exists almost everywhere on the interval [0, 1]. Samples from a bivariate
distribution defined by a bivariate copula and marginal distributions can
be generated combining Sklar’s theorem (see Theorem , Lemma
and the conditional distribution method discussed above. The procedure
is summarised in the following algorithm (see also [84], Section 2.9]).

ALGORITHM 2. Generation of samples from a bivariate distribution F
characterised by marginal d.f.s F1, Fs and a copula C'.
Step 1: Generate two independent realisations t,ua from U([0,1]).

Step 2: To induce the copula implied dependence, transform t into
uy = CF,(t). In this way, the realisation (uy,uz) from the copula
C is obtained.

Step 3: Using Lemma 2.3, obtain the realisation from the bivariate
distribution F by transforming (uy,us) into (Fy~ (u1), 5 (u2)).

In the following examples we derive the conditional distribution func-
tions of the FGM, AMH and Frank copulas, given in (2.18]), (2.19) and
(2.20]) respectively, and their generalised inverses.

Example 2.17. Since the bivariate FGM copula in (2.18) is absolutely
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continuous, we get

0
Couy(ur) := %Cﬁ(ul,uz)
=uy + Yug(1l —u1)(1 — ug) — Yugug(l — uq)

= up (1 — 0 + 2up?) 4 ul (9 — 2ug?).

It follows that the generalised inverse is

CH ( ) _ _(1 — U+ 21@19) + \/(1 — U+ 2’&219)2 — 4y(19 — 2’LL2’£9)
Dz = 209 — 2uz9)

Example 2.18. The bivariate AMH copula, given in (2.19), is abso-
lutely continuous and thus

Uy — ”(911,1(1 — ul)(l — UQ) — 19U1UQ(1 — ul)
(1 —79(1 —ul)(l —UQ))2 '

Cﬂ,UQ (ul ) =

Then the generalised inverse is
Vg (Yu3 — 20us + 9 + ug — 1)
I(Yudq — 20usq + 9q — 1)
1~ + \/40%u3q — 40%uzq + 40uzq + 92 — 20 + 1
20(Vudq — 20uaq + g — 1) '

Cius (@) =

_.I_

Example 2.19. The bivariate Frank copula, given in (2.20), is abso-
lutely continuous and thus

e—ﬂug (e—ﬂul - 1)
efﬂ(uﬁrug) _ efﬁul _ ef’&uz _|_ ef’l? '

Couy (1) =
It follows that the generalised inverse is

e u2(1 —q) + qe”)

1
<_ [ ——
o) = =5 108 ( e 71— q)+q

2.4 Risk measures

In this section, we briefly recall the main facts about risk measures,
which from a strictly mathematical perspective are real-valued function-
als defined on a class of random variables representing random risks.
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Definition 2.16. A risk measure is a mapping p: G — R, where G is a

set of financial positions (risks).

In practice, the interpretation of the risk measure p and the set G
depends on the field they are used in. For instance, in finance and bank-
ing, risk measures are often employed to assess the risk of the portfolio of
financial assets, like stocks or bonds, under market uncertainty. In such
a case, a financial position X € G can be the discounted value of the
portfolio or the sum of its generated profit and economic capital. The
associated risk p(X) can then be interpreted as the minimum amount of
cash (capital) that needs to be added and invested in risk-free assets to
make the position acceptableﬂ [9]. In an insurance context, r.v.s in G are
often interpreted on a loss-profit scale, which means that a r.v. X € G
represents a potential loss insurer is facing, while p(X) can denote the
insurance premium charged [58].

It should be noted, though, that without loss of generality, financial
positions can be interpreted either on a profit-loss or loss-profit scale. In
particular, if p: G — R is a risk measure defined on a set G of profit-loss
risks, then the functional 7(X) = p(—X), for all X € G is a risk measure
defined on a set of loss-profit risks. Hereafter, unless stated otherwise,
we consider financial positions on a loss-profit scale.

In their seminal paper [9] Artzner and co-authors presented a sys-
tematic treatment of risk measures and provided a set of intuitively
interpretable axioms or desirable properties that “should hold for any

risk measure which is to be used to effectively regulate or manage risks’ﬂ

(see Axioms below).

Axiom TI (Translation invariance). For all X € G and o € R,
p(X +a)=p(X)+a.

The translation invariance axiom means that if the potential loss was
increased (decreased) by a fixed amount « almost surely, then the risk
of the position would increase (decrease) by «.

'For simplicity, in this dissertation we consider random risks and risk measures
without the impact of interest rates. In a more general setting, the results could be
extended by adding discount factors.

In [9] the axioms were formulated for random risks on a profit-loss scale.
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Axiom PH (Positive homogeneity). For all X € G and X\ > 0,

PAX) = Ap(X).

The positive homogeneity axiom states that rescaling a financial po-
sition by a positive factor rescales the risk of the position by the same
factor. Moreover, it implies a natural property p(0) = 0, meaning that
holding no financial positions results in zero risk.

Axiom S (Subadditivity). For all X1, X2 € G,
p(X1+ Xz) < p(X1) + p(X2).

As mentioned in [9], the intuition behind the subadditivity axiom
is that an aggregation of risks does not result in additional risk. What
is more, Axioms [PH| and [S] imply a more general convexity property,
which, in the context of risk measures, was introduced by Follmer and
Schied in [48].

Axiom C (Convexity). For all X;,X9 € G and X\ € [0, 1],
p(AX1 + (1= A)X2) < Ap(X1) + (1 — A)p(X2).

The convexity axiom directly reflects the principle of diversification
in a financial portfolio; the risk of a diversified position does not exceed
the weighted average of the risks of individual financial positions. To
see that Axioms [S] and [PH]imply Axiom [C] observe that

p(AX1+ (1 - A)X2) ; p(AX1) +p((1—A)X2)

A1) + (1= Np(Xa).

2

T

The following axiom from [J] encapsulates the concept that, when
comparing two financial positions, the one that generates the larger

losses is more risky.

Axiom M (Monotonicity). For all X,Y € G satisfying X <Y,
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Artzner et al. in [9] introduced the concept of a coherent risk measure

for risk measures that satisfy the aforementioned axioms.

Definition 2.17 (Coherent risk measure). A risk measure p: G — R is
called coherent if it satisfies Azioms[T1, [3, [PH and [M

The notion of coherence was later revisited and generalised by other
authors as well; see [35], 48] 52, [103] and the references therein. Notably,
Follmer and Schied in [48] and Fritelli and Rosazza Gianin [52] in [52]
introduced the so-called convex risk measures, an extension of coherence,
by replacing Axioms and [S| with Axiom |C| (see also [52]). In [48]
it was argued that the increase in risk resulting from a multiplicative

position increase may be nonlinear, as stated in Axiom [PH]

Definition 2.18. Convex risk measure A risk measure p: G — R is
called convex if it satisfies Azioms[C, [T] and [M

A more comprehensive overview of the properties and other classi-
fications of risk measures is beyond the scope of this dissertation. The
reader is referred to [I1] for distortion risk measures, to [I}, 2] for spectral
risk measures, to [I3] for expectile risk measures, and to [12, [I35] for

elicitable risk measures.

Some examples of risk measures

One of the most extensively used risk measures is Value-at-Risk (VaR),
which is defined as follows.

Definition 2.19 (Value-at-Risk). Let g € (0,1) and X € G. The Value-
at-Risk (VaR) risk measure at level q for the variable X is

VaRy(X) :=inf{z e R: P(X > z) <1—¢q} = Fx (¢).

It can be seen from the definition, that VaR, is basically the ¢-th
percentile of a loss distribution. Due to its simplicity and ease of compu-
tation the measure has quickly became an industry standard. Notwith-
standing the simplicity of VaR, certain shortcomings were identified (see
[9], [126]). First, it was shown in [9] that Value-at-Risk is not a coherent
risk measure since it does not satisfy the subadditivity axiom and hence
in general does not respect the diversification principle. Second, VaR is
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invariant to the extremity of the losses beyond the ¢-th percentile—the
issue, also referred to as “tail risk” problem [126].

To remedy these problems, it was suggested by Artzner et al. in [9] to
use the Expected Shortfall (ES) risk measure instead, which was shown
to be coherent (see [I, Appendix A)).

Definition 2.20 (Expected Shortfall). Let ¢ € (0,1) and X € G such
that EX* < oo. The Expected Shortfall (ES) risk measure at level q
for the variable X is
1 1
BS,(X) 1= / VaR, (X)du. (2.38)
—4qJq
The ES risk measure can be equivalently expressed as the Condi-
tional Value-at-Risk risk measure, introduced in [87, [94], 93] (see [1] for

more details as well).

Definition 2.21 (Conditional-Value-at-Risk). Let ¢ € (0,1) and X €
G such that EXT < oo. The Conditional Value-at-Risk (CVaR) risk

measure at level q for the variable X is

: E(X —2)*
CVaR,(X) := ;Iel]% {:13 + 1_(]} . (2.39)

Despite being arguably less intuitive than (2.38), the CVaR repre-
sentation of ES is convenient, as it allows the ES risk measure to be
directly related to the HG risk measure discussed below.

Haezendonck-Goovaerts risk measure

We now review the central risk measure of the dissertation, namely, the
Haezendonck-Goovaerts risk measure, based on Orlitz premium princi-
ple, which was named after its authors who proposed it in their 1982
paper [60]. Strictly speaking, the Haezendonck-Goovaerts risk measures
form a family of functionals, each characterised by a function ¢, called

a normalised Young function, that governs its behaviour.

Definition 2.22. A function ¢: R — R is said to be a normalised
Young function if ¢ is nonnegative and convexr on the interval [0, 00)
and satisfies ©(0) =0, ¢(1) =1 and p(c0) = co.
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Before stating the precise definition of the HG measure, it is impor-
tant to discuss the domain G on which it is considered. In recent articles
[15, [108, 109], the HG risk measure has been studied on the so-called
Orlitz spaces which have received growing attention in the context of
risk measures [15].

Definition 2.23. The Orlicz space L¥ and Orlicz heart L§ of real-
valued r.v.s associated with the normalised Young function ¢: R — R

are defined as

LY := {X : E(p(c|X])) < oo for some ¢ > 0},

Ly = {X : E(p(c|X])) < oo for all ¢ > O}.

Depending on the choice of a normalised Young function, the asso-
ciated Orlitz spaces may coincide. A sufficient condition is given in the
following proposition.

Proposition 2.2. If a normalised Young function ¢: R — R satisfies

2
lim sup #(22) < 00, (2.40)
z—o0 P(T)

then LY = LL§.

Proof. 1t is clear from Definition that LY O L§. It remains to
show that LY C L§. Take any X € L¥. There exists ¢g > 0 such
that E(p(co| X)) < oco. From the hypothesis of the proposition, there
exist xg, Mp € R such that = > xo implies p(2z)/p(z) < Mp. From
Definition it follows that ¢ is nondecreasing on the interval [0, 00).
Thus, for z > xg, we have p(z) < ¢(2z) < Mp(z). It follows that for
all k € N, there exists M € R such that ¢(z) < ¢(2%z) < My(x) for
sufficiently large z. Let ¢ > 0 be given. If ¢ < ¢, then p(cx) < ¢(cox)
and, as a result, Ep(c|X|) < Ep(co|X]|) < oo. If ¢ > ¢p, then there
exists M € R, 29 € R, k € N, such that ¢(cor) < ¢(cz) < p(2¥coz) <
My(cox) for © > xo. Moreover, the condition Ep(cg|X|) < oo implies

/( ¢ (colz|)dFx(z) < oo and ¢ (colx]) dFx () < o0.
0,00

(—o00,—x0)
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Hence,

[ plelal) APx () < M o (col]) dFx (z) < oo,
0,00

(IO’OO)

[ )w@m&M@<M[ i leolel) AP (@) < o
—00,—Z0 00,—XQ

Thus, Ep(c|X|) < oo, and therefore LY = LL§. O

It is not difficult to find an example of a normalised Young function
that satisfies ; for instance, we may take a power function ¢(t) =
t*, x> 1.

Having established the preliminaries, we now introduce the HG risk

measure.

Definition 2.24 (Haezendonck-Goovaerts risk measure). Let ¢ be a
normalised Young function, q € (0,1), and X € L¥. The Haezendonck-
Goovaerts (HG) risk measure for the variable X is defined as

HG,(X) = ;2}]}% {z+h(z,q)}, (2.41)

where h = h(x,q) is a solution of the equation

Ey <(X_h”“’)+> —1-g¢ (2.42)

if Fx(x) >0 and h(x,q) =0 if Fx(z) = 0.

The following proposition ensures that the infimum in (2.42)) is al-

ways attained and is unique under some stricter assumptions.

Proposition 2.3 ([15, Proposition 3 (b, d)]). The minimiser (xx, hy)
to the equation (2.41)) of the HG risk measure exists for all ¢ € (0,1).

Moreover, it is unique if the normalised Young function @ is strictly
conver and X € L.

What is more, the HG measure satisfies the axioms of coherence (see
Axioms and, as a result, is a coherent and convex risk

measure.

Proposition 2.4 ([I5, Proposition 3 (e)]). The Haezendonck-Goovaerts

risk measure HGy: L¥ — R is coherent.
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As noted in [I4], “the class of the Haezendonck measures can be seen
as a generalisation of CVaR”. Indeed, it easy to see from Definition [2.24]

that in the case ¢(t) = t, the expressions (2.41)) and (2.42)) become

. E(X —2)"
HG,(X) —;gﬁ{l'ﬂL 1_(1}7

which is equivalent to the definition of CVaR (see Definition2.21)).

Depending on the choice of a normalised Young function, the value
of the HG risk measure may differ significantly for a given confidence
level ¢ € (0,1). To better illustrate this, we present an example. Let
us consider the behaviour of the HG risk measure for a heavy-tailed
random risk X < Paya oy under 5 different Young functions ¢(t) = t*,
x€{1,3/2,2,5/2, 3}. In the case » = 1, HG4(X) = ESy(X). As can
be seen from Figure [2.5] higher values of the exponent s result in larger
values of the risk measure at a given ¢, which provides greater flexibility
in tailoring the measure to a desired level of risk aversion]

100 /L x=5/2

0.5 0.6 0.7 0.8 0.9 1.0

Figure 2.5: The values of HG, risk measure with ¢(t) = t* for a random
risk X i PCL{Q’Q}.

3The values of HG,(X) in the example were estimated by the MC simulations
method based on the expressions (5.1), (5.2) given in Theorem [5.1] (see Chapter
below).
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2.5 Some general results

In this section, we list a couple of useful auxiliary assertions which will
be used repeatedly throughout the dissertation. The first one is the

so-called min-maz inequality.

Lemma 2.4 (Min-max inequality). Let |l € N, a; > 0, b; > 0, i =
1,...,1. Then

. al ap al+ ...+ q {al al}
mng-—,...,— ¢ X —————— <MaxX§ 7—,...,— (. 2.43
{bl bl} bi+...+Y b1 by ( )

Proof. The assertion of Lemma follows immediately by observing
that

a1+...+al_za,~ b;
b1+---+bl

where 0 < b; /(b1 +...+b) <lfori=1,... 1. O

The second lemma in this section provides an alternative way to
express the expectation of a transformed r.v. Before stating the lemma,
we note that a real number m is called the greatest lower bound of a
rv. X if P(X >m)=1and P(X >m+4) <1 forall §>0.

Lemma 2.5 (Alternative expectation formula). Let £ be a r.v. with the
greatest lower bound m. Let ¢ : [m,00) — R be a differentiable function

with an integrable derivative such that

/[m,oo> (/7: ’“Dl(t)’dt>dF£(ﬂf) < o0.

Then it holds that

Proof of Lemma [2.5|above can be found in [79]. For more information
about alternative expectation formulas, we refer the reader to [86l [102]

and the references therein.
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3 Tail asymptotics of the
product of normal random

variables

3.1 Related results

The study of the distribution of the product of normal r.v.s has a long
history, with the exact expression for the product of two standard normal
r.v.s dating back to the first half of the twentieth century. In particular,
it was observed in [123] [133],33] that for two independent r.v.s &1, &2 LI
the density function of their product is

1
Jae(x) = ;KO(‘$|)7 r €R,

where K is the modified Bessel function of the second kind of order

Zero, i.e.,

1 o 4 x?
Ko(a:):zi/o Yy~ exp —y—@ dy, x>=0.

Craig in [33] also derived expressions for the moment generating function
of the product of two correlated normal variables with non-zero means
and arbitrary variances, i.e., £1&2, where &; 4 Qo) &2 4 D@ 1s 005
p = Corr(&1,&2) € (—1,1). Additionally, the expression was obtained for
the density function of the product of such r.v.s, when p = 0, although it
involves integrals or infinite series of modified Bessel functions. The re-
sults obtained by Craig were later extended and generalised in a number
of subsequent papers. For instance, Haldane in [61] derived a cumulant
generating function, the first four moments and the first four cumulants
of the products of normal random variables. Aronian in [7] showed that
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the distribution of product of two normal random variables can be ap-
proximated by a normal distribution when the ratios pi/o1, pe/o2 of
the normally distributed multipliers are large. In [§] and [99] the ex-
pressions for the product distribution of two normal r.v.s were provided
in the special cases of parameters and dependence structures. Almost
80 years later, the exact expressions for two correlated zero-mean nor-
mal random variables were obtained. In [82] [54] it was shown that if
612 Doy, €2 L D0y with p € (~1,1), then

o) = e {5 (i)
x)= ex _,
Gt To109y/1 — p? P o109(1 — p?) 0 o102(1 — p?)

x € R. At similar times the exact formula for the distribution of two
correlated normal r.v.s with non-zero means and arbitrary variances was
obtained in [34]; however, the expression obtained is considerably more
complex due to the presence of infinite sums of modified Bessel functions
of the second kind. More recently, Gaunt in [55] revisited the problem of
finding the expression of density for the product of correlated zero-mean
normal random variables and proposed a new proof technique based on
the so-called Stein’s method.

Along with the exact formulas for the product distribution, the
asymptotics of the tail distribution is often of interest. One of the results
in this direction was obtained by Arendarczyk and Debicki in [6] in the
context of Gaussian processes and was applied for the time distribution
with Weibullian-type tails. The result, as we will see shortly, applies to

normal distributions as well.

Theorem 3.1 (See [0l Lemma 2.1]). Let & and & be two independent,
nonnegative r.v.s, such that,

Fe () I Az exp{— 12"}, Fe,(x) o Agx"? exp{—fox*?},
where A; >0, v €R, 8; >0, a; >0,i=1,2. Then

Feg(x) ~ Az exp{—pa2"},

xT
where

a0
a1+ ag’
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ag o . 1
6 . 604]_—0—042 6a1+a2 ﬂ aptag + % ajtag
- M 2 ’
(63 aq

ai1oe + 20172 + 2001
2(a1 + ag)

A1 As ag—271+279 a1 —2v9+271

- = 2(a1+ag) 2(a1+ag)
\/m (alﬂl) (O‘QBQ)

In particular, this theorem directly implies that if &1, &, &3 are i.i.d.

’}/:

A =or

standard normal r.v.s, then

— 1 I D 2 _1 _3.2/3

F&&(x)x:;oo —QWJS ze” ", F5152§3($)x3mﬂx se 2% (3.1)

Let us describe the derivation of the above formulas. At first, suppose
n = 2. R.v.s &, & are distributed according to the symmetric law .
Therefore,

F&& (.T) = P(flfg > l‘) = 2[?(5?5; > :c) = 2?615-5;- (:C), x> 0. (3.2)

For x > 0, by partial integration, we obtain the following bounds
(see also [46], Section 7.1]):

1 1 1 2 — 1 1 2
(2 )e 2T < —— e /2 .
m(m z3)'3 S Fe(z) < \/ﬂxe (3.3)

Indeed, observe that

— 1 o0 2 1 0 2
Fo= [Teay =L [* Lo

& 21 Jz Y VomJz Y

1 ]. —122 2 o0 1 a2 2
- 75 G- 7 ) (34

implying the upper bound in (3.3). Integrating by parts the integral in

(3-4) we get

e = V2T <l’e 2" T, ' dy

and the lower bound in (3.3]) follows.
To derive the asymptotic formula for F&f e (x) we apply Theorem
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with
1
am=m=2h=Fh=gn=n=-1LA4=4="—
since ((3.3)) implies
yn |- —22/2
Fff (x) e Tt E . (3.5)

After calculating the values for a, 5, v, A we obtain

Enl 1 -1/2 —=x
F&fg () o 2\/%33 e . (3.6)
The asymptotics in (3.6) together with the equality (3.2) implies the
first formula in (3.1)).

In the case of n = 3, similarly to the formula (3.2)), it holds that

F€1§2§3 () = 475;@;'5;' (z), > 0. (3.7)

To derive the asymptotics for F&f&;g; (x) we can apply Theorem
again by using the asymptotic formulas (3.5) and (3.6). According to
these relations, parameters in Theorem [3.1] are the following:

1 1

041:1,61:1,’)/1:—5,141: )

[\&]
ﬁ“ﬂ

[\-)
Ty

1
a2=2,52=§7’¥2=—1,f12=

Due to the formulas of Theorem [3.1] we derive

Fergrer(z) v AxTe (3.8)

T—r00

with a = 2/3,8 = 3/2,y = —1/3, A = 1/2\/67. To obtain the second
formula in it is enough to use the formula (3.7]).

By generalising the above discussion and Theorem [3.1], we state the
following result.

