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Notation

1{-}

,7,0, k,n,m,m; and
ma

o()

<

the set of natural numbers (positive
integers)

the set of natural numbers including zero

the set of non-negative integer vectors of

dimension n
the set of real numbers
the set of positive real numbers

the set of positive real number vectors of

dimension n
an arbitrary vector a € R"

the linear hull spanned by the vector
a € R" (or span{a})

the set of complex numbers
random variable
the indicator function

some natural numbers

the big-O notation

the analog of O(-)



1]l
Trace(-)

Sp(+)

0(k) = 1ky+- - -+nky,

—~

T)p =

8

(x—=1)---(x—n+1)

any real value whose absolute value does
not exceed 1

the Euclidean norm of a vector z € R
the trace of a matrix

the spectrum of a matrix

the mapping ¢ : Nj — N

the falling factorial of x € R

the symmetric group on n elements
an arbitrary permutation o € S,,
the number of cycles in o € S,

the cycle structure vector of o € S,

the Jacobi polynomials, r € N

the set of weighted multisets
the set of weighted multisets of weight n
an arbitrary weighted multiset o € G,

the number of initial weighted objects of

weight n comprising the multisets in G
the number of multisets of weight n in G
the finite field of size ¢

the set of monic polynomials over a finite
field I,

the component structure vector of a

weighted multiset ¢ € G,

the Mobius function



Un the discrete uniform probabilistic measure

on S, or G,

E,, Cov, and V, the expectation, covariance and variance
with respect to v,

E and V the expectation and variance with respect

to an unspecified probability measure

A list of frequently used quadratic forms

B,(

S)

_ n _1\k+1
Dn(a) = Zj:l a?pj(n), pj(n) = Z1gk§n/j %

Ani(@) = 3 ij<n aia;pi(n)p;(n)

i+j>n
Anz(a) = Zw;s_n aiaj[pi(n)p;(n) — pi;(n)],
ay)
-1 I+k
Pii(n) =3 1o S
il+jk<n

An3(a) = 3 i<p/2 a3p3(n)
B, (a) = Z1§jkgn a?ﬂ(j)kq‘jk

R,(a) = X ncn ma " ( 2 jim @57 (J ))
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Chapter 1

Introduction

1.1 Research problem

Variance estimates for additive functions defined on random permuta-
tions and random weighted multisets.

1.2 Actuality

Permutations take a central role in combinatorics. They appear natu-
rally in a plethora of problems that feature rearrangements of a finite set.
In addition, permutations form the basis of the symmetric group, whose
properties capture both algebraic and geometric symmetries. This and

other connections make permutations indispensable in many mathemat-

ical fields.

One of the ways to investigate the properties of permutations is to an-
alyze additive functions that are defined on them. These functions can
be used to count permutations whose cycle lengths satisfy various spec-
ified conditions (see, e.g. [49]), or to approximate important mappings
on the symmetric group having algebraic sense ([9], [51]). Furthermore,
additive functions are present in some physical models, in particular,
they comprise a part of Hamiltonians in the Bose gas theory (see [5]
and the references therein). In addition, the properties of other com-
binatorial structures can also be encoded in an additive sense (see, e.g.
[36]). For such functions, it is useful to obtain variance bounds, which
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are crucial in proving limit theorems [3], proving laws of large numbers
[35], or defining functional spaces [34]. The variance bounds of additive

functions are the main topic of the first part of this work.

The second part of this thesis concerns additive functions defined on
weighted multisets. Main interest in it stems from the semigroup of
monic polynomials over a finite field of a prime power size. An additive
function counts the number of irreducible polynomials, which is of great
interest in cryptography and coding theory, see [6, Chapter 2|. Further-
more, the degree of the splitting field can be approximated by additive
functions (see, e.g. [7], [51], [50, Chapter 2|, [42]). In this thesis, we
will work with a slightly more general structure called multisets of neck-
laces, which encompasses monic polynomials over a finite field. It can
be interpreted as words over a finite alphabet, up to cyclic equivalence
[41]. Similarly to permutations, general properties of additive functions
enable the proofs of more advanced results.

1.3 Aims and tasks

The main aim of this thesis is to investigate the asymptotics of the
variance of additive functions that are defined on decomposable combi-

natorial structures. More specifically:

e Obtain variance estimates with asymptotic constants for strongly
additive functions defined on random permutations with the best

possible remainder terms.

e Obtain variance estimates with asymptotic constants for com-
pletely additive functions defined on random weighted multisets

with the best possible remainder terms.

1.4 Methods

In this thesis, methods from enumerative and probabilistic combina-
torics, number theory, linear algebra, and numerical analysis are used.
Inspiration from number theory is drawn from the works of J. Kubil-
ius [26] and J. Lee [27], where methods of covariance matrix analysis
and orthogonal polynomial properties are used. Furthermore, the work
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of J.Klimavi¢ius and E. Manstavi¢ius [19] is crucial in estimating some
quadratic forms that appear in the variance expression. Finally, the
power method algorithm for finding the largest eigenvalue [44] is also
used as inspiration for deriving asymptotic expressions for matrix eigen-

values.

1.5 Novelty

All the results described in this thesis are new. They extend the previ-
ously developed theory of additive functions defined on random combi-

natorial objects.

1.6 Approbation

Research results were disseminated at the following conferences:

e International Conference on Probability Theory and Number The-
ory, Palanga (Lithuania), 2024, Variance of a Strongly Additive
Function Defined on Random Permutations.

e 2025 International Conference on Probabilistic, Combinatorial and
Asymptotic Methods for the Analysis of Algorithms (AofA 2025),
Toronto (Canada), 2025, On Covariance Matriz Related to Com-

ponents of a Random Combinatorial Structure.

e 66 Conference of Lithuanian Mathematical Society, Klaipéda
(Lithuania), 2025, Keturiasdesimtmetés Kubiliaus nelygybés analo-
gas keitiniams (presented by the co-author E. Manstavicius).

1.7 Principal publications

o A. Karbonskis, E. Manstavi¢ius, Effective bounds of the variance
of statistics on multisets of necklaces, Lietuvos matem. rink.,
61(A):7-12, 2021.

o A. Karbonskis, E. Manstavic¢ius, Variance of a strongly additive
function defined on random permutations, Lithuanian Mathemat-
ical Journal, 61(3):1-13, 2024.
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o A. Karbonskis, E. Manstavic¢ius, Variance of statistics defined
on random permutations, Lithuanian Mathematical Journal,

65(4):548-563, 2025.

1.8 Historical overview

This thesis examines the problem of estimating the variance of sums of
dependent random variables that appear in combinatorics. The initial
motivation is the success of the