Proposition 3.1. Let &1,&,...,&,, n € N, be i.i.d. r.v.s, such that for
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each k, &, L& and let I, == [13—1 & Then

_ 2(n/2)-1 n 2
Fp, (z) S N x~m exp {—2xn} . (3.9)
Proof. First, observe that by symmetry of standard normal distribution
we can write for x > 0, using the formula of total probability,

i, (x) = CO)P(E & > 2) = C)F g1 (@), (3.10)

where C(n) = 2"~ ! and represents the number of {+, —} sign assign-
ments to an ordered list of length n with an even total number of —
signs.

Hence, it suffices to show that

_ o-n/2 n 2

We proceed by induction on n. We have already shown that the

formula (3.11)) holds in the cases n = 1,2,3 (see (3.4), (3.5)), (3.8)).

Assume that the formula 3.11] holds for n = m, m > 2, i.e.,

o o-m/2 | m 2
ereh () 3 Jrm L P TR
In the case n = m + 1 the we can apply Theorem for the r.v.s

I =& - & and & 1 with the collections of parameters

2 m 1 2—m/2
= — 3 = — =—— A =
{al m’ ! 2’ m m’ ! A Tm }

and

1 1
{0022762:2’72:_1’142:2\/7?}

respectively. After some algebra, we obtain
F gt (z) = AxVe P"

m—+41

with
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This completes the proof. O

It turns out that Proposition [3.1] can be simply extended to the not

necessarily standard normal variables with zero means.

Corollary 3.1. Let &1,&a,...,&n, n € N, be independent r.v.s, such that
for each k, &, 4 10,0,y and let I, := [Ti—1 &k Then

x)

2(n/2)—1(0.(n))1/n 1 n(o.(n))—Q/n 9
g ( ~ T nexp ———————
n T—00 A/TTN

5 xn} (3.12)

where o™ :=T[}_, o%.

Remark 3.1. The assertion of Corollary follows from Proposi-
tz’on immediately, because for each k, r.v. & = gk/ak is distributed
according to ® and
_ ~ x — x
F () =P (0, >z) =P <Hn > M) Sy (U(n)> .
An important consequence of Proposition [3.1] and Corollary [3.] is
that depending on the number of multipliers in the product of normal

random variables the resulting product is either light or heavy tailed.

This observation is formalised in the following lemma.

Lemma 3.1. Let &1,...,&,, n € N, be independent r.v.s, such that
& 4 @100,y K = 1,...,n and I, = [Ii—1&k- The product I, is
light-tailed if n € {1,2} and heavy-tailed if n > 2.

Proof. Using Lemma [2.1f and (3.12]), we have

i FAn(l') i 2/ =1 (gn)1/n
131}LS£p o i1} N T
(n)\—2/n
X exp {_71(02)$i + 53:} .

For n = 1, limsup,_, Fﬁn (x)e’® < oo for all § > 0 (see also Exam-
ple for an alternative proof), while for n = 2 the same holds for
5 € (0,(¢@)~1). Thus, Fﬁn is a light-tailed distribution for n € (1,2).
Let us consider the case n > 2. It is clear that the exponent in the
expression above converge to infinity for all 6 > 0 and, as a result, the

limsup, ., F~ (2)e’® = co. The proof is complete. O

I,
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3.2 Main results

In this section, we derive a more precise formula for the tail of the prod-
uct distribution of normal r.v.s. The following two statements are the
main results regarding the tail asymptotics of the product distribution
of normal r.v.s. Theorem [3.2] establishes the asymptotic formula with
the first leading-order term for the product of standard normal r.v.s,
while Corollary generalises Theorem to the case of not necessar-
ily identically distributed centred normal r.v.s with arbitrary variances.

Theorem 3.2 (See [73, Theorem 2.2]). Let &1,&2,...,&n, n € N, be
1.4.d. T.v.8 such that for each k, & L& and let I, :=[13_1 &- Then

2(71/\/%_133_; exp{—gxi} (l—l—On (x_%)) (3.13)

as x — 0o, where the implicit constant in O,, depends on n.

Fr,(z) =

Applying the same reasoning as in Remark [3.1] we obtain the follow-

ing corollary.

Corollary 3.2. Let £1,&2,...,&,, n € N, be independent r.v.s such that
for each k, &, 4 10,043, and let I, := [Ti—i &k Then

_ (n/2)~1( g}y 1/
Fr (1) =2 )t
n VTN

xr n

X exp {_n(g(n;)—z/n mi} (1 + 0O, (xf%))

as T — 0o, where o .= [1i—q ok and the implicit constant in O,

depends on n and o™.

3.3 Proofs of the main results

3.3.1 Auxiliary assertions

The asymptotic formulas presented in Theorem [3.1| were obtained using
the saddlepoint approximation method described in detail in [22]. We
rely on this method indirectly as well. To prove Theorem [3.2] we re-

peatedly use an auxiliary lemma stated below, which itself is obtained
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by applying the saddlepoint method to a real integral of a particular

form.

Lemma 3.2 (See [124, Theorem 1 in Section 2]|). Let h and g be two

real functions defined on an interval [a,b), —oo < a < b < 00, such that:

N

() h(z) = hia)+ Y ar(z = )" +o((z =)V ),
k=0

N

9(z) = Y bz =) o ((z—a)V o),
k=0

N

W(z) = 3 (k+ mag(z — )L 4o (2 — )V

k=1

as z | a for all N > 1, where ag # 0, bg #0, u > 0 and a > 0;
(ii) h(z) > h(a) for z € (a,b), and
inf (h(z)—h >0 h 6 > 0;
o M)( (2) = h(a)) >0 for eac

(iii) A’ and g are continuous in a neighbourhood of point a.

If the integral f:g(z)e_”h(z)dz converges absolutely for all sufficiently
large x, then

b N . §
[ aere s = (S () 4 0 (o757
a P

as x — oo for all N € N, where I' denotes the Gamma function

[e.e]
I'(x) :/ t*te7tdt, x>0,
0

while coefficients dy, are expressible in terms of ai and by.

Wong in [124] also provided the explicit forms of the first three co-

efficients:
d bo d ( by (a + l)albo) 1
0 = — 7. 1 = - - )
uag‘/” 1 plag aéa-i-l)/u
<bg (a + 2)0,1[)1
do = | = — —
2 ueag
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(a+2)bo> : 1

2
+ ((a +p+2)ay — 2,ua0a2) 2ad ) T
0

3.3.2 Main proof

Proof of Theorem[3.3. We use induction on n. The estimate (3.3)) im-
plies the assertion of Theorem [5.11]in the case n = 1.
Suppose n = 2. By symmetry of the distribution ®, for x > 0 we

have
Fﬁlﬁz(x) = 2/ F§1 ( > (y)dy
271/2 o) T 2
_ T (L) ay?/2
CVer (/0 +/2x1/2> Fa (y> © T
= I + . (3.14)
Obviously,

o0 1 o0
_— —y?/2 - = —-1/2 —u
I, < o /211/2e dy o /21 (2u) e “du

< Cpa~ Y22 (3.15)

for some positive constant C17.
For the integral I;, due to the first inequality in (3.3]), we have

2x1/2 1,22 4
I < 1/ ge_ﬁ(yﬁ'ﬂﬂ)dy — 1/ o 3wt 4y
T 27

=5 (/ / )e $(u)dy = : I+ Lo, (3.16)

where the variable change y = y/zu was used in the second step.
Using Lemmafor the integral I12 (with p =2, a =1, a9 = by = 1,
a; = —1, by =0), we get

Iy = ; (F (;) (i)m % )2 % L0 (x—3/2>>
-5 <\/Z o 0 (7 2)) (3.17)
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as r — 090, becauseu—i—% L= 2 and
u=
1 N
ut = =24 3 (=) )2 4o ((w—1)M2), w1, (3.18)
u k=0

for all N > 1 due to the Taylor formula.
In a similar way, using Lemma (withp=2, a=1,a0=0by=1,

a; = —1, by = —2), we derive that
1 [ee)
= [ estibgy = L [Teserh Ly,
21 Jo 2t 1 v?2

@) et (2ot
= % <\/§x1/2 -z 140 (w3/2)> (3.19)

as © — 00, because of (3.18) and the following decomposition:

N
— = > (-D"k+1)w-1D"+o((v-1)N), v—1,
k=0

according to the Taylor formula.

The estimates (3.16), (3.17) and (3.19)) imply that for some Ci2 > 0

and all sufficiently large x,

1

I < ——= a2 Y2 (1 + Caz™h). 3.20
AT ( 1227 ) (3.20)
Substituting the derived estimates (3.15)) and (3.20|) into (3.14)), we ob-
tain
= L i ~1
Fee,(z) < VS (1+ o) (3.21)

with a positive constant C5 for all sufficiently large x.
Now let us consider the lower bound for Fi, ¢, (z). The equality ([3.14)
and the lower bound in (3.3]) imply

— 2 2z1/% _ T 2
Fegy(x) > \/%/0 Fe¢, (y> eV 2dy
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1/ (1 — u) e 5 dy
21 Jo x
4
S (1 — 4) / e 5 dy
2 x/) Jo

= (1 - i) (111 + Li2).

WV

Thus, due to the estimates (3.17) and (3.19)),

_ 1 1 -
Fee(z) 2 N e (1 — Cz 1) (3.22)

for a positive constant C3 and all sufficiently large x. The inequalities
(3.21)) and (3.22]) imply the assertion of the theorem in the case n = 2.

Let us suppose now that the formula (3.13)) holds for n = m, m > 2,
ie., let

_ 9(m/2)-1
Fy,, (z) = - ™™ exp {—7;1 xQ/m} (1 + Om(x72/m)) (3.23)

as r — 0o. Obviously,
_ 2 © _ T 2
F r) = —/ F () eV /2
Hm+1( ) \/ﬂ 0 H"L y y
2 (m4+1)g!/(m+1) oo .
= — / —|—/ FHm (fL’) e_yz/Qdy
V2T 0 (mA41)zl/(m+1) Yy

= J1+ Jo. (3.24)
According to (3.3),
2 o 2
Jy € —=— —v°/2q
2N Vor /(m+1)11/(m+1) ¢ Y
2
< Clymz ™ 777 exp {—(m;l) 22/ <m+1>} : (3.25)

with a positive quantity Cj,, depending only on m, for all sufficiently
large .

Using the induction hypothesis (3.23|) and the variable change y =
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2/ D12 we get

9(m=1)/2  r(m+1)zt/(m+D) y\ M/m
8
m/m Jo

con{ 3 ()"0} (15 0 ()

m—3)/2 m+1)2
_20m8)/2 () o~ (m=1)/(2m) exp{_;xz/(mﬂ) (mu—l/m+u)}

X

m/m Jo
% (14 o (272 D0 ) du
< Q;W\/Zz (14 Com (272/0mD))
X /O(m+1)2 u=(m=1/C2m) oy, {_; 22/ (m+1) (mu—l/m " u) } du
= 2(71_%\/;1/2 (1 + Com (;C*Q/(m+1))) (J11 + J12), (3.26)

where Cs,,, and Cg,, are positive quantities that depend only on m, and
1 1
Jin = / w1/ Cm) ey {—2 g2/ (m+1) (mufl/m + u) } du,
0

(m+1)? 1
Jig = / u™(m=1/Cm) exp {— 2%/ (m+1) (mu_l/m + u) } du
1 2
for all sufficiently large .

Using Lemma (with p =2, @« =1, ap = (m+1)/(2m), a1 =
—(m+1)(2m +1)/(6m?), b = 1, by = —(m — 1)/(2m)) we obtain

~1/2
exp {_WH‘]. x2/(m+1) } - (1) m $2/(m+1)
2 2 )\ 2(m + 1) 2

m+5 (¥t - _3/(m
+T(1) o ( 5 +0,, (x 3/( +1))

J12

m+1)

2 m+1

_MAD  _o/m+1) —3/(m+1) >
Tk + O (2 ) (3.27)

— exp {_m“ $2/<m+1>} < T 1 (mt)

=m+1, and

as © — 00, because mu~Y/™ 4+ y
u=1
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k+1
mu~ Y™ oy = m+1+2( l)k—H L (L+1m) (u — 1)k+2

k+1
= (k+2)!m

+ o0 ((u - 1)N+2) ,

ymm-D/em) _ EN: (—1)k kal'((éill)—k 1)m—1) (u—1)*

for each N > 1 as u — 1 due to the Taylor formula.
Concerning the term Jy1, after the variable change u = 1/v we get

2/(m+1)

1

5 (mvl/m+v_1)}dv.

Therefore, using Lemma again (with p = 2, « = 1, ag = (m +

1)/(2m), a1 = —(4m —1)(m+1)/(6m?), bp = 1, by = —(3m+1)/(2m)),
similarly as in (3.27]), we get that

J m+1 _2 r 1 m p2/(m+1) 12
— — m+1 —
1 eXp{ 2 } (2) 2(m + 1) 2

m+5 (@D —3/(m+1)
+T(1) S ) ( 5 + O (2 )

~ exp {_m+1 x2/<m+1>} ( T 1 (mt1)

2 m—+1
M5 a/m+1) ~3/(m+1) )
_ . 2
S O (27 ) (3.23)
as x — 00, because mol/™ 4+ p~1 = m 4+ 1 and
k+1 1 l
mot/™ o™t = m 1 Z < k +; lkal) + (—1)k> (v —1)F*2
+ 0( N+2)
N
—(3m+1)/(2m) _ FTT (2L + 1)m + 1) k
v =1+ Z (v—1)
= k!(2m)k
+o((v— )
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for each N > 1 as v — 1. The equations ({3.24)—(3.28) imply that

o 2(m+1)/271 1 m+1
< 2 . —1/(m+D) {_ 2/(m+1)}
Fr () < P x exp 5 ¥

x (1 + C7mx_2/m+1) (3.29)

m—+1

with a positive quantity C%,, depending only on m, for all sufficiently
large x.
On the other hand, by the hypothesis (3.23]), similarly as in the

derivation of (3.26]), we get that
o(m+1)/2-2
T/m
(m+1)2 2/(m+1)
X / u B exp{—x (mu_l/m+u)}du
0 2

9(m+1)/2-2 o lim
= 77“/% (1 — Cgma 2/ H)) (Ji1 + Ji2)

with a positive quantity Cg,,, for all sufficiently large x. Using the
estimates (3.27) and (3.28) we obtain

o(m+1)/2 _ 1

m(m+1)

% (1 . Cgmx—Q/(m—i-l))

Fr,p(2) > (1~ Coma?/ )

FHm+1 ('I) 2 $71/(m+1) exp {_M $2/(m+1)}

2

with a positive quantity Cy,, depending only on m, for large enough
x, which, together with , implies the formula in the case
n = m+ 1. By the principle of induction, it follows that holds for
all n € N. Theorem [3.2]is proved. O

3.4 Examples

In this section, we consider two simulation-based examples involving
products of normally distributed r.v.s. In both cases we compare the
asymptotic estimates obtained from either Theorem [3.2 or Corollary [3.2]
with the tail probabilities estimated by the MC simulations.
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3.4.1 Example 1

Let us consider the product Il of four i.i.d. r.v.s &1, &2, &3,&4 such that
& 4 ®, i = 1,...,4. Due to Theorem there exist two positive
constants D; and D2 such that for all z > Dg,

L 44 oz Dy L 44 oz Dy

Simulation study revealed that it is possible to take D1 = 0.8 and Dy = 6
in this case. The simulated values of P(Il4 > z), together with the upper
and lower bounds (represented by blue lines) are presented in Figure

0.0100
0.0075
— Asymptotic bounds

0.0050 — — Simulated tail probability
0.0025
0.0000

6 9 12 15

€T

Figure 3.1: Simulated values and asymptotic bounds with D = 0.8 for
the tail probability of Il4.

3.4.2 Example 2

This time we consider the product II5 of three iid Z€ro-mean r.v.s
&1,82,&3 such that § = ‘19{0 1}, &2 = ‘I’{o 2y and &3 = ‘1){0 3} According
to Corollaryn 3.2} there exist two positive constants D; and Dy such that
for x > Dg,

A DY\ [T (a1 3 (a2
> _ 2 [z _2 (=
P(H3>x> > <1 31:2) 3 (6) exp 5 <6) ,

69



_ D\ [Z [\ 3 /2\23
P(Hg > :r:) < <1+ 31'2> 3 (6) exp 5 (6) .

Based on the simulations, the selected constants are lA)l =2 and lA)g =
15. The simulated values of IP’(ﬁg > x), together with the upper and
lower bounds (represented by blue lines), are depicted in Figure

0.06
— Asymptotic bounds

0.04

R — — Simulated tail probability
0.02
0.00

10 20 30 40

T

Figure 3.2: Simulated ~values and asymptotic bounds with Dy = 2 for
the tail probability of IIs.
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4 Asymptotic properties of
sums with dominatedly varying

increments

4.1 Related results

In this section, we review some of the results from the literature on the
asymptotic properties of the tail probability and tail expectation of the
random sums S§ and S%.

4.1.1 Asymptotics of tail probability

There are many papers in which the random summands &1,...,¢&, are
assumed to be independent or identically distributed; see, for instance,
the works of Tang and Tsitshiashivili [106], Goovaertz et al. [59], Wang
et al. [I13], Wang and Tang [114] and the references therein. In this sub-
section, however, we concentrate on the results in which such restrictive
assumptions have been weakened.

To begin with, we list several results in which the exact asymptotic

equivalence

P (Sﬁ > x) o > Fe,(x) (4.1)
k=1

was obtained. Geluk and Tang [56] achieved for distributions
Fe, € 2N (see [b6, Theorem 3.1]) under the pSQAI dependence
structure (see Definition [2.9). Nearly at the same time, Chen and Yuen
[25] obtained (see [25, Theorem 3.1]) in the smaller class €, but
the pSQAI condition was replaced by the more general pQAI structure
(see Definition [2.13). Moreover, the authors extended the result to the
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case of randomly weighted sums (see [25, Theorem 3.2]), resulting in the

relation

P (SZ5 > CC) o iF kgk

under the following moment condition on random weights:
max{Ef] ... ,E6P} < co for some p > max{J;f€ ,...,J;fg oo (4.2)
1 n

Later, inspired by the aforementioned results of Chen and Yuen, Yi
et al. [132] considered the tail probability asymptotics of the randomly
weighted sum Sgg when the r.v.s &, ..., &, are dominatedly varying and
follow the same pQAI dependence structure (see [132, Theorems 1 and
2]). It was shown that under and the additional tail assumption
the following asymptotic bounds hold:

Z Fekfk (z), (4.3)

where L§ := min{LF§17""Lan}' Cheng [26] managed to further
tighten the bounds in (4.3) (see [26l Theorems 1.1 and 1.2]) by putting
the L-indices of individual summands inside the bounding sums and thus

obtaining
n n 1
Lp, Foe(z) < P(S%>2) < Foe (), (44
Y LnFogle) 5 B(Si>r) 5 5 p-Fual), (4

where F¢, € P forallk € {1,...,n}. The assumption (4.2)) was replaced
by a weaker condition (see [26, Assumption C and Remark 1.1]):

lim =—"~>= =0 forall ke{l,...,n} andany y>0. (4.5)

Moreover, instead of the pQAI structure, two other dependence struc-
tures, namely, pTQAI (see Definition [2.10]and [26, Assumption B]) and
pAI (see Definition together with the condition ([26, As-
sumption A]) were considered.

More recently, Jauné et al. [62] reconsidered the asymptotic be-
haviour of the tail probability P(S% > x) with the pQAIr.v.s &1, ...,&,
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from the class 2. The result (see [62, Lemma 1]) mainly extended the
results of Yi et al. [I32] Theorems 1, 2], resulting in (4.3)) under the
moment condition (4.2)), but without the additional assumption (2.17]).

4.1.2 Asymptotics of tail expectations

Having reviewed the main results concerning the asymptotic behaviour
of the tail probabilities P(S§ > ) and P(S% > z) we now turn to the
asymptotics of the tail expectation of the random sums S§ and S%.

To begin with, Tang and Yuan [110] obtained the relation

E(iéiligee.y) v B (Oraloi50)

for ii.d. r.v.s &1,...,&, from the class 2 N £ and random weights
01,...,0,, satisfying E67* < oo, pr > J;:ék’ Foe. () = O(Fpe, (x))
for all k € {1,...,n} (see [I110, Theorem 4]). It was noted by Yang et
al. [128] that under the additional condition Fy,¢, (z) < Fg,¢, (x) for all
ke {1,...,n}, the relation

(S n H{S"’5>ac}> zi: (ngkﬂ{ekfk>l‘}) (4.6)

holds. Jauné et al. in [62] later weakened the i.i.d. condition of the pre-
vious result allowing the pQAI or pSQAIT dependence structures among
the primary r.v.s &,...,&,, at the cost of exact asymptotics in (4.6)).
We state this result as a separate theorem.

Theorem 4.1 ([62, Theorem 2] and corrections in [76, Theorem 2,
Remark 3]). Let &1,...,&y, n € N, be real-valued r.v.s such that Fe, € 9
for all k € {1,...,n}. If Fe (z) < Fg (z), El&| < oo, Fg(—2) =
o(F¢, (x)) for allk € {1,...,n}, and

o &1,...,&, are pQAI, then

(S H{s£> }) %i (fkﬂ{épa:})

Q’J*)OO

o &1,...,&, are pSQAI, then
1 n
I3 Z (fkﬂ{épx}) :

L, i E (’Ekﬂ{fk>x}) S E (S Lisssa })
k=1
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Now we turn to the recent results by Leipus et al. [76], which in-
spired our investigation. Note that this time, instead of the pQAI or
pSQAI conditions, a new dependence structure Assumption B (see Def-
inition was considered. The results extended Theorem to the
cases of higher-order moments and corrected some mistakes left in [62]
as well.

Theorem 4.2 (See [76l Theorem 4]). Let &1,...,&,, n € N, be real-
valued 1.v.s satisfying Assumption B, such that Fg, € 2, E|&|™ < oo
for some m € N and

Fg(2) = Fe(a),  Fe () =0 (Pe,(@)) forallk=2,....n

Then

n

LS Y B (60T e 50 3 E (59" Lsgou)
=1 T—$00
:%/jij (é?”ksk>x})-

Moreover, the results were extended to the general case of randomly
weighted sums. However, this time, a quite restrictive assumption about
random weights was made, namely that the random weights 61,...,60,
are bounded.

Theorem 4.3 (See [76, Theorem 5]). Let &1,...,&,, n € N, be real-
valued r.v.s satisfying Assumption B, such that Fg, € 2, E|&|™ < 0o
for some m € N. Let 0y, ...,0, be nonnegative, nondegenerate at zero,
bounded r.v.s independent of £&1,...,&,. If

Fo.¢.(z) < Foe, (), Fﬁkf; () =0 (Fglgl (:U)) forallk=2,...,n
then

m

En: ( Okr) H{9k£k>w}) wéoo E ((Sff)

Iigoeny)
k=1

1 n
I3 Z ( (01 H{9k£k>x}) :
77/ k=1
Finally, Sprindys and Siaulys in [T05] obtained exact asymptotic re-
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lations for the generalised tail moments of random sums S5 with pQAI
consistently varying summands under the power function transforma-
tion. Moreover, the authors showed that the asymptotic behaviour of
the tail moments of S§ depends on consistently varying distributed sum-
mands, but not on asymptotically lighter increments.

Theorem 4.4 (See [105, Theorem 4]). Let &1,...,&,, n € N, be real-
valued pQAI r.v.s, such that Fz, € € for some L € {1,...,n}, and for
the other indices k # L let Fr, € € or P(|&| > ) = o(Fe, (). If

Juax E(&)® < oo for some o > 0, then for each B € [0,a], we have
X \n

E((SS)BH{sﬁm}) e 2 B Tigoa). (4.7)

kel

and for each 8 € (0,q], it holds that

. <<(S§ N x)+)ﬁ) DI (G fv)+)6, (4.8)

k€Ll

where I, C {1,...,n} is a subset of indices such that Fg, € € for all
kel,.

4.2 Main results

In this section, we provide the main results regarding the asymptotic
behaviour of the generalised tail moments of random sums with domi-
natedly varying summands. The first theorem below gives the asymp-
totic bounds of the tail moment of S§ under a transformation from a

specific class of functions.

Theorem 4.5 (See [39, Theorem 2]). Let &1, ..., &, be pQAI real-valued
r.v.s such that Fe, € 9 for allk € {1,...,n} and let ¢ : R — R be a

function that satisfies the following properties:

(i) ¢ is eventuallgﬂ nondecreasing;

(ii) ¢ is eventually sub-homogeneous, i.e., p(2x) < cp(x) for some

positive constant ¢ and all sufficiently large x;

(iii) ¢ is eventually differentiable;

"We say that a property A holds eventually if it holds for all sufficiently large .
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(iv) for each k € {1,2,...,n}, the generalised moment E(p(§k) g, >z))
is eventually finite.
Then

ZLFﬁ ( (& H{€k>x}) j E( (CH )H{55>x}>
(4.9)

n
1
< —F I .
2S00 kz::l Lr, (#(&)1e>n1)
Remark 4.1. It should be noted that requirements (i), (ii), (iii) impose
conditions solely on the function ¢, whereas condition (iv) involves not
only the function ¢ but depends on the collection of r.v.s {&1,...,&n} as
well.

The following theorem is a generalisation of Theorem 4.5 to the case
of randomly weighted sums S%.

Theorem 4.6 (See [39, Theorem 3]). Let &1,...,&,, n € N, be pQAI
real-valued r.v.s such that Fg, € 9 forallk € {1,...,n} andlet6y,...,0,
be arbitrarily dependent, nonnegative, nondegenerate at zero r.v.s such
that

max{E#},... ,EfP} < 0o for some p > max{J}gl, ey J;Eg }. (4.10)

Additionally, let the collections {1, ..., &} and {01, ...,0,} be indepen-
dent and ¢ : R — Ry be a function that satisfies properties (i), (ii), (iii)
from Theorem[{.] as well as the following one:

(iv)* the generalised moment E (cp(@kgk)}l{gkgk>x}) is eventually fi-
nite for all k € {1,...,n}.
Then

ZLQ ( 9k€k)ﬂ{ek§k>m}> _f E( (Sp)1 (5% >z })
(4.11)

(@(%fk)ﬂ{ekskn}) :

We observe that the case where ¢ is a power function transformation
is a special case of Theorems [£.5] and [4.6]

Corollary 4.1 (See [40, Theorem 4]). Let &1,...,&,, n € N, be pQAI
real-valued r.v.s such that Fy, € 2 for all k € {1,2,...,n} and let
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01,...,0, be arbitrarily dependent, nonnegative, nondegenerate at zero

r.v.s satisfying (4.10)). If the collections {&1,...,&,} and {01,...,0,}
are independent and E(0x|k|)* < oo for all k € {1,2,...,n} and some

a € [0,00), then

Z:LF5 <9k§k) H{9k§k>z}) _<> E((S 91 {59€>x})

n

1

<
~Y

T—00 ng

E ((048) Lo, 6,52} -

We note that our main findings improve the related results reviewed
in Section [£.1]in many ways. Firstly, we put the L-indices of individual
summands inside the bounding sums in the equations (4.9) and (| -
resulting in tighter asymptotic bounds. In addition, Assumptlon B used
in Theorems[4.2]and [4.3]is replaced by a less restrictive pQAI dependence
structure (see also Proposition and random weights 61, ..., 0, need
not be bounded as considered in [76]. Finally, we extend our analysis
beyond power functions with nonnegative integer exponents (as in [76])
to a broader class of transformations.

We conclude the section with several remarks.

Remark 4.2. By narrowing the class 9 to the class €, we obtain an
exact asymptotic equivalence in (4.11). That is, if F, € € for all
ke {l,...,n} and all other conditions of Theorem hold, then

Zi: ( (OkSk H{9k§k>x}) E (@(Szé)ﬂ{szg>$}) ’

The above relation follows directly from the definitions of L-index and
class €.

Remark 4.3. When a = 0 in Corollary[4.1] or ¢ =1 in Theorem [{.6,
we obtain the following asymptotic bounds for the tail probabilities:

n n
0
Z LF&k Fekék Z Foe Fekfk ) oc—éoo P (Sng > $> )
N o (4.12)
1 "
> Foe@)>Y ——Fog@) 2 P(SE>a).
k=1 T, k:l Fo,¢,, T—00
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Remark 4.4. Under the same conditions as in Theorem [{.6] we can
obtain the asymptotic bounds for the conditional expectation E(p(S%) |

S% > x). Combining [#.11) with (£12) we get

> k=1 Lre, B(0(0k€k) {0, 6,>21)

S E(p(S5) | S8 > w),

>k=1 ﬁfﬁfk (x) 25500
5’“ (4.13)
it T E(0(0kér) g9, 6, 50})
L B 2 E(o(S5)] 55> x).
2k=1 Lng Fo.g, (z) T—00

By the min-mazx inequality (2.43)), we can express (4.13)) fully in condi-

tional expectations at the cost of the tightness of initial bounds:

min {L}, E(o(6:8) | 0s > 2)} < E (S0 ] S1¢ > ).

1<k<n

max
1<k<n { L2
¢

2 E(p(S5) | S > ).

T—00

E (0(0kék) | Okér > 90)}

k

4.3 Proofs of the main results

To prove Theorems [£.5] and [4.6] we need several auxiliary assertions.

Lemma 4.1. Let £ be a real-valued r.v. with d.f. supported on R and let
¢: [a,00) = R be a differentiable function such that

/[a,oo) (/: (0 |dt> dFg(z) < oo (4.14)

for some positive a. Then

E(¢6)eon) = 0@Fe(o) + [ OFeltiat (415

for an arbitrary x > a.

Proof. The assertion of the lemma can be derived from Lemma [2.5] or
can be proved directly using Fubini’s theorem. We choose the latter

path. For a given x > a, we have

E ((¢(6) ~ pla)liesny) = [ (() = 9(@) Loy dFe(w)

R
= (p(u) = o(2))dFe (u)

(z,00)
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= o) < /x ' <p’(t)dt>dF§(u).

Condition (4.14) enables us to use the Fubini-Tonelli theorem. Accord-
ing to this theorem, we obtain

/(m) ( / ! gp’(t)dt)ng(u) _ / ~ ( /(tm) gof(t)ng(u))dt
= /OO <p,(t)(/(t,oo) ng(U))dt

= [T - Far

-]

The derived two formulas imply the equality in (4.15). This ends the
proof of Lemma O

The following assertion, which comes as a special case of Theorem [4.5]
by taking ¢(z) = 1, is crucial for the proofs of the theorems in the general
case.

Lemma 4.2 (See [40, Lemma 2]). Let &1,...,&, be pQAI real-valued
r.v.s, such that Fg, € 9 for all k € {1,...,n}. Then

n

ZLFSICF&(QU) < P Sf > 1) Z

—1 ar:—>oo x—>oo Lng

(4.16)

Proof. The case n = 1 in - follows directly from the definition of
Lp, . Let n > 2. First, consider the upper asymptotic bound in
For an arbitrary § € (0,1),

P(S§ > z) =P (ss >, (J {6 > 1-9a}u & < 1 —5>x}>
k=1 k=1

P (O e —5>x})
k=1



Z )+ A(z, 8).
By observing that for all k € {1,...,n},

{88 > 2,6 <(1- 0} C {85 & >0oa},

we can estimate the term A(z,d) as follows:

A(x,é)—P<S§L>x,O{§k> }ﬂ{gk 1—5:5})

P<§k> , S5 — §k>5x>

P(§k> — &k > o, - Q¢k{§l> nd_xl})
( iy {fl 7 ffl})

kp<§’“>’§’ 5‘”1)

M:

b
Il
—

I
NE

a
I

—
3\&

P

M:

&k >

ES
I
S8

M:

n
)

b
Il
—

I1=1,1#

n

Z (& > 612,84 > di7)

1,

||M:

3=

where the last inequality holds for all §; € (0, min{
Consequently,

P(S5 >x) Yot Fe (1 —9))
2 =1 ﬁF& (z) 2k=1 %ng (x)
Dokt i1k P (§ > 012, > 612)
> k=1 %Fﬁk (z)

=: Il(a?, 5) +IQ(.CC, (51)

_|_

Lemma implies

7y (z,0) < max {Lpékw}.

1<ksn ka (:E)
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Observing that

Z Z (ng (51.75 +F§l((51x)) 2n—1 ZF&C (51.75)

k=11=1,1 k=1
and taking into account Lemma [2.4] we similarly obtain
k=1 2otk P (§e > 612,& > 612)
her Sier ik (Fe (910) + Fe (01))
ks Sier ik (Fe (910) + Fe (01))

n 1 7
> k=1 Lr,, Fe (x)

< P (& > 012,6 > 610)
< max — =
1<k# Fe, (612) + F¢, (01)

x2(n—1) Inax{ W}

L
1<ksn P Fﬁk( )

Ty(z,61) =

X

(4.17)

The fact that Fy, € Z for all k € {1,...,n} and the pQAI condition
for the r.v.s &1,...,&, imply:

Fe, (1))

limsupZi(z,d) < max { Lp. limlimsu
w—)oop 1( )\1<k<n{ ng 640 z—)oop ng(l')

} =1, (4.18)

lim sup Zo(z, 1) < 2 (n — 1) max {hmsup (& > 12,6 > 513;)}

Z—00 1<k#ISn | z—o0 ng ((511’) + Fgl ((511’)
0
x max ¢ Lp, hmsupM = 0. (4.19)
1<k<n z—oo  Fe ()

Thus, by letting 6 | 0, from the estimates (4.18)), (4.19)) and the definition
of indices Ly, we get the upper bound in (4.16):

(SE > )
lim sup
z—00 D p_ lLFE F&k( x)

<1 (4.20)

Consider now the lower asymptotic bound in (4.16). Again, choose
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an arbitrary 0 € (0,1). By the Bonferroni inequality, for this §, we get

P(sg>x) >P(5§>x, CJ {§k>(1+5)x}>

k=1

>3 P (S5 > 2,6 > (1+0))

k=1
— zn: Zn: P& > (14 0)x,& > (14 9))
k=11=1,l#k
= Ay (z,9) — Az(z,9). (4.21)

For the first summand in (4.21)), observe that for all k € {1,...,n},

{Sﬁ > x, & > (1—|—5)x} D {Sg—{k > —5x,—5a:>x—§k},

and thus we obtain:

Xn: ( — & > =0, & > (1 + 5).’[))
zn: (146 Zn:IP’( —5$,£k>(1+6)x>
= k=1

= .,411(1‘,5) A12($,5) (4.22)

For the second term in (4.22)), we get

k=1 1=1,l#k -1
n n 5
< % P(§k> (1+0)r,6 > ‘””1)
k=11=1,lk
Z Z P( & > do, §l 52%’) , (4.23)
k=11=1,l#k

where the inequality (4.23|) holds for all §; € (0, %) From (4.21)),

(4.22), (4.23) we obtain

P(SS > x) < A (z,9)
ZZ:l LngFék(x) - EZ:l LngFﬁk (1‘)
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Skt S ik B (6 > dow,§ > doc)
- =1L, Fe ()
As(z,0)
- Yioi Lr, Fe, ()
= Ji(z,9) — Jo(x,02) — T3(x,9).

We estimate each term J;(z,d), i = 1,2, 3, separately. For the case
i =1, using Lemma 2.4 we get

Ji(z,6) > min {F5<(1+5>$)}

isk<n | Lp,, Fg(x)

For J5(x,d2), similarly to the derivation of (4.17)), we obtain

P (gk > Gy, & > m) }

d2) <2(n—1 I3 F
Ja(x,02) < 2(n %éﬂﬁin{ Fe,(801) + Fg (622)

X max M .
I<k<n | Ly, Fe (x)

Finally,

Ja(w,6) <2(n—1) P (& > (1+0)z,§ > (1+5)az)}

1<hgisn { Fe (11 0)z) + Fe (1 +0)z)

o [Fal0t )
1<k<n LFEk ng (x)

< max {2<n+1>}

1<k<n LFEk

C ma P& > 1+ 6)z,&>(1 +5)x)}
1<kAi<n | Fe, (1+8)x) + Fe, (1 +0)z) [

From the fact that F;, € Z forall k € {1,...,n} and the pQAI condition
for the r.v.s {&1,...,&,} we get the following estimates:

1 Fe (146
liminf 73 (z,6) > min lim inf M , (4.24)
T—00 1<k<n LFﬁk T—00 ng (x)

li Tol,62) <2(n —1 li P (6 > o > bv)
11131*)80121:) Q(Jf, 2) X (n - ) lgrililxgn 1$>S£p ka (52$) + Ffl (52$)
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1 Fe (6
X max lim sup M , (4.25)
1<k<n Lng T—00 F&k( )

lim sup J3(z,0) < max {M}

T—00 1<k<n Lng

(€ > (1 +0)z,§ > (L+0)x)
8 Klilifin{hﬁiiép Fe,(1+8)a) + Fe, (1 + 0)x) } (4.26)

Thus, letting 6 | 0, from the estimates (4.24]), (4.25)), (4.26) we obtain
the lower asymptotic bound in (4.16)):

IP’(SfL > )
Fe (2)

lim sup

T—00 n
Z

ng
This finish the proof of Lemma [1.2] O

Proof of Theorem[].5. The case n = 1 follows directly from the defini-
tion of coefficient LF£1' Let us suppose n > 2. Since n is fixed, the
conditions of the theorem imply that requirements (i)—(iv) are satisfied
for all x > N > 0, when N is sufficiently large.

Due to properties (i) and (ii) we obtain ¢(nz) = O(p(z)). Indeed,
since p(2z) < ¢(p(x)) for x > N, it follows that for any given m € N,
the following inequalities hold for x > 2™ N /n:

nx _ nx nx
o(nz) < cp (2) <...<A™ 1(p (2m_1> <A (2m> .

By choosing m such that 5 < 1 and using the fact that ¢ is eventually
nondecreasing, we get

plne) < e (7 ) < Mpla) < clomn ()

for x > K with some K > N. Therefore, property (iv) together with
the derived estimate implies that

3 .
E<¢<SH)H{S§>M}> < 00
for some M > 0.

Indeed, there exists K > K such that 0 < ¢(z1) < ¢(z2) for K <
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r1 < x9 and
E(@(gk)ﬂ{£k>f€}> < o0

for k € {1,...,n}. Thus, for M = nf(\, we get
3 N ~
E (SO(Sn)]I{S§l>M}> <E (%0(” max{&1, . .. ’gn})H{max{fl,...,gn}>K})

< glogyntl ZE( (nék)1 (& >K})

< Y E (e zy) < oo

k=1

Hence, due to properties (i) and (iii), there exists M > M such that

Jun Ulrtac)argio = [, ([, 0 s

E( (S s ary — cp(M)) < o0.

It follows that Lemma is applicable for the truncated sum S,%]I (S8}
By Lemmas and we have for x large enough (z > M),

E (SO(SSL) {S€>z}) B o(z)P (Sﬁ > az) —+ Zogo’(u)IP’ (Sﬁb > u) du

3 7B (pl6)1eon) - 3 ( (@F () + | '(u)ng(u)du)

LFEk

By Lemma we obtain

limsup Cy(z) < 1,

T—00
and for the term Co(x), we have
o' (u)P (SZ;CL > u) du

lim sup Co(x) = lim su — —
a:—)oop 2( ) m—>oop 0o . ¢ Zk:l ﬁFﬁk (u)
mf o' (u)P (Sn > u) B(5>0) du

Be—Q
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< lim sup sup nP <S§ ~ u)

T—00 u>x Z LF Fﬁk( )
k=1""¢k

< limsup nP (SE ~ ac)

B TEEE— <1, (4.28)
TN o Fe(x)
k=1 "¢

where the last inequality follows from Lemma as well. The desired

upper estimate in (4.9) now follows from (4.27). The asymptotic lower
bound in (4.9) follows similarly. Indeed, in the same fashion we obtain

E ((S$) 55 1) _ p(@)P (S5 > ) + Zoso’(u)P (Sg > u) du

(Sg > CL‘) ZOSO/(U)P S,% > u) du

> min , -

E Lp,, Fe,(v) Zoso’( u) 3 L, Fe,(u)du

=: min {C3(z),Ca(x)} . (4.29)

By Lemma [4.2] we obtain
liminf C3(x) > 1,

T—00

and for the term Cy(x), we get

j@’(u)P (S’g > u) du

liminf Cy(x) = lim inf
T—00

P (Sﬁ > u)

>l nf =

Y L, Fe(u)

k=1
P (SSL > x)

> li:cn—l>ic>%f - — >1, (4.30)

> Lr, Fe (x)

k=1 F

where the inequality (4.30) follows from Lemma[4.2] and now, by (4.29),
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this implies the lower estimate in (4.9). The Theorem is proved. [

4.4 Examples

4.4.1 Example 1

Let us consider three Pareto distributions: &; i’])a{271}, 52273&{272},
and &3 iPa{Z;g}, and let the generalised moment’s function be p(z) =
xz/logx. Supposing that the r.v.s £1,&2,& are pQAI, we derive the
asymptotic formula for

200 = (o () igo) =B (i 50 ) erveonesr )

We consider two separate cases regarding the dependence structure of
the r.v.s £1,&2,&3. In the first case the r.v.s are mutually independent,
while in the second case we suppose that the random vector (&1, &2,&3)
follows the multivariate FGM distribution (see ([2.29)):

P(&1 < 21,82 < 22,83 < @3) = Fey (01) Fey (22) Fey (23)

< (14 5Feu (o) Fea(on) + 3Fes(o2)Fey (o) + 3 Fes(o0)Fes(oa) )

It is easy to verify that all the conditions of Theorem are satisfied.
In addition, L, = Lp,, = Lp,,. Therefore, according to Theorem

we obtain
3
500 z:: (logf {5k>”}>

Observe that

§k ) 2/OO Yy dy 2/00 dy
E I 2% 7 2% 7
(log£ {&e>a) « logy (k+y)3 oo « y*logy

— 212 / T 2k
logz

z z—oo 1 logx

for large x and for all k£ € {1,2,3}. It follows that

28
z—oo plogx

Ax)

The results of the simulated values of E(p(S5)I together with

{s£>x})7
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the values of derived asymptotic formula (blue line), are presented in

Figure [4.1]

0.012
C
0.009 — Asymptotic formula
— Dependent
0.006 —*— Independent
0.003
1000 2000 3000 4000 5000

X

Figure 4.1: Simulated and asymptotic values for A(x) of Example

4.4.2 Example 2

Let us consider two r.v.s distributed according to the Peter and Paul
laws: & i7773{172}, 5227777{17\@}, and let the generalised moment’s
function be p(z) = Jrlogz. By supposing that the r.v.s &,&, are
PQAI we find the asymptotic formula for the truncated generalised mo-

ment

o~

A() = E ((S5 )H{S§>x}) =E (V& +&log(ér + &) 4650} ) -

We distinguish between independence and dependence cases of the r.v.s
£1,&. In the case of dependence, we suppose that the random vector
(&1, &2) follows the distribution induced by the FGM copula (see (2.18))

P(61 < a1, & < 22) = Fiy(21) s w2) (14 5P (00)Fes02) ).
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Since all the conditions of Theorem are satisfied, we get

Z LFg (é/g‘bg(fk)ﬂ{ik>w}) ’

ZL ! E(\flog &k H{sk>x})

(4.31)

To obtain the L indices for the r.v.s £&; and &s, observe that for a r.v.
13 4 PPiapy and y > 1,

lim inf s

Fe(@h) _ yp i (pa) Loss v+ Loz o) +10s,)) _ (j-ay Lo l+1

It then follows that

Feoy) _ ooy lonul+t _ oo

Lg Fe = = lim lim inf = lim
yll xT—00 Fg(x) yl

and, as a result, Lp, = 1/2 and Lp, = 1/v/2. According to the defini-

tion of Peter and Paul distribution,
P& =2F) =27F P& =2F%) = (V2-1)27%2 ke{12,.. .}

Therefore,

o0

E (\“/glog §1H{£1>x}) = ]og2 Z k 272k/3

k=|logy z|+1

V21082 ) sjiog, )/ _e
(2_@ —2llos22l/3(2 4 (2 — V/2) [logy 7)),

and, similarly,

WEoDls2 S

E (ﬁ/glog §2H{52>x}) = 2

k=[2logy z]+1
_ (\/E_ 1)f10g2 —|2logy z|/3
2= ¥y
x (V2 + (V2 —1)[2logy z]).
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The last relations and the asymptotic estimate (4.31]) imply that

Alz) < V2log?2 ((2_2\3[2)2 o=2llog>21/3(9 1 (2 — {/2)|log, z))

T—00

_ , 1

*mﬂ“’gﬁ“‘”’(%+ (V2 - 1)[210g, wJ>> '

The results of the simulated values of E(@(S%)H{Sg >x})
the values of the derived asymptotic formula, are presented in Figure[4.2]

9-2lls22)/3 (9 1 (2 — ¥/2)|log, z )

, together with

2.0
1.5 .
. Asymptotic bounds
L — Dependent
L0 \ — — Independent
Lb
0.5 —
B —— ——
0.0
0 2000 4000
X

Figure 4.2: Simulated and asymptotic values for A(x) of Example

4.4.3 Example 3

Let us consider two r.v.s distributed according to the Cai-Tang law with
parameter p = 1/2, i.e., & 4 & 4 CT1/2- In addition, we suppose that
the random weights are independent and discrete uniformly distributed
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with different parameters, i.e.,

Supposing that the r.v.s &1, & are pQAI and the pairs {£1,&2}, {01,602}
are independent, we derive the asymptotic formula for

Az) =E (\/ 01&1 + O2&2log (0161 + 9252)]1{9151+9252>x}> :

As in the previous examples in this section, we consider both dependence
and independence of the r.v.s £1,&. In the case of dependence, we
suppose that the random vector (1, £2) follows the dependence structure
implied by the AMH copula with parameter ¥ = 0.8:

Fe, (21) Fe, (22)
1 — 0.8F¢, (z1)Fe,(22)

P& <1, & < x2) =

In the case under consideration, we have p(z) = y/zlogz and by
., for all z > 1 we obtain

F& (z) = F@ (x) = %Z_UO& z] (3 _ p 9~ logy 33]) )

Since LF§1 = LF

., = 1, it follows from Theorem @ that

A(w) ~ E(VOiElog(0i&) o, 0}

OV (4.32)
+E (\/%log(%&)ﬂ{ozspx}) :

Using Lemma for x € [2K 2K+ K € N, we have

1
B (m10g(91§1)ﬂ{0151>$}) = 7E (\/glog(gl)]l{§1>$})
> logy + 2
(flonggl -I-/ gy Fe,(y )dy)
_ \q‘)gfﬂgtbgm (3_332%10%) ~ L+ 1,

where
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1 1 /% logy+2 Y
Ti=-— | —"—"(3-25]d
! 82K/2K NG ( 2K) Y
_3Vzlogz 1 Vallogr 1va? 2Klog2 1 1
4 2K 12 22K 922K 3 (oK 9.k

and

" logy +2 1
X L (o) o
om gm
1 2m+llogy+2
Z / —=—dy
e 2 S VY

1 2m+1
- ZKW/zm (logy + 2)y/7 dy

3(3v2 4+ 1)K?log2 + (42v/21og 2 + 481log 2 — 62 — 4) K
+90v/2log 2 + 1261log 2 — 20 — 16/2
18(K + V2 +2)V2K '

Bearing in mind that K = |logy x|, from the above equalities we

derive

5 2\ |logyz]log?2
E (Vg log0:6)Tnen) , 7., (6 ” 2) Tollom, 212

1 Va3logx

6 22llogya]

(4.33)

For the second term in (4.32)), we have

E (\/ 02&o log(92€2)1{92§2>x}) = éE (@10g(€2)ﬂ{52>x})

I ?E (\/{Qlog(&)ﬂ{gzwﬁ})

\mogQ E (Velgsaa) -

Using the derived asymptotic equality (4.33)), we get

5 V2 llogy ) log?
SE (VBB eon) , v, (9+ 3 ) ollogeal /2

1 Vadlogx
9 92[logya]
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NG 10 2v2)\ |log, z]log?2
?E(\/glOg(£2)H{§2>$/2}) 5500 6—'_ 3 2llogy z] /2

B @ Va3logx
18 922[logaz|

In addition,

E (\/ﬁzﬂ{gpx/z}) =0 (1ch (\/glog(§2)]1{£2>x/2})) :

log
Consequently,
5 |logy x| log 2
E (\/ 0282 IOg(02£2)H{92§2>m}) 2500 g + \@ ollog, 2] /2
4.34
1 1 V2\ Va3 logz ( )
~5(1 %) P T

and, due to the estimates (4.32), (4.33]) and (4.34]),

2 2

~ 5 3v2)\ |logyz|log2 1 Va3logz
Ax) x;"oo< + ) Shomaz -~ 18° T V2 Jamog T

The simulated values of E(p(S$)1 (56 >I}), together with the values

of the derived asymptotic formula (blue line), are presented in Figure

4.3l

2.0

— Asymptotic formula
1.5 — Dependent

—* Independent
1.0

0 2500 5000 7500

Figure 4.3: Simulated and asymptotic values for the A(a:) of Exam-

ple -3
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5 Asymptotic behaviour of the
Haezendonck-Goovaerts risk

measure

5.1 Related results

Despite its well-established theoretical properties, such as coherence (see
Proposition , and its greater flexibility compared to the alternative
ES risk measure, HG risk measure generally does not admit an analyt-
ical expression, since an explicit solution to the equation is not
attainable [I08]. However, in certain cases analytical expressions and
asymptotic formulas can be derived. Omne such case occurs when the
normalised Young function is a power function p(t) = t* with » > 1
(see [108, [80]).

In particular, Tang and Yang in [108] obtained the following expres-
sion of the HG risk measure which motivated the research presented in

this dissertation.

Theorem 5.1 (See [108, Theorem 2.1 and (1.3)]). Consider the power
Young function ¢(t) = t* with » > 1.
(i) If g € (0,1), =1, and EE' < oo, then

E(s- F (@)
1—¢q

HGy(8) = F¢ () + (5.1)

(i) Ifg € (0,1), 2> 1, P(§ = FF (1)) =0, and E(§7)” < oo, then

— )\
HG,(6) = o + (M) , (5.2)
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where © = x(q) € (—o0, F{ (1)) is the unique solution of the equa-
tion

x

(B¢ —2)")")
(B -2)1))"

=1-gq. (5.3)

In the same paper Tang and Yang also investigated a special case
when a random risk £ belongs to the class of regularly varying functions.
It was shown, that in this setting, the tail of the HG risk measure is
asymptotically equivalent to a specific function involving Beta function

and a generalised quantile function Fg_ .

Theorem 5.2 (See [108, Theorem 4.1]). Let the power Young function
@(t) = t* with s > 1, and let & be a real-valued r.v. such that Fe € X
for some o > 3. Then

_ 5\ (/)
HG, () ~ ala — x) 1

1/
T e (Bla =) "B (),

where .
Blab) = [y 1=y dy. a>0,b>0,
0

is the beta function.

We also note another study by Tang and Yuan [I09] in which the
asymptotics of the HG risk measure is further explored in a more gen-
eral setting, namely, for a broader subclass of Young functions within
the framework of extreme value theory. However, the literature on the
analytical and asymptotic properties of the measure remains relatively

scarce.

5.2 Main results

Inspired by Theorem obtained in [I08], we investigate further the
asymptotic behaviour of the HG measure. In this subsection, we state
two theorems concerning the asymptotic behaviour of the HG risk mea-
sure for the sum of consistently varying loss-profit distributions, when
the normalised Young function takes the form of a power function ¢(t) =
t*, 2 > 1. The theorems establish that, when the confidence level ¢ of
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the risk measure tends to 1, the HG risk measure of a random sum ad-
mits an asymptotic representation similar to that given in Theorem
without the need to estimate complicated distributions of random sums
with not necessarily independent random summands. The following the-
orem deals with the random losses of the form S§ and shows that the
asymptotics of the HG risk measure only depend on consistently varying
summands and not on possibly lighter tailed increments.

Theorem 5.3 (See [98, Theorem 6]). Consider the power Young func-
tion p(t) = t* with » > 1, and let {&1,...,&,} be a collection of real-
valued pQAI r.v.s.

(i) Let us suppose that » = 1, maxi<r<n E(§) < o0, F¢, € € for
some L € {1,...,n}, and for the other indices k # L let Fy, € €
or P(|&] > x) = o(Fe¢, (x)). If Fe, € Py for any index k € T,, =
{ke{l,...,n}: I, € €}, then

HG, (SS) ~ Hi (@) + —— Y E(%— ()

at 9 ez,

where H™ is the quantile function of the d.f.

H, := max {0, 1-— Z ng}.
kel

(ii) Let us suppose that 3 > 2, maxi<p<n E(§7)" < 00, F¢, € € for
some L € {1,...,n}, and for the other indices k # L let F¢, € €
or P(|&] > x) = o(Fe, (x)). In addition, let

F P F »—1
max lim sup M max lim sup 76’“7@) <1l (5.4)
k€L, z—o0 & (.1‘) k€L, z—o0 ka (y.%’)

for some y > 1, where I, = {k € {1,...,n} : Fy, € €}. Then

1/

! E((fk —E(Q))+>%> ,

HG,(S) ~ T +<
q( )qﬂ (9) l-q, =

96



where T = Z(q) is the unique solution to the equation
o+ =1\ *
(ZkeIn E((gk - ) ) >
x—1
~+H\*
(Zkezn E((gk - ) ) )

The second theorem given below is a generalisation of Theorem [5.3]

=1—q.

to the case of randomly weighted sums. This time, however, we make
a stricter assumption that not some, but all primary random variables

belong to the class €.

Theorem 5.4 ([98, Theorem 7]). Consider the power Young function
o(t) = t* with > > 1 and let {&1,...,&} be a collection of real-valued
pPQAI r.v.s such that F, € € for all k = 1,...,n. Let {61,...,0,}
be another collection of arbitrary dependent, monnegative, and nonde-
generate at zero r.v.s. Suppose that the collections {&1,...,&,} and
{61,...,0,} are independent and max; <<, {EOL} is finite for some p >
maxlgkgn{,fék}.

(i) If x=1, 121]?2(”1@(5;) < 00, and Fg, € Py foreachk € {1,...,n},

then

HG, (1) ~ Hy () + 1— Z E(06 — B (0)

k 1

where H** is the quantile function of the d.f.

H} := max {O, 1-— ifgkfk}'
k=1

(ii) Let 5 > 2, ; max E(&)” < oo. Let, in addition,

<k<n

Ia x a x—1
max lim sup M max limsup =—*—— 5'“( ) <1
1<k<n  z— oo ng (Jj) 1<ksn  z—oo Fg (yaz)

for some y > 1. Then

PN VE

HG, (Sfbf) ~ x*(q) + <1l_q kzZ:lE((ekﬁk — x*(Q))Jr) ) ;



where * = x*(q) is the unique solution to the equation

<ZZ’1 E((‘gk&k — m*)+>”1)”
(Z}il E((6k6r — x*)+)z) "

We remark that Theorerns and do not cover the case » € (1,2)
that remains an open problem for further research.

5.3 Proofs of the main results

5.3.1 Auxiliary assertions

Before proceeding with the proofs of Theorems [5.3] and [5.4] we need sev-
eral auxiliary statements. These fall into three groups—properties of
quantile functions of consistently varying or positively decreasing dis-
tributions, characteristics of the function on the right hand side of the
equation [5.3] and certain closure properties of primary random variables
and random weights.

Properties of quantile functions

We begin with a couple of lemmas (see Lemmas 5.1 and [5.2|below) which

extend parts |(3){(4)| of Lemma to an asymptotic setting with either
consistently varying or positively decreasing distributions.

Lemma 5.1. Let F be a d.f. from the class €. Then

F(F=(9)) ~a and F(F(p)) P

Proof. Let q € (0,1). By part of Lemma [2.2] if follows

F(F () > (5.5)
Therefore,
F(F @) 2 o (5:6)
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For the first asymptotic relation of the lemma, it remains to prove that

lim sup M

< 1. (5.7)
qtl q

Suppose, on the contrary, that

(P )
lim sup
qtl q

> 1.

Hence, there exist A > 0 and a sequence ¢, T 1 such that

lim 7}7 (F% (Qn))

n—o0 Qn

=1+A,

implying that F(F‘_(qn)) > (1 + A/2)q, for large enough n. Since
F(x) <1 for any z, we have

qn < (1+ A/2)71

for large n. This is impossible because ¢, 1 1. The contradiction ob-

tained shows that the estimate (5.7) holds. The estimates (5.6) and
(5.7) imply the first asymptotic relation of the lemma.
Now, let us consider the second relation of the lemma. Let p > 0.

By case of Lemma we have

implying that

F(F"(0) < p. (538)
pl0
It is left to prove that
F(F~ )
liminf ———~ > 1. (5.9)
pl0 p
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Let us suppose, on the contrary, that

F(F" ()
lim inf
pd0 p

< 1.

It follows that there exist A € (0,1) and a sequence p,, | 0 satisfying

lim 7F7<F% (e )>

n—00 pn

=1-A.
Hence,
F(F (pa)) < (1= 2/2)pn,
or, equivalently, by ,
F(F" (pa)) = F(F“(1=pn)) > 1= pu +pa(B/2),

for large enough n.
Let us temporarily denote

T = F7(1 = pyp).

Since F(z) > 0 for any x € R, the sequence x, is nondecreasing and

xn T 0o. In addition, F' is continuous from the right, so we have F'(x,) >

1 — py. For a fixed n, there are only two possible cases: F(z,) =1—py,

or F(x,) > 1 — py,. In the first case, we get

1—pn>1-p, +pn(A/2)a

which is impossible since A is positive. Consequently, F' has a jump at

each point x,. Thus, it follows that
F((1—ep)zyn) <1—p, and F(z,) > (1 —pp) + pn(A/2),
or, equivalently,

F((1—en)zn) > pp and F(x,) < p,(1 —A/2),
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for some sequence €, | 0. These both estimates imply that

lim F(((i_ 5n)xn) > 2

= 1
n—o0 F(xn) 2 - A >

for some sequences x, 1T oo and g, | 0. The derived relation contradicts
to the condition F' € € because it should be
F((1-¢)x
lim lim supM <1,
el0 z—oo F(ﬂl‘)
according to Definition [2.4]
The contradiction obtained proves inequality (5.9)), which, together
with the estimate (5.8), proves the second asymptotic relation of the
lemma. O

Lemma 5.2. Let F be a d.f. from the class Py. Then

F*(F(z)) ~ z, and F*(F(z)) ~

T—r 00 T—00

Proof. Let us consider the first relation. According to the definition of
the quantile function F*™ (see Definition [2.15)), we have

F™(F(x)) = inf{y : F(y) < F(x)}.

By the case |(3) of Lemma we have F* (F(z)) < x, implying

F*(F(zx)) < = (5.10)
T—00
It remains to prove that
F*(F(z) 2 = (5.11)
Tr—00

Assume, on the contrary, that

lim inf < 1.
r—r00

F*(F(x))
x
In such a case, there exist A € (0,1) and a sequence x,, T 0o such that

lim
n—00 Ty



Hence,
F™(F(an)) = inf{y : F(y) < Flan)} < (1 - A/2)z,

for sufficiently large n, say n > Na. This relation implies that F((1 —
A/4)x,) < F(x,), while F being nonincreasing ensures that F((1 —

A/d)xy) = F(xy,). As a result,

(1)) e

if n > Na. It follows that

lim — =1,
n—00 F(xn)
which contradicts to the definition of F' € &4 (see Definition [2.8]).
Consequently, the asymptotic relation holds. The relations
and imply the first relation of the lemma.
The second relation of the lemma follows from the following equali-

ties:
F(F F-(1-F F(F
lim M = lim M = lim M =1, (5.12)
T—00 T T—00 €T T—>00 X
where the second equality in (5.12)) is due to (2.33]). Lemma is now
proved. ]

The following lemma shows, that if two positive functions are asymp-
totically equivalent and decaying to zero, the equivalence relation is
preserved under the generalised inverse transformation of a positively
decreasing tail function.

Lemma 5.3. Let F be a d.f. from the class P4. Then for any two
positive functions a(x) and b(x) such that a(x)~b(z), a(x)—0, as x —
oo, it holds that

F™(a(x)) ~ F (b(x),

T—00

and for any positive functions a(p), B(p), such that a(p) ~ lA)(p) and
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a(p) = 0 as p | 0, it holds that
™ (a(p))

Proof. It is enough to prove the first equivalence relation because the
second relation follows from the first by noting that

) T (a()
D

) = F(5(1))

i
Pt F(

F
liminf ——

minf e ) > 1. (5.13)

We will proceed with the proof by contradiction again. Assume

imin 7F7<_ (a(a;))
lx_mf Vo (b(z)) <1

This means that there exist A € (0,1) and a sequence x,, 1 oo such that

_F (a(zn)
nh_}rgo == b)) =1-A.
It follows that .

for large enough n. By the definition of F*,

= (W) > b(zy,).

A
(1-%)
This relation together with the case of Lemma implies
= A F(a(zn)) —
F0-2)7%") 77 @) _ atm
o F“(a(wn») a (Fﬂa(xn)))
( (1-2) (1-2)
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as n — oo, since a(x) ~ b(x) as x — oo. Thus,

for some sequence F' (a(xy,)) /(1 —A/2) = oo as n — oo. This contra-
dicts to the definition of F' € &4 (see Definition [2.8)).
It remains to prove

=i
lim sup w < 1.

Assume, on the contrary, that

=4

li e

el T (b(x))

It follows that there exist A > 0 and a sequence z,, T co such that
F n

=00 B (b(an))

Consequently,

F (a(zn)) > (1 + 2) F (b(xn))

for large enough n. By the definition of F, it follows that
_ AN —
a(zy) < F ((1 + 2) F~ (b(a:n))) .
This relation together with the case of Lemma implies

F(F" (b(xn)) b(an)
P15 3)F (b))~ alon) o

since a(z) ~ b(z) as  — oo. Thus,

_ F(F (b(an)))
(14 2) F )
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Relations a(z) ~ b(z) and a(x) — 0 as x — oo imply b(z) — 0 as
x — oo. Consequently,

F((1+A/2)F (b(za))) = 00

as n — 0o0. The contradiction to the definition of F' € &4 (see Defini-
tion [2.8)) is again obtained. Lemma is now proved. O

We conclude the subsection with the following lemma which ensures
the asymptotic equivalence of the generalised inverses of distributions,
provided that they belong to € N &4 and their tails are asymptotically
equivalent up to a positive constant.

Lemma 5.4. Let F and G be two d.f.s such that F € € N P, and

G(z)~cF(z) for some positive constant ¢, as x — oo. Then

G (1 —p)pTOF*(1— %)

Proof. The condition F' € %4 and Lemmas imply that

e e (T
+ ~ F°(F) ~ F <C) (5.14)
The conditions F € ¢ N P4 and G(z) ~ cF(x) as & — oo imply that
G e ¥ NPy, Indeed,

Glay) cF(xy)

lim lim sup — = limlims — =1 - Ge&,
e G(z) yt ool cF(x)

and for any fixed y € (0, 1),

lim inf Ci(a:y) = liminfm > 1 = G e Pgy.

Hence, G(x) > 0 for all x € R, and therefore [ (p) > occaspl0. By
supposing = = G+ (p) in (5.14)), we get

@) 7 (6@ w)).

0

Due to Lemma



Hence, we derive from Lemma [5.3] that

pl0
or, equivalently,

G (1-p) F(1-2).

The lemma is now proved. O

Properties of the special function from the equation 1}

Let ¢ be a real-valued r.v. such that E((T)” < oo and F¢(z) for each
r € R. Let

(E(E—nt) )
(E(E-21))" "

be a well-defined function from the equation (5.3)). In this subsection,
we consider the properties of the function v, and its components. The

Ve(x) = z € R, (5.15)

first such assertion is proved in [108 see Lemma 2.1].

Lemma 5.5. Let £ be a real-valued r.v. such that E(fﬂ% < o0 and
Fe(x) > 0 for allz € R. If ¢ > 1, then the function g(z) := E(({—z)T)”
1s continuously differentiable with

’

(@ =-»E(E-2)")", zeR,
If 3 =1, then for each x € R, the derivative from the right is g:r(ac) =
—F(x) and the derivative from the left is g (x) = —F(z — 0).

The following lemmas directly concern the properties of ve.

Lemma 5.6. Let £ be a real-valued r.v. such that E(§+)% < oo and
Fe(z) > 0 for all x € R. Let ¢ be the function defined in the equation

(5.15). If 2 > 1, then

lim 7¢(xz) =1 and lim 7¢(z) = 0.

Tr——00 T—r00

Proof. While the main steps of the proof are outlined in [108, See the
proof of Theorem 2.1], we provide the complete proof here in more detail.
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Since F¢(x) > 0 for all x € R, we have
o0

E((¢—2)")" = %/ (u— ) " Fe(u)du > 0

xT

for all x € R. By the classical Holder’s inequality, we get

E €_x+%_1]lmoo€ -
%(x)_( ((c=2)7) <,%i<1 )

= Fe(),

which implies the second equality of the lemma.

Let us consider the first equality. It is obvious that

()

li =1 . 1
x
The classical c,-inequality
1, if 0<r<1,

E(|X +Y|") < (EX|"+E|Y]"), cr =
r=l o if > 1,

and the inequality (a + b)* < a™ + b, provided that a,b € R, imply
that for a positive x,

E((&er)*)%_l @(gu:p)”—l
X X

1 e
< Cpot ($%_1E(§+) Ty 1) < 0.

Hence, by the dominated convergence theorem,

x—1\ * -1\ *
i (E(m;ﬁ) ) (m (c2er) )
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Similarly,
€+ \\"
- (E () ) 1
T—00 T

E <(§+x)+>% < ey (;{E(S’L)% + 1) < o0.

X

since

Now we can derive the first equality of the lemma by substituting the
last two relations into the equality (5.16]). The lemma is proved. ]

Lemma 5.7. Let £ be a real-valued r.v. such that E(§+)% < o0 and
Fg(:z) >0 for x € R. If 5 > 2, then the function ~y¢ is continuous and

strongly decreasing on R.

Proof. First, consider the case » > 2. By denoting 7, = (£ —x)", we

have ( 1)%
Enz—
Ye(@) = — 7.
(Enz)”
By Lemma [5.5] we get
/ ]En -1 < — x n— 2
Ye(w) = —3¢(3¢ — 1) W (E% *Enf — (En7 ) >, reR.
X

The classical Cauchy-Schwarz inequality and the condition F¢(z) > 0,
x € R, imply that

»x—2 1

Enf ' =En? né < (Eni‘_Qf(Eni‘)%-

Therefore, ’yé(a;) < 0 for z € R, implying the assertion of the lemma in
the case s > 2.

Now, let us suppose that s = 2. In this case,

2
(En)
EnZ

Ye(z) =
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Using Lemma [5.5] we obtain that the derivative from the right

! _ ET]J: Fx 2 2
{1eh, () = -2 ) (F(@)En2 - (En.)?)

is negative for all x € R, because, by the Holder inequality,

SIS

e = Enellp o0 () < (En2)E (Bl o0 ()7 = (En2)? (Fe()?,

where the strictness of the inequality follows from the condition F¢(z) >
0, z € R. In the same way, we get that the derivative from the left
{7¢}_(x) is also negative for all z € R. Indeed, using Lemma we
get

{3} () = 2 <§§> (Fla— 0)En? - (En.)?).

which is strictly negative for all z € R by the Holder inequality again,
with the observation that

The derived properties of the function v¢ imply that this function is
continuous and strongly decreasing on R. The lemma is proved. O

Lemma 5.8. Let £ be a real-valued r.v. such that E(¢1)” < oo and
Fe €. If x> 1, then

lim lim sup Ye(zy)

< 1.
Yl 200 Ye(x)

Proof. If E(¢%)” < oo, then

[e.e]

E((¢ —z)")? = p/ (u— x)p_lfg(u)du

x

for all 0 < p < 5. Therefore, for all positive x and y,

Ye(ay) _ <E<<£ - xy>+>"‘1>” ( E((¢ —2)*)” )
%@ \E(E—2)t)" ) \B(&—yx)t)”

) (f;’;(u - xy)%—2Fg<u>du> g (
[ (u — 2y 2Fe(u)du

T

J2(u — 2)" ' Fe(u)du )

Joy (u = zy)* 1 Fe(u)du
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[ (u— :L‘)”_ng(uy)du> g (
Jo(u =) 2F¢(u)du

x

[ (u = )" Fe(u)du )
[ (u— ) 1 Fe(uy)du

o Pew)\ [ Fe(w) \
) <u>§ FdU)) <u>5Fg(uy)> ' 517

If y € (0,1), then

F »
lim sup Ve(2y) < | lim sup sup S (uy)

Since F¢ € ¢, the last inequality implies the statement of the lemma. [

Lemma 5.9. Let ¢ be a real-valued r.v. with d.f. Fg such that E(¢1)” <

oo and
. P — »x—1
(lim sup W) (hm sup Fﬁ(x))) <1 (5.18)

T—00 Fg(l’)

for some 3 > 1 andy > 1. Then

lim sup ’yg(xy)
r—00 ’)/5 (.’L‘)

for some y > 1.

Remark 5.1. Since F¢(x) > Fe(zv) for all v > 1, the condition (5.18))
implies that Fy € Pg. If F¢ € Ho with some a > 0, then the condition
(5.18) holds for all » > 1. If Fx € ERV (o,5y C € with some 0 < o <

B < o0, then the condition (5.18) holds in the case 1 < 3 < B—La
Proof of the lemma. Let 3 > 1 and y > 1 be such that the condition

(5.18) holds. By the estimate (5.17)), we obtain

- P — x—1

F F

lim sup Ve(@y) < limsup | sup j(uy) Sup = e(w)
zvoo (@) T amoon \uza Fe(u) uzz Fe(uy)

= | limsu 7F7§(xy) . im su 7F§(£) -

Now the assertion of the lemma follows from the condition ([5.18]). The
lemma is proved. O

Corollary 5.1. Let 2 > 2 and let § be a real-valued r.v. with d.f. F
under the condition (5.18)). Then the function ¢ defined in the equality
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(5.15) is the t.f. of the d.f. 1 — ¢ that belongs to the class € N Py.

Proof. The assertion of the corollary follows immediately from Lemmas

50, 57 68 and B3 =

Some closure properties

In this subsection, we present some closure properties of d.f.s with re-
spect to the dependence structure and product convolution. The results
of this subsection are used to derive Theorem (.41

The first lemma given below states the conditions under which the
QAI dependence structure between a pair of primary random variables
is preserved in a weighted setting.

Lemma 5.10. Let &1, &3 be two real-valued QAL r.v.s with d.f.s Fe, € D,
Fe, € 9. Let 01,02 be two nonnegative nondegenerate at zero r.v.s such
that the vectors (&1,&2) and (61, 62) are independent. If max{67,65} < oo
for some p > max{Jl}zl , JJJ’;Q }, then the r.v.s 01&1 and 02&2 are QAT

The proof of the lemma can be found in [62, Lemma 4].
The following three lemmas, namely, Lemmas [5.11], [5.12] and [5.13]
addresses the closure of classes €, #4 and Z respectively with respect

to the product convolution.

Lemma 5.11. Let £ and 0 be two independent real-valued r.v.s, and let
the d.f. F¢ belong to the class €. If 0 is a nonnegative and nondegenerate
at zero r.v. such that EOP < oo for some p > Jljfé, then the d.f. Fpe of
the product 0¢ belongs to the class € as well.

For the proof of Lemma refer to [I13, Lemma 2.5].

Lemma 5.12. Let { be a real-valued r.v. with d.f. Fe € PN D. If § is
a nonnegative and nondegenerate at zero r.v. that satisfies EOP < oo for
some p > J;fg and is independent of &, then the product d.f. Fpe belongs
to the class Pg.

Proof. Let y > 1 be fixed under the condition

F
lim sup j(:ny) <1,
T—00 Fg (I‘)
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and let a € (0,1) and b > 0 be such that P( > b) > 0. If z is sufficiently
large, then

Foe(xy) _ P(OE >y, 0 < 2%)  P(O€ > xy,0 > 2°)

F@g(w) N P(O¢ > x) P(O¢ > x)
< P(OE > zy,0 < z7) PO > z%)
S OPOE > 2,0 <x9)  P(OE > 2,0 > b)
o P(OE > x2y,0 < 6 < z%) E6P
TP > 2,0<0 <) 2PP( > b)P(E > x/b)
. Fe(%) L EW 1 Fe(w)
X Sup — - —
0<u<z® Fg(%) P(0 > b) 2P F¢(x) F(%)
Fe(zy) EoP 1 Fe(x)

= sup —

S0 Fe(z) PO >0) 2 Fg () ()

(5.19)

Since Fy € 9, it is obvious that F¢(z) = O(F¢(z/b)). Moreover,

; i — +
xhﬂnolozc Fe(x) =00 for ¢> o
see e.g., [106, Lemma 3.5]. If p > J};, then there exists a € (0,1)
such that ap > J;é_. For this particular a, the second term on the right
side of (5.19)) tends to zero if = tends to infinity. Consequently, for this
particular a € (0,1), we have

Foe(xy) Fe(zy) Fe(ay)

lim sup = < limsup sup = = limsup = <1, (5.20
r—}oop F9§($) :p—>oopz>x£a F&(Z) :E—)oop F&(:E) ( )

and thus Fpe € Py. The lemma is proved. We only remark that a
similar assertion, but for a positive random weight, is proved in [70]
Theorem 4.1]. O

Lemma 5.13. Let £ be a real-valued r.v. with d.f. Fe € 2. If 0 is a
nonnegative and nondegenerate at zero T.v. which is independent of &

and satisfies EAP < oo for some p > Jl:ty then for any y > 0,

F F
lim sup jg(yx) < lim sup j(yx) and
T—>00 Fgg (a:) T—00 g(x)
F
lim sup = 0c (@) < limsup = (@)

T—00 Fgg(yaf) T—00 Fg (ya:) ’



Proof. According to (5.20) we have

F F
lim sup M < limsup sup j(yz) = lim sup f(ym

T—00 Fgg(w) T—00 >gl-a Fg(z) T—00 Fg(:ﬁ)

for some special a € (0,1). Hence, the first inequality of the lemma
holds. By the same reasoning as in the derivation of ([5.19)), we obtain

7795@) < sup

F(z) E6P 1 Fe(x)
Feg(yﬂ?) z=xl—a F(yz)

T B0 > b) (ya) e (x) Felya/b)

for sufficiently large xz, b > 0 under the condition P(f > b) > 0, and
a € (0,1) such that ap > beg. The same arguments as in the derivation
of implies the second inequality of the lemma. The lemma is
proved. O

5.3.2 Main proofs

Proof of Theorem[5.3 Let us begin with part (i) of the theorem. By
the relation (4.7)) of Theorem we have

E((Sg)ﬁﬂ{sﬁn}) e 2 E(&f H{&px}) (5.21)
ke,

n

for all g € [0,1]. In the particular case when 8 = 0, we get

Fsi (z) =P(S§ > z) o > Fe(x) ~ Hy(x). (5.22)

T—00
keln

We observe that Fg, (z) > 0 for any k € Z,, if z is sufficiently large.
Hence, according to the min-max inequality (see Lemma [2.4)), we get
that

min Ff’“ (zy) < @(ym) < max M (5.23)
k€ln F&c(x) Hy () k€Ln ng(l‘)

for all y € (0,1] and for sufficiently large . This double inequality shows
that the d.f. H,, together with the d.f. Fie, belongs to the class €N Py.
Therefore, by Lemma [5.4]

H;7(q). (5.24)
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For a ¢ € (0,1), by the equality (5.1)) and the min-max inequality ([2.43)
we derive that

HG, (55)

Hi(@)+ & ¥ E(%—Hi (@)

o) B(S§ ~Fia) B(S5- HI (@)

b (Q)’E(sg — Hg(q))+ ) E(Ek - Hﬁ((!))

kel,

+

Fic(a) E(S§ ~ Hi ()

+
> E(& - Hi(9))
kel, e (525)
q
¢ Sh
P(S5 > ug)
X sup

wHe (@)  P(Sh > u)

n

because, by the alternative expectation formula (see Lemma [2.5]),

P(n > u)du
E(np—z1)" xfl (n>w) cn P(n > uxy/x2)

= sup
En—22)"  Tpy>uydy 02 wm  B0>u)
z2

for any positive x1, 29 and any r.v. n satisfying P(n > z) > 0, z € R.

Let us suppose now that € € (0,1/2). By the relations ((5.24]) and (5.25)
we get that

HG, (55)
1 T
Hi(q) + 1= kg ]E(gk - H;L—(q))
E(s¢ -~ H () - -
< (1+e)max(1, ( (q)) ~ e M
ke% E(fk - H,‘L_(q)) wwHi (q)  Flge(u)
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for all ¢ sufficiently close to the unit from the left. Since H; (¢) — oo if
q T 1, we get from the last estimate that

HG, (55)
lim sup ) T
MOH @)+ 2 E(G - i (o)
€iln

+
E(S§ - Hi (0))
< (14 ¢)max ¢ 1, limsup T
MY B(& - Hi(a)

k€L,

P(S§ > u(l1 —

x limsup sup (% Eu( )
il uwsHi(q)  P(Sp > u)

n

. B(S§ - )"
= (1 +¢)max < 1,limsup -
v=oo 3 E(& — )
keI,

| P(SE > u(l— <))
x lim sup sup 3 .
T—00 u>z P(Sn > u)

The fact that F s¢ € ¢, the relation (4.8) of Theorem and the
arbitrariness of ¢ € (0,1/2) imply that

HG, (55)
lim sup <L (5.26)
M H(q) + 1L X E(&% - Hi(9))
keln
In a similar way, we can obtain
HG, (55)
lim ilnf -
MOHS (9 + 5 X E(&% - Hi(g)
keI,
E(SS - 2)* Fe(u(+2))

> (1 —¢)min ¢ 1, liminf + liminf inf —
T—00 kZI E(&, —x)" #7% uxe FS,&L (u)
€ln
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for any € € (0,1/2), and, by using the analogous arguments, we can
derive that

HG, (55)
limilnf >
MOH (g + 1L X B(& - Hi(g)
keI,

The last estimate, together with the inequality (5.26]), finishes the proof
of the first part of Theorem [5.3]

Now suppose > > 2 and all the conditions of part (ii) of Theorem
are satisfied. By Theorem [5.1]

1/

(st —2)")° , (5.27)

1—g¢q

HG,(S5) =7 +

where T = Z(q) is the unique solution of the equation

(B(ss-2)")

(E((Sg _ f)+)%)%—1 = 753(5) 1.

Let H,, be the d.f. defined in part (i) of Theorem [5.3, By the asymptotic
relation , the upper bound in , and the conditions of the
theorem, we have that the d.f. Fsﬁ’ together with the d.f. H,, belongs
to the class €. In addition, according to the relation , the min-max

inequality (2.43]), and the condition ([5.4) we get that

Vel

” n—1
. F55 (yz) . F55 (z)
lim sup =2>—— lim sup ="——
F F )

< | max lim sup M max lim sup ﬂ <1
k€L, z—oo F&k (:L') k€L, z—oo ng (y:n)

(5.28)

for some y > 1. Therefore, Corollary implies that the d.f. 1 — ¢
belongs to the class ¥ N Y.
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For sufficiently large z, by the alternative expectation formula (see
Lemma , we have that

( > E((é —x)*)”_1> ((%— 1)

k€L,

B

x—1 0o . Py
< > E((& — a:)+)”> (% J(u— l’)”_lHn(u)du>

ke, z

E((¢y —a)t)*
(B - 21:7@@%

(E((G - 2)%))

where (,, is a r.v. with d.f. H,,. By the estimate , the d.f. Fy, = H,
satisfies the condition that, according to Corollary implies
that the d.f. 1 —~,, together with the d.f. 1 —+
CNPgy.

On the other hand, the relation of Theorem implies that

(u— a:)”_2Hn(u)du) )
T

»

56> belongs to the class

Tee (@)~ e, (@).

T—r00

Consequently, all the conditions of Lemmal5.4]are satisfied with ¢ = 1
and the d.f.s 1 — g, 1 —~,. According to this lemma, we get that

z(q) i z(q). (5.29)

Now we continue the proof of this part in the same way as the proof
of part (i). For any ¢ € (0,1), by the relation (5.27) and the min-max
inequality ([2.43), we get

HG, (S5)
1/
2(q) + (liq P E((& - #()) )%>
[

< max Z(q) ]E<(S§‘ B ﬂq>)+> 1

@\ 2 E((& - 7))
BNENECETY

@7\ 5 B((& - 7))

k€l




1/

= E((& ) ")

keln

> E((6 - a() ")

keln

If ¢ is sufficiently close to the unit from the left, then

5 B((6-3a)") S (- F@) Hy(w)du

k€T, _ z(q)
S E((&-20)7) T (u—3(q)* oy (u)du
wetn 2@
T (=) (294) du
. @((J)) () ' o)
TS T #(q) e H o (u)d

Consequently, for ¢ sufficiently close to the unit from the left, we have

HG,(S5)
B 1/«
Z(q) + (11(1 keZInE((fk - 53((1))+) )
B - 1/5
R O B S N Y€ )
= Z(q) NS E((ﬁk—f(q))+)%u>§(q) Hy(u)
ke,

Since Z(q) — o0, T(q) ~ Z(q) as ¢ T 1 and the d.f. H,, belongs to the class
%, the last estimate and the asymptotic relation (4.8)) of Theorem
imply that

lim sup HGq(SS) e < 1.
1 »
O (fq Py E((& - #(g) ") )
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In a similar way, we can derive that

HG,(S5)

lim inf

qTl B 1/
Z(q) + <1iq > E((& - 2(e)") )

kel,

>

This finishes the proof of the second part of the theorem. O

Proof of Theorem[5.]]. We begin with the case 5 = 1. From Lemma[5.10]
and the hypotheses of the theorem, the collection of r.v.s {61&1, . .., 0,&0}
follows the pQAI dependence structure. By Lemma [5.11} we have that
the d.f. Fy,¢, belongs to the class ¢ for any index k € {1,2,...,n}. For
any k € {1,...,n}, we have Ef} < co given that J};k < p. By [106]
Lemma 3.5 (iii)] we also have

sup {v : / 2"dFe, (x) < oo} < Jf
[0,00) ok
since I, € . As Ef,j < 00, it follows that
1 <sup {v : E(f,j)v < oo} < J}'{ <p,
k

and therefore Ef;, < oco. This implies that E@kfz < oo. Finally, by
Lemma we derive that the d.f. Fy ¢, € Py forany k € {1,2,...,n}.
Hence, the collection {6:1&1,...,0,&,} satisfies all the conditions of part
(i) of Theorem This implies the statement of Theorem (i).
Now let us consider part (ii) of the theorem. If 3 > 2, then The-
orem (ii) follows from Theorem (ii) by completely analogous
reasoning to that in the first part of the proof, except that Lemma [5.13]
is used instead of Lemma [5.12] O

5.4 Examples

In this section, we present an example showing how Theorem can be
applied to the evaluation of the HG risk measure when the confidence
level is close to unity and the leading risk has a consistently varying
distribution.

Example 5.1. Let us consider a collection of r.v.s {&1,&2,&3,84} with

119



the following d.f.s:

Fi(z) = (1 - (g;+11)3> Ijo,00) (@),

1
FQ(?L‘) = <1 — M) H[O,oo) (x)v

Fy(z) = Fa(z) = (1 — ™) Tjg00) (2).

As in the previous examples, we analyse both the case of independence
and the case of dependence. In the first case, the r.v.s are mutually
independent, while in the second one, the dependence structure is defined

as follows:

e The random vector (£1,&3) follows the dependence structure im-

plied by the Frank copula with parameter 9 = 5:

(P 1)) 1))
ed—1 ’

1
P& < 21,83 < a3) = —glog <1 +

e The dependence of (£2,&4) is controlled by the Frank copula with

parameter ¥ = 10:

P(&e < 22,8 < w4) = ——log o010 _ 7

—IOFQ(Il) _ —10F4(13) _

o The pairs {61752}’ {61764}7 {62763}7 {637§4} each consist Of inde-

pendent r.v.s.

We derive the asymptotic formulas for the HGy risk measure in the cases

of the power Young functions @(t) = t* with » =1 and » = 2.

It is easy to see that the collection of r.v.s satisfies the conditions
of Theorem with Zy = {1,2}. As it was shown in Example
the exponential distributions F3 and F} are light-tailed and, as a result,
not consistently varying. On the other hand, F} is a regularly varying
Pareto distribution (see Example [2.3)), while F € Z since

. Fa(zy) . z+1)° -3
lim = = lim =y °.
z—00 Fo(x) z—oo \ xy + 1

To show that the exponential tails are asymptotically dominated by the
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tail F'1, observe that

inl 3
lim 53(33) = lim M =0.
T—00 Fl(x) T—00 e?

The condition ((5.4) holds as well for s = 2 since for all y > 1 we have

= — —1

, Fir(yz)\” : Fi(x) \”

max lim sup —=———= max lim sup =———+~
k€ly z—oo Fi(x) k€ly z—oo Fp(yx)

2
1\3 1\3
= limsup<x+ > limsup<xy+ ) =y 3 <.

e In the case » = 1, we have

HG,(5) ~ Hi (@) + . (B(& - Hi (@) + E(€ — Hi @),

where Hj (q) is the quantile function of the d.f.
H4 = maX{O, 1 *Fl 7?2} .

For sufficiently large x,

3 1
H =1-——
Therefore,
1
Hi () = e 1
3(1—4q)

for ¢ sufficiently close to unity. For large enough =,

1 1

E(& —x)t = et 1) E(& —2)" = NEESIEE

Therefore, in the case » =1,
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The graph of this function, together with the values of HGq(Si)
obtained using the MC method, is depicted in Figure [5.1] To

— Dependent

20 — — Independent

— Asymptotic formula I

10

(23

0.900 0.925 0.950 0.975 1.000
q

Figure 5.1: Simulated and asymptotically approximated values of
HGq(Sﬁ) in the case » = 1.

better reflect the convergence of the asymptotic formula, we also
present the previous graph in terms of relative absolute errors of
the asymptotic formula (see Figure 5.2)).

0.6
04 — Dependent ~ . R
— — Independent N
\
0.2
\
0.0
0.900 0.925 0.950 0.975 1.000
q

Figure 5.2: Relative absolute errors of the asymptotic approximation of
HGq(Si) in the case » = 1.
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e If ¢ =2, then

HG (59) ~ 0+ (E((&~3(0) ) +B(&-3()")?)

L

where Z(q) is the solution of the equation

E(§1 — )" + E(§ — )"

B((@ - o4 E(G o)
In the case under consideration,
B¢ — )" = 5, E(&—a)t =
2(x +1)2 4z +1)2
E((& —2*) = x—li—l’ E((& —2*) = 2(1'1+1)
Hence,

_ J 3

z(q) = ) -1
3 3 1
Ty ¢

The graph of this function, together with the values of HGq(SE)
obtained using the MC method, can be seen in Figure 5.3 To

and

HGq (Sﬁ) q’;l

| W

— Dependent
— — Independent

20 — Asymptotic formula

10

0.900 0.925 0.950 0.975 1.000

Figure 5.3: Simulated and asymptotically approximated values of
HGq(S’i) in the case » = 2.
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better illustrate the convergence of asymptotic formula we again
present the graph of relative absolute errors (see Figure [5.4]).

0.4
— Dependent -l -
— — Independent RN N
0.2
\
\
0.0
0.900 0.925 0.950 0.975 1.000

Figure 5.4: Relative absolute errors of asymptotic approximation of
HGq(S’g) in the case » = 2.
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6 Conclusions

In this dissertation, we investigated the asymptotic properties of three
types of transformations of heavy-tailed distributions. Specifically, we
considered the product distributions of zero-mean light-tailed normal
random variables, which exhibit heavy-tailed behaviour when at least
three multipliers are involved, the generalised tail moments of random
sums with heavy tailed summands transformed by a specific function,
and the Haezendonck-Goovaerts risk measure for sums of heavy-tailed
random risks.

In the first part of the dissertation, we investigated the asymptotic
tail behaviour of the product distributions of independent zero-mean
normal r.v.s. The main contributions are stated in Theorem [3.2] and
Corollary which provide more precise asymptotic estimates for the
products of standard normal and zero-mean normal r.v.s with arbitrary
variances, respectively. Compared to the exact asymptotic equivalence
obtained in [6] (see Theorem and Proposition [3.1)), we provide the
asymptotic formulas with the first order remaining term, thus offering
more insight into the decay rate of the tail probability.

In the second part of the dissertation, we obtained the asymptotic
formulas of the generalised moments for the random(-ly weighted) sums
with possibly dependent dominatedly varying primary r.v.s under the
transformation satisfying certain eventual properties. The main find-
ings stated in Theorems [£.5] and [£.6] provide asymptotic bounds given
by the sums of generalised tail moments of transformed individual sum-
mands with the correcting constants defined via L-indices. Compared
with the previous results in the literature, our findings improve and gen-
eralise them in several ways. Firstly, by placing the L-indices of individ-
ual summands inside the bounding sums, we obtain sharper asymptotic

bounds under the pQAI dependence structure. Secondly, rather than
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focusing on a family of power functions with nonnegative integer expo-
nents, we consider a broader class of transformations. Finally, in the case
of randomly weighted sums, we substitute the boundedness requirement
on random weights with a less restrictive moments condition.

In the third part, we explored the asymptotic properties of the HG
risk measure for the random(-ly weighted) sums with summands from
the class of consistently varying distributions under the same pQAI de-
pendence structure. The core results given in Theorems [5.3 and [5.4] en-
able to asymptotically express the risk measure for the sum of random
risks as a certain functional, structurally resembling the one obtained by
Tang and Yang in [I08] (see Theorem [5.1)), dependent on the marginal
distributions of individual risks. To obtain the asymptotic estimate,
there is no need to evaluate the complex distribution of the sum of r.v.s.
Moreover, Theorem formulated for the unweighted primary r.v.s,
implies that to find the asymptotics of the HG risk measure for the sum
S¢ it is sufficient to determine the distributions of the asymptotically
dominant summands.

To illustrate and empirically validate the obtained theoretical results,
in all three parts of the dissertation, we performed MC simulation stud-
ies. We constructed specific examples of products of (standard) normal
r.v.s and random(-ly weighted) sums with pQAI dependence structure
implied by selected copulas. The experiments verified the accuracy of
the derived asymptotic formulas presented in Chapters [3] [] and [5

Lastly, we briefly discuss possible directions for future research. First,
building on the asymptotic results regarding the behaviour of the tail
probability of products of normal r.v.s presented in Chapter [3], future
studies could extend the results for the product convolutions of not nec-
essarily zero-mean normal distributions. What is more, additional error
terms beside the leading-order one in the expansion could potentially be
uncovered, resulting in more accurate asymptotic approximations.

Second, the results of this dissertation in Chapters [} [f| could be
extended to the infinite sums

S =3 0& and S =D &,
k=1 k=1

considered in [25, [I32] among others, or for the maximums of the sum-
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mands
beg ‘= max {91517"'a9n€n}7 MS = maX{flv"wfn} (61)

and
Mgg = sup {0ké}, M§O = sup {&}, (6.2)

1<k<oo 1<k<o

as in [107, 114, 132]. Here, (6.1]) and (6.2)) admit a direct interpretation
in the discrete-time risk model, corresponding to the finite- and ultimate-
time ruin probabilities (see, for instance, [71, Chapter 1]) respectively:

Y(xz,n) =P (Slzg >z, for some < n) =P (Mff' > m) and

1<k
Y(x) ::P(Sz£>x, for some 1<k:<oo):]P(Mg§>m).

In this context, z is the initial capital of an insurance company at the
present time and Szg corresponds to the present value of the total net
loss accumulated during the first k£ periods. What is more, regarding
the asymptotics of the generalised tail moments of random(-ly weighted)
sums one could consider the relations and under a possibly
wider class of transformations and/or a different dependence structure
between the primary r.v.s.

Third, it is important to note that the results concerning the asymp-
totics of the HG risk measure under the power Young function in The-
orems and do not cover the case where the exponent » € (1,2).
Moreover, similar results could potentially be obtained for the wider
class Z; however, the asymptotic formulas will likely require additional
constants, resulting in less strict asymptotic bounds, or additional con-
straints should be imposed to preserve exact asymptotic relations. Fur-
thermore, one could consider a wider class of Young functions, similarly
as in [109]. Or, possibly, further restrict the class of transformations
considered in Theorems [.5] and [4.6] by taking the intersection with the
class of normalised Young functions.
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7 Santrauka (Summary in

Lithuanian)

7.1 Jvadas

Skirstinio sunkiauodegiskumo savybé, kuri nusako skirstinio uodegos
funkcijos (u.f.) elgesj, intuityviai reiskia, jog tokia u.f. gesta reikSmingai
grei¢iau nei bet kurio eksponentinio skirstinio u.f. Priesingai nei klasiki-
néje tikimybiy teorijoje ir statistikoje, kurioje didelis démesys skiriamas
centrinei ribinei teoremai, skirstiniy normalumui ir centriniams momen-
tams, sunkiauodegio skirstinio elgesj nusako didelés reikSmés uodegose
[92], o asimptotinis uodegos elgesys yra kertiné jo charakteristika.

Bégant metams sunkiauodegiai skirstiniai sulauké didelio démesio
skirtingose disciplinose, tokiose kaip tikimybiy teorija, ekonomika ir fi-
nansai, draudimas ar aplinkotyra, ir yra daznai pasitelkiami modeliuoti
santykinai retus, bet ekstremalius jvykius, kuriuos klasikiniai skirstiniai
yra linke nuvertinti. Dél sistemy, kuriose sunkiauodegiai skirstiniai yra
taikomi, kompleksiskumo, daznai yra nagrinéjamos jvairios tokiais skirs-
tiniais apibrézty atsitiktiniy dydziy (a.d.s) transformacijos, pavyzdZiui:
sumos ([56}, 25| 132, 26]), sandaugos ([30, 31}, [68], [74], 5 skyrius]), ar tam
tikri funkcionalai, kaip apibendrinti momentai (zr. [76], [I05]) ir rizikos
matai (zr. [108, 80, 109]).

Sioje disertacijoje nagrinéjamos trys specifinés sunkiauodegiy skirs-
tiniy transformacijos ir jy asimptotika. Tyrimo problematika ir tikslai

trumpai apzvelgiami trijuose toliau sekanciuose skyreliuose.
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7.1.1 Normaliyjy atsitiktiniy dydziy sandaugos: nuo leng-
vy iki sunkiy uodegy

Normalusis (Gauso) skirstinys daznai yra pateikiamas kaip lengva uo-
dega turinc¢io skirstinio pavyzdys. Jis yra vienas dazniausiai tikimybiy
teorijoje ir statistikoje sutinkamy skirstiniy, kurio savybés yra placiai
iSnagrinétos ir gerai zinomos. Kita vertus, taip pasiskirs¢iusiy a.d.s san-
daugos skirstinio savybés iki Siol yra pladiai nagrinéjamos mokslinéje
literaturoje (|82} 34} 54} [55]). Dalyje straipsniy yra gaunamos tikslios
dviejy normaliyju a.d.s sandaugos skirstinio tankio israiskos [123] 133]
33, R2, [34], 54, B5]. Visgi, gautos formulés néra uzdaro pavidalo ir yra
apibréziamos per integralus ir funkcijy eilutes — tokias israiskas sudétin-
ga pritaikyti praktiniuose skaiCiavimuose ir apibendrinti atvejams, kai
sandauga sudaryta i$ trijy ir daugiau daugikliy. Dél to vertinant nor-
maliyjy a.d.s sandaugos skirstiniy elgesj didele reikSme turi asimptotinés
aproksimacijos. Ju svarba dar labiau iSryskéja analizuojant tokias san-
daugas sunkiauodegiy skirstiniy kontekste — galima parodyti, kad trijy
ir daugiau nulinio vidurkio daugikliy atveju, normaliyjy a.d.s sandauga
yra sunkiauodege (zr. lema). Formaliai, jei &1,...,&, n € N, yra

nepriklausomi standartiniai normalieji a.d.s, kuriy sandauga zZymima

n
IL, := H &n,
k=1

tuomet I1,, yra lengvauodegé, kai n < 3, ir turi sunkia uodega, kain > 3.

Palyginti neseniai [6] straipsnyje buvo gautos asimptotinés israiskos,
kurias galima taikyti skirstinio uodegos funkcijai P(II,, > z), t. y. galima
parodyti, jog galioja

P(II,, > x) o Wh(x).

Cia W, yra realioji funkcija. Disertacijoje siekiama patikslinti $ia asimp-
totine iSraiska papildomai jtraukiant liekamuosius(-aji) narius(-i), kurie
suteikty daugiau informacijos apie asimptotinés aproksimacijos tikslu-

ma.
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7.1.2 Sunkiauodegiy atsitiktiniy dydziy (svorinés) sumos

Atsitiktinés baigtys modeliuojamoje sistemoje daznai gali buti isreiks-
tos kaip tam tikry (sunkiauodegiu) a.d.s suma. Pavyzdziui, tai gali
pasitaikyti draudimo kontekste, kai vertinama bendra polisy portfelio
draudimo ismoky suma, arba finansy srityje, kuomet agreguoti pozici-
ju portfelio nuostoliai gali buti isreiksti kaip atskiry pozicijy nuostoliy
suma. Atvejais, kai kiekvieno individualaus komponento indélis siste-
moje yra stochastiskas, minétos sumos gali biiti apibendrintos kiekviena
sumos démenj padauginus i atsitiktinio svorio.

Formaliai, tegun € N, {&1,...,&,} yra realiyjy, galimai priklausomy
sunkiauodegiy a.d.s, dar vadinamu pagrindiniais, rinkinys, o {61, ...,0,}
— neneigiamy, neissigimusiy nulyje a.d.s, dar vadinamy atsitiktiniais svo-

riais, rinkinys. Pagrindiniy a.d.s suma bus Zymima

S5=Y&G=&+...+&, (7.1)
k=1
o svoriné a.d.s suma, atitinkamai:
SHE =" 0h& = 01 + ...+ O (7.2)
k=1

Pastaraisiais metais sumy ir asimptotinés savybés buvo
placiai nagrinéjamos tikimybiy teorijos literaturoje, ypac rizikos ir ekst-
remaliy reiksmiy teorijy kontekstuose. Konkreciai, daugelyje tyrimy bu-
vo nagrinéjama atsitiktiniy sumy S5 ir S% skirstinio uodegos funkcijy

(u.f.s)
P (5’5Z > :L’) ir P (SZE > CL’) , kai T — 00,

asimptotika, isreiskiant minétas u.f.s per atskiry sumos démeny u.f. su-
mas (7r. pvz.: [25, 56, 26, 59, 62, [76, 107, 113, 114, 132]). Kartu, dalis
autoriy nagrinéjo atsitiktiniy (svoriniy) sumy uodegos momentus

E(p(SH)Tge.p) it E(e(S0)ge ), (7.3)

kai z — co. Cia ¢ : R — R yra tam tikra mati funkcija. Palyginti su
uodegos funkciju elgesio tyrimais, uodegos momenty ([7.3) asimptotika
literaturoje buvo analizuota reciau (zr. [62), [76, 128, 105]), dazniausiai,
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atveju p(z) = .

Siame darbe toliau nagrinéjami atsitiktiniy svoriniy sumy S%, su
sunkiauodegiais, galimai priklausomais pagrindiniais a.d.s, apibendrin-
tuy uodegos momenty asimptotiniai sarysiai. Siekiama apibrézti tokia
maciy funkcijy klase I, kad jei ¢ € K, tuomet transformuotos atsitikti-
nés sumos uodegos momenta galima asimptotiskai aprézti transformuoty

sumos démeny uodegos momenty sumomis, t. y.

M=

E (@(Szg)ﬂ{gggm}) Ce, E(p(0r8k ) Lipe>a}),

>
~
T—00

w
Il
—

1
E (o(S0)goespy) S T, E(o(0k&k){oe>a})-

I—)OO

IIM:

Cia Cy, yra koreguojanti konstanta, kuri priklauso nuo atsitiktinio dy-
dzio (a.d.) &.

7.1.3 Agreguoty sunkiauodegiy riziky vertinimas rizikos
matais

Finansy ir draudimo veikla yra neatsiejama nuo ekstremaliy skirstinio
uodegos jvykiy vertinimo. Vieni pagrindiniy jrankiy, leidzianciy jver-
tinti tokiy jvykiy rizikinguma, yra rizikos matai — funkcionalai, kurie
finansinéms pozicijoms priskiria skaitine reiksme, nusakancia juy rizikos
lygj. IS vienos puseés, toks rizikos vertinimas gali buti naudojamas kaip
priemoné skirta nustatyti papildomo kapitalo poreikj nepalankiyjy sce-
narijy atveju. Kita vertus, jis gali buti interpretuojamas kaip draudimo
imokos nustatymo principas draudimo kontekste.

Pamokos iSmoktos po finansy kriziy bei vis sudétingéjancios finansy
rinkos isryskino kai kuriy placiai naudojamy rizikos maty trikumus. Pa-
vyzdziui, gerai Zinomas vertés poky¢io rizikos matas (VaR), bendruoju
atveju, netenkina diversifikacijos principo ir, dél savo apibrézimo, neat-
sizvelgia j potencialiy nuostoliy dydj virs pasirinkto procentilinio rézio.

Minéti issukiai paskatino ieskoti kity, labiau teoriniu pagrindu gris-
ty alternatyvy. Viena ju — deficito vidurkis (ES), kuris, prieSingai nei
VaR rizikos matas, pagal Artzner ir bendraautoriy [9] terminologija,
yra suderintas rizikos matas. Kitas suderintas rizikos matas, suteikian-
tis dar daugiau lankstumo atliekant rizikos vertinima, yra vadinamasis

Haezendonck-Goovaerts (HG) rizikos matas [60], kurio elgesys priklauso
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nuo pasirinktos normalizuotos Young funkcijos ¢. Galima jsitikinti, kad
atveju, kai ¢ yra tiesiné funkcija, HG matas yra ekvivalentus ES matui.

Svarbu atkreipti démesj, kad dél savo apibrézimo, kuris jtraukia
kvantiliy funkcijas, HG rizikos mata praktiniuose skaiciavimuose gali
buti sudétinga tiesiogiai jvertinti. Stai [108] straipsnyje paminima, jog
analitiné HG rizikos mato iSraiSka bendruoju atveju néra pasiekiama,
nors pasirinkus tam tikras normalizuotas Young funkcijas galima gauti
paprastesnes iSraiskas (daugiau zr. [I08] ir[7.8|teorema). Dél §iy priezas-
¢iy literaturoje nagrinéjami tiek statistiniai HG rizikos mato jvertiniai
ir ju savybes (zr. [119] [78| 134] ir kt.), tiek asimptotines israiskos, kai
pasikliovimo lygmuo ¢ artéja i 1. Sioje disertacijoje, pasirinkus antraja
kryptj, siekiama gauti asimptotines israiskas atsitiktinéms (svorinéms)
sumoms S5 ir SY%, atveju, kai normalizuota Young fukcija yra laipsniné,
t. y. o(t) = t*. Pasiremiant [108] rezultatais, HG rizikos mata norima
asimptotiskai isreiksti funkcionalu, kuris priklausyty nuo atskiry riziky
& ar 0i€,, k= 1,...,n, ir kurio skaic¢iavimui nereikéty vertinti atsitik-
tiniy sumy S§ ir S% skirstiniy.

7.2 Apibrézimai

7.2.1 Skirstiniy klasés

Siame skyrelyje trumpai apzvelgiamos pagrindinés disertacijoje naudo-
jamos skirstiniy klasés ir juy savybés. Bene aktualiausia, vadinamoji
sunkiauodegiy skirstiniy klasé.

Pries pateikiant jos apibrézima, svarbu jvesti skirstinio atramos sa-
voka. Pasiskirstymo funkcijos (p.f.) F' atrama yra

supp{F'} :={z: F(x +0) — F(x —0) >0 visiems ¢ > 0}.
Sakoma, kad p.f. F turi atrama R, jei supp{F'} C R.

Apibrézimas 7.1. Pasiskirstymo funkcija F, turinti atramq R, vadi-
nama sunkiauodege, rasoma F € €, jei kiekvienai § > 0 teisinga

/Re‘szdF(a:) = 0.

Kitaip tariant, apibrézimas sako, kad a.d. £ yra sunkiauodegis,
jei jo momentus generuojanti funkcija M¢(0) = E(e%) = oo kiekvienai
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0 > 0. Sakoma, kad a.d., arba jo p.f., yra lengvauodegé, jei ji néra
sunkiauodegeé.

Toliau pateikiami pagrindiniy klasés 77 poklasiy, dar vadinamy skirs-
tiniy reguliarumo klasémis, apibrézimai.

Viena labiausiai iSnagrinéty reguliarumo klasiy — vadinamoji regulia-
riai kintanciy skirstiniy klase, pirmiausiai formalizuota Karamata [64].

Apibrézimas 7.2. P.f. F, turinti atramg R, vadinama turinéia regu-
liariai kintancia uodega (arba tiesiog reguliariai kintanc¢ia) su indeksu

a >0, rasoma F € X%, jei bet kuriam y > 0 teisinga

lim E(my)

—Q

=Y

Klasé %o dar vadinama létai kintanciy skirstiniy klase. Visy regquliariai

kintanciy skirstiniy klasé apibréZiama % := Uy>0 Za -

Reguliariai kintanciy funkcijy klasé buvo placiai nagrinéta tikimybiy
teorijos ir matematinés analizés kontekstuose (zr. pvz.: [32] 96}, 63 [104]
75, 89| ir [16] monografija).

Glaudziai susijusi klasé, apibendrinanti klase %, yra vadinamoji re-

guliariai kintanciy placigja prasme skirstiniy klasé.

Apibrézimas 7.3. P.f. F, turinti atramg R, vadinama turincia regulia-
riai kintancia uodega placiaja prasme (arba tiesiog reguliariai kintancia
placiagja prasme) su indeksais 0 < a < B, rasoma F € EXV (4 5y, jei
bet kuriam y > 1 teisinga

7 <liminf — < limsup =
VOSTEES T S T Y
Visy reguliarias kintanciy placigja prasme skirstiniy klasé apibréZiama

ERY = Upcacs ERY (ap)-

Galima nesunkiai pastebéti, kad jei « = § > 0, tuomet EZY (4 ) =
K. Klasés EXYV savybés buvo placiau nagrinétos [29, 67, 24) [121]
darbuose (taip pat zr. ten nurodyta literatura).

Toliau apibréziama nuosaikiai kintanéiy skirstiniy klase, [29] straips-

nyje pristatyta kaip klasés # apibendrinimas.

Apibrézimas 7.4. P.f. F, turinti atramg R, vadinama turinéia nuo-
saikiai kintanc¢ia uodega (arba nuosaikiai kintancia), rasoma F € €,
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jet

lim lim sup }i(acy) =1.

ytl z—o0 F(:B)
Nuosaikiai kintanc¢iy skirstiniy klasé sulauké daug démesio ir buvo
placiai nagrinéta literaturoje (zr. pvz.: [31) 25] 23] [65, 5l I8, 117]).
Zemiau pateikiama dar platesné dominuojanciai kintanciy skirstiniy
klasé, kuri pirma karta buvo pristatyta [47] ir véliau placiai analizuota
[57, [106], [113], 114, [56) 130} 132, 26] ir kt. darbuose.

Apibrézimas 7.5. P.f. F, turinti atramg R, vadinama turincia do-
minuojanciai kintanc¢ia uodega (arba tiesiog dominuojanciai kintancia ),
rasoma, F € 9, jei bet kuriam fiksuotam y € (0,1) teisinga

F(zy)

lim sup = < 00

Toliau pristatomos dvi placiai nagrinéjamos reguliarumo klasés, api-
bréztos Chistyakov [27] straipsnyje. Pirmoji ju — subeksponentiniy skirs-
tiniy klasé. Svarbu atkreipti démesj, kad nors §i klasé i§ pradziy buvo
apibrézta skirstiniams, kuriems teisinga lim,4o F'(x) = 0, Sioje disertaci-
joje naudojamas apibendrintas apibrézimas, apimantis skirstinius turin-

¢ius atrama R (zr. [50, 3.2 skyriy]).

Apibrézimas 7.6. P.f. F, turinti atramg R, vadinama subeksponenti-
ne, rasoma F' € 7, jei p.f. F'y(x) := F()lj «)(z) yra teisinga

Subeksponentiniy skirstiniy klasé buvo placiai nagrinéta literaturoje,
pvz.: [28, [I11], 57, [66] 107, 106, 56, 115, 129 T10]. Antroji, platesné re-
guliarumo klasé, apimanti vadinamuosius ilgauodegius skirstinius, buvo
tirta [42] 30, [66], 23] 125, [49] (taip pat Zr. ten nurodyta literatura).

Apibrézimas 7.7. P.f. I, turinti atramg R, vadinama ilgauodege, ra-
Soma F € £, jei bet kuriam y > 0 teisinga



Detalesné subeksponentiniy ir ilgauodegiy skirstiniy apzvalga patei-
kiama [50, 2 ir 3 skyriai].

Siame skyrelyje apibrézty sunkiauodegiy skirstiniy poklasiy tarpu-
savio rysius galima apibendrinti zemiau pateikiamais jdéjimo sarysiais
(zr. pvz.: [57, 16, 23]):

XBCEXYV CECECINL CS CLCH,

(7.4)
gCcH:  D\NLAD.

Schematiné idéjimy iliustracija pateikiama paveiksle.

Svarbu atkreipti démesj, kad visi jdéjimai, pateikiami ([7.4)) yra griez-
ti. Cline ir Samorodnitsky [31] pateiké du pavyzdzius, kurie parodé
X C EXYV C € idéjimy grieztumg. Peter ir Paul skirstinys, apibréz-
tas pavyzdyje priklauso klasei 2 \ .Z (taip pat zr. [57]). Weibull
skirstinys [57] straipsnyje buvo pateiktas kaip subeksponentinio, bet ne
dominuojanciai kintancio skirstinio pavyzdys. Klasei .Z \ . priklau-
sanciy skirstiniy pavyzdziai buvo sukonstruoti [42, 88], [50} 3.7 skyrius].
Daugiau sunkiauodegiy skirstiniy pavyzdziy taip pat galima rasti [45} 31]
straipsniuose.

Sunkiauodegiy skirstiniy klasés ir paciy skirstiniy uodegy asimpto-
tinis elgesys gali buti charakterizuojamas specialiais indeksais. Vienas
i$ jy — vadinamasis virsutinis Matuszewska indeksas, pasitlytas naudoti
[81] ir veliau sutinkamas jvairiuose sunkiauodegiy skirstiniy tyrimuose,
pvz.: [16, 2 Skyrius], [31, 106], 25, 130, 132, 62] ir kt. P.f. F virsutinis
Matuszewska indeksas Jljf apibréziamas

(7.5)

Kitas svarbus indeksas yra vadinamasis L-indeksas, naudotas pvz.,
[120} 131, [130) 132}, [62), [76] darbuose. P.f. F' L-indeksas Lp apibréziamas

F
Lp := lim lim inf lxy) (7.6)
yll z—=o0  F(x)

IS reguliarumo klasiy apibrézimy ir indeksy (7.5)), (7.6))
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isplaukia (taip pat zr. [106])

Fe9 = Ji < oo — Ly > 0;
Fe¥ — Lp=1 — Ji < oo;
F e R, = Lp=1, Ji=aqa.

Sioje disertacijoje taip pat nagrinéjama viena papildoma funkecijy
klasé, kurios elementai tenkina tam tikra asimptotinio monotoniskumo

savybe.

Apibrézimas 7.8. P.f. F, turinti atramg R, vadinama turindia tei-
giamai gestancia uodega, rasoma F € Pg, jei bet kuriam fiksuotam

y € (0,1) yra teisinga B
F(yz)

lim inf — > 1.

Teigiamai gestancias uodegas turinciy skirstiniy klasé buvo nagrinéta
[16] [75, [69] darbuose. Galima nesunkiai jsitikinti, jog

Ry= ) Ba C Py BN Py =0, €NPy#0; Pg\H #N.

a>0

7.2.2 Priklausomybés strukturos

Kadangi disertacijoje nagrinéjami ne tik nepriklausomi a.d.s, siame sky-
relyje pristatoma pagrindiné darbe naudojama priklausomybés struk-
tura — vadinamasis kvazi-asimptotinis nepriklausomumas, pirma karta
apibréztas Chen ir Yuen [25].

Apibrézimas 7.9 (pQAI struktura). Realieji a.d.s &1, ...,&q, n €N, su
p.f.s, turinciomis atramg R, yra vadinami poromis kvazi-asimptotiskai
nepriklausomais (pQAI), jei visoms indeksy poroms k,l € {1,...,n},
k #£ 1, teisinga

i P& >z, >2) P>z, >a)

— > = lim — — = 0. (7.7)
B Ty () + Fer (@) 0% Py + P (@)

Svarbu atkreipti démesj, kad 8i priklausomybés struktura apibrézia-
ma per asimptotinj skirstiniy u.f.s elgesj — laikoma, kad a.d.s ekstremaliy

reiksSmiy srityse elgiasi panasiai kaip nepriklausomi a.d.s. Panasios, bet
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grieztesneés (Zr. teigini) priklausomybés strukturos taip pat buvo nag-
rinétos kity autoriy darbuose — pavyzdziui: striprus kvazi-asimptotinis
nepriklausomumas (pSQAI) [56], [77], kvazi-asimptotinis nepriklausomu-
mas uodegoje (pTQAI) [26], asimptotinis nepriklausomumas (pAI)E| [26],
prielaida B [76].

Priklausomybés struktiros tarp a.d.s gali buti modeliuojamos pasi-
naudojant kopulomis ir Sklar’o teorema.

Apibrézimas 7.10. (Zr. [8], 2.2.2 apibréZimas]) Dvimate kopula va-
dinama funkeija C: [0,1]* = [0,1], kuri tenkina savybes:

e C(x,0)=C(0,2) =0 visiems x € [0,1];

e Clz,1)=C(l,2)=2x visiems x € [0,1];

e visiems 0 <up <us <1 ir0<<v <v <1,

C(UQ,UQ) — C’(ul,w) — C('LLQ,'Ul) + C(ul,vl) > 0.

Teorema 7.1 (Sklar’o teorema, zr. [84], 2.3.3 ir 2.4.1 teoremos]). Tegu
F yra dvimaté p.f. su marginaliosiomis pasiskirstymo funkcijomis (p.f.s)
Fy ir Fs. Tuomet egzistuoja dvimaté kopula C, tokia, kuriai

F(z1,22) = C (Fy(21), Fo(z2)) wvisiems 1,22 € R. (7.8)

Jei p.f.s Fy ir Fy yra tolydzios, tuomet kopula C' yra vienintelé. Priesin-
gu atveju, kopula C yra vienintelé srityje Ran(Fy) x Ran(Fy). IS kitos
pusés, tegu C' yra dvimaté kopula, o Fy, Fo — dvi p.f.s. Tuomet egzistuoja
dvimaté p.f. F, apibrézta , su marginaliosiomis p.f.s Fy ir Fy.

Galima parodyti, kad pQAI priklausomybés strukturos atveju, a.d.s
&1, & su p.f.s, turinCiomis atramg R yra pQAI, jei atsitiktinio vektoriaus
(&1,&2) dvimaté p.f. apibréziama su viena i$ Zemiau pateikiamy
dvimaciy kopuly:

o Frank kopula [84, 4.2 skyrius| su parametru ¥ € R\ {0}:

Cy(u,v) = —% log (1 + (7~ D™ ~ 1)> ,  u,v € [0,1].

e ¥ —1

! Asimptotinio  nepriklausomumo  (pAI) prielaida yra  grieztesne  uZ
kvazi-asimptotinio nepriklausomumo prielaidg, jei a.d.s &1,...,6n  teisinga
limg 00 F( (x)/Fe¢.(z) = 0, k = 1,...,n. Si papildoma prielaida taip pat

k
buvo naudota [26].
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o Ali-Mikhail-Haq (AMH) kopula [4] su parametru ¢ € (—1,1):

uv

ng(u,’l)) = 1_— 19(1 _ u)(l — ’U)a

u,v € [0,1].

o Farlie-Gumbel-Morgenstern (FGM) kopula [84, 3.12 pavyzdys]| su
parametru ¢ € [—1,1]:

Cy(u,v) = uwv + duv(l —u)(l —v), wu,v € [0,1].

7.2.3 Kvantiliy funkcijos

Siame skyrelyje apibréziamos pasiskirstymo funkcijy apibendrintos at-
virkstinés funkcijos (arba, kitaip, kvantiliy funkcijos), kurios disertaci-
joje naudojamos tiek Monte Carlo simuliacijy metu generuojant a.d.s

realizacijas, tiek apibréziant ir analizuojant rizikos matus.
Apibrézimas 7.11. Realiojo a.d. X p.f. F apibendrinta atvirkstine
arba kvantiliy funkcija yra vadinama funkcija F<: [0,1] — R, apibrézta

F(q) ::inf{CBGR:F(x)2q}:inf{x€R:F(az)<17q}.

Laikoma, kad F* (q) = oo, jei {z € R: F(x) > q} = 0.
Toliau pateikiama pastaba apibrézia u.f.s atvirkstines funkcijas. Juy
apibrézimas tiesiogiai iSplaukia i$ apibrézimo.
Pastaba 7.1. U.f. F apibendrinta atvirkstiné funkcija yra F* : [0,1] —
R, apibrézta
F* (p) = inf {x eER:F(z) < p} :
Laikoma, kad F* (p) = oo, jei {x € R: F(z) < p} = 0.

7.2.4 Rizikos matai

Siame skyrelyje pateikiami pagrindiniai rizikos maty apibrézimai ir sa-
vybés, taip pat pristatomi kai kuriy rizikos maty pavyzdziai.
Grieztai matematiniu poziuriu rizikos matai yra realias reiksSmes jgy-

jantys funkcionalai, apibrézti pasirinktoje a.d.s klaséje.

Apibrézimas 7.12. Rizikos matu vadinamas atvaizdis p: G — R. Cia
G yra nagrinéjamy finansiniy pozicijy (atsitiktiniy dydziy) klasé.
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Praktikoje, rizikos mato p ir klasés G interpretacija priklauso nuo tai-
kymo srities, kurioje jie yra naudojami. Pavyzdziui, finansy taikymuose
pozicija X € G gali buti diskontuota portfelio verté ar jo generuotas
pelnas. Tokiu atveju, rizika p(X) galéty atspindéti minimaly kapitalo
kiekj, kurj reikéty prideti, kad pozicija tapty priimtina [9]. Draudimo
kontekste, a.d.s is klasés G daZnai atspindi potencialius nuostolius, ku-
riuos gali patirti draudikas zalos padengimo atveju, o p(X) — draudimo
imokos dydj [58].

Svarbu atkreipti démesj, kad, nemazinant bendrumo, finansinés pozi-
cijos is klasés G gali buti analizuojamos tiek pelno-nuostolio, tiek nuosto-
lio-pelno skalése. Toliau disertacijoje finansinés pozicijos bus nagrinéja-
mos nuostolio-pelno skaléje.

Artzner su bendraautoriais [9] darbe jvedé vadinamaja suderinto ri-
zikos mato sgvoka, kuri apibrézé finansine logika pagristas aksiomas ten-

kinancius rizikos matus.

Apibrézimas 7.13. Rizikos matas p: G — R vadinamas suderintu, jei

jis tenkina Zemiau pateikiamas aksiomas:

e InvariantiSkumas poslinkiui. Visiems X € G ir a € R,
p(X +a)=p(X)+ .
o Teigiamas homogeniskumas. Visiems X € G ir A\ > 0,
P(AX) = Ap(X).
e Subadityvumas. Visiems X1, X9 € G,
p(X1+ X2) < p(X1) + p(Xa).
e Monotoniskumas. Visiems X,Y € G, tokiems, kad X <Y,
p(X) < p(Y).

Vienas Zinomiausiy rizikos maty — vertés pokycio rizika (VaR). Sis
rizikos matas su pasikliovimo lygmeniu ¢ € (0,1) finansinei pozicijai
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X € G apibréziamas
VaRy(X) :=inf{z €e R: P(X > z) < 1—q} = Fx (q).

Galima jsitikinti [9], kad VaR néra suderintas rizikos matas, nes neten-
kina subadityvumo aksiomos. Be to, jis yra invariantiskas nuostoliams
vir§ pasirinkto pasikliovimo lygmens [126]. Kaip suderinta VaR alterna-
tyva, Artzner ir bendraautoriai [9] pasiulé naudoti deficito vidurkj (ES).
ES su pasikliovimo lygmeniu ¢ € (0,1) pozicijai X € G, EXT < oo,

apibréziamas

1

ESq(_X) = Tq

1
/ VaR, (X)du.

q
Galima jsitikinti, kad deficito vidurkis yra ekvivalentus sqlyginei vertés
pokycio rizikai (CVaR) — rizikos matui, pasiulytam [87, 94, 93]. CVaR
su lygmeniu ¢ € (0,1) pozicijai X € G, EXt < oo, apibréZiamas

CVaR,(X) := inf {x + M} .
z€R 1-— q
Tolesnéje skyrelio dalyje pristatomas Sioje disertacijoje placiai nag-
riné¢jamas Haezendonck-Goovaerts (HG) rizikos matas, kuris buvo pa-
vadintas ji 1982 metais pasiuliusiy autoriy garbei [60]. Formaliai, HG
rizikos matai sudaro rizikos maty Seima, kurios nariai apibréziami jy

elgesj nusakanciomis normalizuotomis Young funkcijomis.

Apibrézimas 7.14. Funkcijo ¢: R — R yra vadinama normalizuota
Young funkcija, jei ¢ yra neneigiama ir iskila intervale [0, 00) ir tenkina
©(0) =0, (1) =1, p(c0) = oo.

Pries pateikiant HG rizikos mato apibrézima, svarbu aptarti finansi-
niy pozicijy aibe G, kurioje $is matas yra apibréztas. Stai [I5] 108, 109
straipsniuose HG rizikos matas buvo nagrinéjamas vadinamosiose Orlicz

erdvese, kurios sulauke didelio démesio rizikos maty kontekste [15].

Apibrézimas 7.15. Realiyjy a.d.s Orlicz erdvé L¢ 4r Orlicz Sirdis L,

sustetos su funkcija p: R — R, atitinkamai apibréZiamos, kaip

L# = {X : B(p(c|X|)) < oo kazkokiam ¢ > 0},

Ly = {X :E(p(c|X])) < oo visiems ¢ > 0}.
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Priklausomai nuo funkcijos ¢ pasirinkimo, erdves L¥ ir L§ gali su-
tapti. Funkcijos, kuriai teisinga LY = LJ, pavyzdys — laipsniné funkcija
o(t) =t*, x> 1.

Toliau pateikiamas HG rizikos mato apibrézimas.

Apibrézimas 7.16 (Haezendonck-Goovaerts rizikos matas). Tegu ¢
yra normalizuota Young funkcija, ¢ € (0,1) ir X € LY. Haezendonck-

Goovaerts (HG) rizikos matas atsitiktiniam dydziui X apibréziamas
HG,(X) = inf {z + h(z,q)}.
zeR

Cia h = h(z,q) yra lygties

Ep <(X_h$)+> =1-—gq (7.9)

sprendinys, jei Fx(x) >0, ir h(x,q) =0, jei Fx(z) = 0.

Galima parodyti [15, 3 teiginys (b, d)], kad HG rizikos mato lygti
(2.41) minimizuojantis taskas (x, h.) egzistuoja visiems ¢ € (0,1) ir yra
vienintelis, jei ¢ yra grieztai iskila, o X € L{. Be to, HG rizikos matas
yra suderintas rizikos matas [15, 3 teiginys (e)].

Atskiru atveju, kai ¢(t) = ¢, HG rizikos matas yra ekvivalentus
CVaR ir ES rizikos matams.

7.3 Normaliyjy atsitiktiniy dydziy sandaugy
skirstinio uodegos asimptotika

Kartu su tiksliomis normaliyjy a.d.s sandaugos skirstinio formulémis ne-

retai nagrinéjama u.f.s asimptotika. Arendarczyk ir Debicki [6] straips-

nyje gavo asimptotinj rezultata skirstiniams su Weibull tipo uodegomis.

Pasirodo, kad sis rezultatas taip pat pritaikomas ir normaliyjy a.d.s san-
daugoms.

Teorema 7.2 (Zr. [6, 2.1 lemal). Tegu &1 ir & yra nepriklausomi ir
neneigiams a.d.s, tokie, kad

Fe, (z) A exp{ =™}, Fe,(z) A exp{—paa}.
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Cia A; >0, €R, 5; >0, a; >0, i=1,2. Tuomet
Fepg, () o Az exp{—pBz*}
i

Q10
9
g+

o oq 2 S
B = Bmﬁm a1 | ertez + Q2 ) artez
= 1 2 )
a2 aq

ai1ag + 20172 + 21

’)/:

2(0[1 + 052) ’
@y —2v1+2 a1 —2v9+2
A= var A2 5 ST (anpy) Tt
o1 + Qa

Pasinaudojus matematinés indukcijos metodu ir [7.2) teorema galima
parodyti, kad galioja toks teiginys.

Teiginys 7.1. Tegu &1,&2,...,&,, n € N, yra nepriklausomi a.d.s, tokie,
kad visiems k, & 4 O, ir 1L, :=[1}p_q &. Tuomet

_ 2(n/2)-1 n 2
Fr, (2) o W:U nexp{—an}.
Asimptotine formule pateikta[7.1] teiginyje galima nesunkiai apibend-

rinti nebutinai vienodai pasiskirsc¢iusiems normaliesiems a.d.s su nuliniu
vidurkiu.

Isvada 7.1. Tegu &1,&2,...,¢én, n € N, yra nepriklausomi a.d.s, tokie,
kad visiems k, & 4 D004}, T I, := [ & Tuomet

_ Q(n/2)—1(g(n))1/n a1 n(g(n))—2/n 2
Fﬁn(x)a::;oo N TR eXp § —

Cia o™ = [y ok-

Pastaba 7.2. Asimptotiné formulé isvadoje isplaukia tiesiai is[7.1]

Lo .. ~ d .
teiginio, nes visiems k, a.d. & = & /o = ®, ir

— ~ X — X
F () =P (0, >z) =P <Hn > U(n)) — T, (U(n)) .
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Svarbu atkreipti démesj, kad, priklausomai nuo daugikliy skaiciaus,
sandauga gali buti lengvauodegé arba sunkiauodegeé.

Lema 7.1. Tarkime, kad &1,...,&,, n € N, yra nepriklausomi a.d.s,
tokie, kad & 4 Q000 K=1,...,n, ir I, := [Ti—q &k Sandauga IL,,
yra lengvauodegé, jei n € {1,2}, ir sunkiauodegé, jei n > 2.

Tolesnéje skyrelio dalyje pateikiami pagrindiniai disertacijos rezul-
tatai, kurie patikslina teiginio asimptotinius jvercius. Pirmiausia,
teoremoje gaunama asimptotiné formulé su pirmos eilés liekamuoju
nariu standartiniy normaliyjy a.d.s sandaugoms, o iSvada ja api-

bendrina nulinio vidurkio normaliyjy a.d.s sandaugoms.

Teorema 7.3 (Zr. [73, 2.2 teoremal). Tegu &1,&a,...,6,, n € N, yra
nepriklausoms a.d.s, tokie, kad visiems k, & 4 O, ir I, = [[r_ &-
Tuomet

_ o(n/2)-1 n 2 _2
FH"(J:):WJU nexp{2azn}(1+0n (x n)),
kai x — oo. Cia konstanta is O,, priklauso nuo n.

Pritaikius ta patj samprotavimg kaip ir pastaboje, gaunama to-

liau pateikiama isvada.

Isvada 7.2. Tegu &1,&2,...,&n, n € N, yra nepriklausomi a.d.s, tokie,

kad visiems k, & 4 D004}, T I, := 15— &k Tuomet
2(n/2)=1(gr)yl/n

N

xr n

X exp {_n(g(n;)—2/n xi} (1 + 0, (af%))

kai x — co. Cia o™ = [1i—q ok, 0 konstanta i§ O, priklauso nuo n ir
(n)
o'\™.

7.4 Atsitiktiniy sumy su sunkiauodegiais déme-
nimis apibendrinty momenty asimptotinés

savybeés

Vienas pagrindiniy rezultaty, kuris paskatino tolesnius Sioje disertacijo-
je aprasomus a.d.s sumy apibendrinty uodegos momenty asimptotikos
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tyrimus, buvo gautas Leipaus ir bendraautoriy [76] straipsnyje. Minéta-
me darbe buvo gauti asimptotiniai réziai sumoms S% transformuotoms
laipsnine funkcija p(z) = ™, m € N, atveju, kai pagrindiniai a.d.s turi
dominuojanciai kintancias uodegas ir tenkina priklausomybés struktira,
[76] pavadinta prielaida B.

Apibrézimas 7.17 (Prielaida B). Realieji a.d.s &1,...,&n, n € N, su
p.f.s turinciomis atramg R, tenkina prielaidg B, jei visoms indeksy po-
roms k,l € {1,...,n}, k #1, teisinga

T—00 T—00

lim sup[P(fk >z | & >u) = lim supIP’(ék >z | &t >u)

T—r00

= lim supP(ék >x | & >u):0.

Teorema 7.4 (Zr. [76, 5 teorema)). Tegu &1, ...,&,, n € N, yra realieji
a.d.s, tenkinantys prielaidg B, tokie, kad Fy, € 2, E|&|" < oo kaz-
kokiam m € N, o 01,...,0, yra neneigiami, neissigime nulyje, aprézti

a.d.s, nepriklausomi nuo &1, ...,&,. Jei

Foe, (1) = Fog, (2), Foe (@) =0 (Fayg (@),

visiems k = 2,...,n, tuomet
Ly, Y E ( Or&r) H{9k£k>x}) :HSOO E ((Szé)mﬂ{sgs>x})

k=1
1% zn: ( Ok H{ekgkm«}) :

Kiek véliau Sprindys ir Siaulys [I05] straipsnyje gavo tikslius asimp-
totinius sarysius sumoms S§ su nuosaikiai kintanciais démenimis. Si
kartg vietoje prielaidos B buvo naudojama platesné pQAI priklausomy-
bés struktira, o laipsninés funkcijos laipsnis galéjo jgyti ne tik naturalias
reik§mes. Autoriai taip pat parodé, kad sumy S§ apibendrinty uodegos
momenty asimptotinis elgesys priklauso nuo sunkiauodegiy sumos dé-

meny i$ klasés €, bet ne nuo asimptotiskai lengvesnes uodegas turinciy
a.d.s.

Teorema 7.5 (Zr. [105, 4 teorema)). Tegu &1,...,&,, n € N, yra rea-
lieji pQAL a.d.s, tokie, kad F¢, € € indeksui L € {1,...,n}, o atve-
jais, kai k # L, teisinga Fe, € € arba P(|&| > z) = o(F¢, (x)). Jei
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1121}32{ E(fk) < 00 kazkokiam o > 0, tuomet visiems 3 € [0, a] teisinga
n

E() T str)) e 2 B Lo

ke,

o visiems 8 € (0, ] teisinga

B((s5-)")") S D E(6 - ).

kel
Cia indeksy aibé T, C {1,... n} yra tokia, kad Fe, € € visiems k € I,.

Toliau pateikiami pagrindiniai Sios disertacijos rezultatai, kurie api-
brézia atsitiktiniy sumy su dominuojanciai kintanciais démenimis api-
bendrinty momenty asimptotinj elgesj. Pirmoji teorema jtvirtina asimp-
totinius rézius sumoms S§, o antroji juos apibendrina atsitiktinéms svo-
rinéms sumoms S%.

Teorema 7.6 (Zr. [39, 2 teoremal). Tegu £1,...,&n, n € N, yra realicji
pPQAI a.d.s, tokie, kad F¢, € 2 visiems k € {1,...,n}, 0o ¢ : R — R4
yra funkcija, tenkinanti Zemiau pateikiamas sqlygas:

(i) ¢ yra galiausiaﬂ nemazéjanti;
(ii) ¢ yra galiausiai subhomogeniska, t. y., o(2x) < cp(x) kazkokiam
¢ > 0 ir visiems pakankamai dideliems x;
(iii) ¢ yra galiausiai diferencijuojamas
(iv) wvisiems k € {1,2,...,n} apibendrintas momentas E(o(§k)e, >ay)
yra galiausiai baigtinis.
Tuomet

ZLQ ( (&k H{§k>x}> _f E( (SI {S§>:p})

1
xéoo kz::l F%E (‘P(fk)ﬂ{ﬁpz}) .

Teorema 7.7 (Zr. [39, 3 teoremal). Tegu &1,...,&n, n € N, yra realicji
pPQAI a.d.s, tokie, kad Fe, € 2 wvisiems k € {1,...,n}, 0 61,...,6,

?Laikoma, kad savybé A galioja galiausias, jei ji galioja visiems pakankamai dide-
liems x.
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yra galimai priklausomi, neneigiami ir neissigime nulyje a.d.s, kuriems

teisinga
max{E6}, ... ,E0L} < co kazkokiam p > max{J;S£ ""’J;‘:& }. (7.10)
1 n

Taip pat tegu rinkiniai {&1,...,&,} ir {61,...,0,} yra nepriklausomi, o
¢ : R — Ry yra funkcija, tenkinanti salygas (i), (ii), (iii) i§ teoremos
ir Zemiau pateikiamq sqlygq:

(iv)* apibendrintas momentas E (Lp(Gk{k)]I{gkgpx}) yra galiausiai baig-
tinis visiems k € {1,...,n}.
Tuomet

ZLFg (#(0k60) L0, 6,521 S E (o(ST) 5065.01)
(7.11)

E (#0060 06,521 ) -

Atskiras [7.6] ir [7.7] teoremy atvejis, kai ¢ — laipsniné funkcija.

Isvada 7.3. Tegu &1,...,&,, n € N, yra realieji pQAI a.d.s, tokie, kad
Fe, € 9 visiems k € {1,2,...,n}, 0 01,...,0, yra galimai priklausoms,
neneigiams ir neissigime nulyje a.d.s, kuriems teisinga . Jet a.d.s
rinkiniai {&1,..., &} ir {61,...,0,} yra nepriklausomi, o E(0k|&k|)®

oo visiems k € {1,2,...,n} ir kazkokiam « € [0, 00), tuomet
< 08y
ZLFg (Os) Liogoa) 5 E((S19 gaes )

zn: % ( Orr)” H{0k£k>x})

w—>oo

Skyrelio pabaigoje pateikiami keli pastebéjimai.

Pastaba 7.3. Vietoje klasés 9 nagrinéjant siauresne skirstiniy klase €,
(7.11) gaunamas asimptotinio ekvivalentumo sqrysis. Tiksliau, jei Fe, €
€ wvisiems k € {1,...,n} ir galioja visos kitos teoremos sqlygos,
tuomet

zi: ( (0x&s H{9k£k>$}) E (90(535)]1{53;5>x}> ,

Pateiktas sqrysis tiesiogiai isplaukia is L-indekso ir klasés € apibrézimy.
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Pastaba 7.4. Atvejais, kaia =0 isvadoje arba p = 1 teoremoje,

gaunami Zemiau pateikiami asimptotiniai réziai:

n
Z LFg F9k5k Z LFeknggkgk ) <P (Szf > 33) ’
= T—00
=1 n (7.12)
Ly > 0¢
,;1 Lng Fe’“gk Z Foge, F9k£k z) o P (Sn > a:) .

Pastaba 7.5. Tomis paciomis sglygomis kaip[7.7 teoremoje galima gauti
asimptotinius réZius sqlyginiam vidurkiui E(p(S%) | S% > z). Pasinau-

dojus (7.11) ir (7.12) gaunama

nor O &x)T
ko L, ( Orleliouei=ar) E (1) | S > a),
k=1 L F9k§k( ) T—00

Sho1 —E(p (9k€k)]1{6 eo>at)
2 E(p(8) |8 > ).
k=1 Lr, Foe. (@) 2500

(7.13)

Pagal min-maz nelygybe (2.43)) asimptotinius rézius (7.13|) galima pilnai
isreiksti per sglyginius vidurkius, nors tokiu budu réZiai iSeina ne tokie
tikslus:

min {Tk, E(o(0&) | 0 > 2)} S E(p(57)] 87 > ),

1<k<n T—00

1
> 0¢ 0§
g,ggxn{% E (¢(0k&k) | Okr > :c)} R E (w(Sn ) | Sy > w) :
k

7.5 Haezendonck-Goovaerts rizikos mato asimp-
totika

Nepaisant to, kad Haezendonck-Goovaerts rizikos matas yra suderintas
ir, kaip ES rizikos mato apibendrinimas, suteikia daugiau lankstumo
vertinant rizika, bendruoju atveju jis negali buti iSreikstas analitiskai
[108], nes neegzistuoja isreikstinis sprendinys. Visgi, tam tikrais
atvejais analitinés formulés gali buti iSvestos. Vienas tokiy atvejy, kai
normalizuota Young funkcija yra laipsniné, t. y. ¢(t) = t*, s > 1 (ar.
[108, [80]). Pavyzdziui, Tang ir Yang [I0§] straipsnyje gavo Zemiau
teoremoje pateikiamas HG mato israiskas.
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Teorema 7.8 (Zr. [I08, 2.1 teorema ir (1.3)]). Tarkime, kad turime
laipsnine normalizuotg Young funkcijg p(t) = t*, » > 1.
(i) Jeiqe (0,1), =1 ir E{T < oo, tuomet

E(s - Fe ()
1—q

HG,(§) = F¢ () +

(ii) Jeigq € (0,1), 5> 1, P({ = FE (1)) =0, ir E(§F)” < oo, tuomet

N\ 1/
o (EE=oHTY
Cia x = x(q) € (—o0, F{ (1)) yra vienintelis lygties

e

(EBle—="") |
(B - 2)*)")"

sprendinys.

Remiantis [7.§ teorema, Sioje disertacijoje plétojama HG mato asimp-
totika. Toliau pateikiamos dvi teoremos, kurios nusako HG mato asimp-
totinj elgesj atsitiktinéms sumoms su nuosaikiai kintan¢ias uodegas tu-
rin¢iais démenimis, atveju, kai normalizuota Young funkcija yra laips-
niné, t. y. p(t) = t*, » > 1. Gauti rezultatai rodo, kad kai pasikliovimo
lygmuo ¢ yra artimas 1, HG rizikos mata galima asimptotiskai aprok-
simuoti israiska, kuri leidzia iSvengti galimai priklausomy a.d.s sumos
skirstinio vertinimo. Pirmoji i$ teoremy nusako HG rizikos mato asimp-
toting iSraiska nesvorinéms sumoms S§. Svarbu atkreipti démesi, kad
tokiu atveju, rizikos mato asimptotika priklauso tik nuo nuosaikiai kin-
tancias skirstinio uodegas turinc¢iy démeny — jei atsitiktiné suma taip
pat sudaryta is lengvesnes uodegas turinc¢iy a.d.s, jie nedaro jtakos HG

mato asimptotiniam elgesiui.

Teorema 7.9 (Zr. [98, 3 teorema)). Tarkime, kad turime laipsnine nor-
malizuotg Young funkcija o(t) = t*, » > 1, ir realiyjy pQAI a.d.s

rinking {&1,...,&n}.
(i) Tegu » = 1, maxlgkgnE(flj) < o0, Fe, € € indeksui L €
{1,...,n}, o atvejais, kai k # L, yra teisinga Fe, € € arba
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P(|¢k| > z) = o(F¢, (x)). Jei Fy, € Py visiems k € L, = {k €
{1,...,n} : F¢, € €}, tuomet

HG,(S8) - Hi o)+ 7= 3 B(6 - (@)

kIn

Cia HY yra pasiskirstymo funkcijos

H, := max {0,1 — Z ka}

ke,
kvantiliy funkcija.

(i) Tegu 3 > 2, maxicren E(§7)" < 00, Fy, € € indeksui L €
{1,...,n}, o atvejais, kai k # L, yra teisinga Fe, € € arba
P(|¢x| > ) = o(Fe¢,(x)). Taip pat tarkime, kad kazkokiam y > 1

a » F x—1
max lim sup M max lim sup =% Fe (@) < 1.
k€L, z—o0 ka (x) k€l, z—oo F (yl‘)

Cia T, ={ke{l,...,n}: Fy, € ¢}. Tuomet

1 1/

HG, (5) ~ 3(0)+ ( B((6 - 30)"))

l—gq keT,

Cia T = z(q) yra vienintelis lygties

(Sher B(@-) )
(SierB((6-97))

»

sprendinys.

Zemiau pateikiama teorema yra teoremos apibendrinimas atsi-
tiktinéms svorinéms sumoms. Sj karta daroma stipresné prielaida, jog
visi sumos démenys priklauso klasei €.

Teorema 7.10 (Zr. [08, 3 teoremal). Tarkime, kad turime laipsnine
normalizuotq Young funkcijo o(t) = t*, » > 1, realiyjy pQAI a.d.s
rinking {&1,...,&n}, toki, kad Fe, € € wvisiems k = 1,...
butinai nepriklausomy, neneigiamy ir neissigimusiy nulyje a.d.s rinki-

,M, I Me-
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ng {01,...,0,}. Taip pat tarkime, kad a.d.s rinkiniai {&1,...,&} ir
{61,...,0,} yra nepriklausomi, o maxi<x<,{E0L} yra baigtinis kazko-
kiam p > rnauxl</rf<n{Jl—fi§ }.

(i) Jei»x=1, ; max E(&)) < o0, o Fy, € Py visiems k € {1,...,n},

\\n

tuomet
qg\“n s} n \4d 1 q Pt kSk n \4q
Cia H:* yra pasiskirstymo funkcijos

H; := max {0, 1- zn:Fekgk}
k=1

kvantiliy funkcija.

(i) Tegu s >2, max E(§)” < oo ir

<k<n

— ~1
F g F g
max lim sup ﬂ max limsup =*—- Fe (@) <1
1<ksn z—oo ng (m) 1<ksn z—oo Fg (yx)

kazkokiam y > 1. Tuomet

1/

HG, (S1°) ~ a*(q) + <1_ ZE( Ohr — 27 (g ))*)%>
Cia 2* = 2*(q) yra vienintelis lygties

(Sre(e-=97)")

(Si (@ -27)") -

sprendinys.

Svarbu atkreipti démesj, kad [7.9] ir [7.10] teoremos nejtraukia atvejo
€ (1,2). Sio atvejo analizé palieckama tolesniems tyrimams.
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7.6 ISvados

Sioje disertacijoje buvo analizuojamos trijy tipy sunkiauodegiy skirstiniy
transformacijos: nepriklausomy nulinio vidurkio normaliyjy a.d.s san-
daugos, kurios esant pakankamam daugikliy skaic¢iui tampa sunkiauo-
degés, apibendrinti transformuoty atsitiktiniy sumy su sunkiauodegiais
démenimis momentai ir Haezendonck-Goovaerts rizikos matas sunkiauo-
degiy a.d.s sumoms.

Pirmojoje disertacijos dalyje buvo nagrinéjamas nepriklausomy nor-
maliyjy nulinio vidurkio a.d.s sandaugy skirstinio u.f. asimptotinis el-
gesys. Pagrindiniai rezultatai, pateikti [7.3] teoremoje ir [7.2] iSvadoje,
apibrézia asimptotines formules su pirmos eilés liekamuoju nariu. Jos
patikslina iSraiskas, gautas [6] straipsnyje.

Antrojoje dalyje buvo gautos transformuoty atsitiktiniy sumy, su-
daryty iS galimai priklausomy, dominuojanciai kintancéias uodegas tu-
rinc¢iy a.d.s apibendrinty momenty asimptotinés formulés. ISraiskos pa-
teiktos [7.0] ir [7.7] teoremose leidzia minétus apibendrintus momentus
asimptotiskai aprézti atskiry transformuoty sumos démeny apibendrin-
ty momenty su koreguojanciomis konstantomis sumomis. Pagrindiniai
disertacijos rezultatai apibendrina ir patikslina ankstesnius kity autoriy
rezultatus. Pirma, patikslinus koreguojancias konstantas ir jas jrasius po
sumos zenklu gaunami tikslesni asimptotiniai réziai pagal pQAI struk-
turg priklausomiems a.d.s. Antra, vietoje laipsniniy funkcijy Seimos,
teoremos apibréziamos platesnei transformacijy klasei. Galiausiai, at-
sitiktiniy svoriniy sumy atveju, apréztumo reikalavimas atsitiktiniams
svoriams yra pakei¢iamas maziau ribojanc¢ia baigtiniy momenty salyga.

Treciojoje disertacijos dalyje buvo nagrinéjamos HG rizikos mato
asimptotinés savybés atsitiktinei sumai su nuosaikiai kintancias uode-
gas turinéiais démenimis, kuriy tarpusavio priklausomybe nusako minéta
pQAT struktura. Pagrindiniai rezultatai suformuluoti [7.9] ir [7.10] teore-
mose leidzia HG rizikos mata asimptotiskai vertinti specifiniu funkciona-
lu, strukturiskai primenanciu gautajj Tang ir Yang [108] ir priklausanciu
nuo sumos démeny marginaliyjy skirstiniy. Norint jvertinti HG rizikos
mata tokiu budu nereikia gauti atsitiktinés sumos skirstinio iSraiskos.
Be to, teorema teigia, jog nesvoriniy sumy S§ atveju, kai kartu su
klasei ¥ priklausanciais démenimis suma sudaryta is lengvesnes uode-

gas turinc¢iy a.d.s, pakanka jvertinti nuosaikiai kintanc¢ius sumos démeny
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skirstinius.

Pabaigoje pateikiamos kryptys tolesniems tyrimams. Pirmiausia,
asimptotiniai rezultatai normaliyjy a.d.s sandaugoms galéty buti api-
bendrinti atvejui, kai normalieji daugikliai nebutinai yra nulinio vidur-
kio. Be to, asimptotines formules [7.3] teoremoje ir [7.2] isvadoje buty
galima patikslinti jtraukiant papildomus aukstesnés eilés liekamuosius
narius.

Antra, rezultatus baigtinéms sunkiauodegiy a.d.s sumoms aprasomus
[7-4] ir [7.5] skyreliuose buty galima apibendrinti begalinéms sumoms

o0 o
S =08 i S =) &,
k=1

k=1

ar sumos démeny maksimumui arba supremumui:

M% = max {011, ...,0,60), M = max {&1,..., &),
7.14
M§§ = sup {6k}, Mgo = sup {&}- ( )
1<k<oo 1<k<oo

Svarbu atkreipti démesj, kad ([7.14]) turi tiesiogine prasme diskretaus lai-
ko rizikos modelyje, vertinant (baigtinio laiko) bankroto tikimybe (dau-
giau zr. [71), 1 skyrius]):

Y(z,n) =P (Szé >z kazkokiam 1<k < n) =P (Mff > 1:) arba

k
P(x) =P (SZ5 >z kazkokiam 1<k < oo) =P (Mgf > x) .

Cia z atitinka pradinj draudimo kompanijos kapitalg, o Szé atspindi per
pirmus k periody sukaupty nuostoliy dabartine verte. Taip pat, trans-
formuoty atsitiktiniy sumy apibendrinty momenty asimptotika galima
bty nagrinéti platesnéje sunkiauodegiy skirstiniy klaséje arba naudo-
jant maziau nei pQAI ribojancia priklausomybés struktura.

Trecia, svarbu atkreipti démesj, kad HG rizikos mato asimptotiniai
rezultatai pateikti[7.9]ir [7-10] teoremose nejtraukia atvejo, kai laipsninés
Young funkcijos laipsnis » € (1,2). Taip pat, panaSius asimptotinius
rezultatus buty galima praplésti skirstiniams priklausantiems klasei .
Tokiu atveju, tikétina, asimptotiskai ekvivalencig israiska reikéty pakeis-
ti asimptotiniais réziais arba, norint islaikyti tikslia asimptotika, pridéti
papildomus apribojimus. Galiausiai, buty galima nagrinéti platesnj nor-
malizuoty Young funkciju poklasj, panasiai kaip [109].
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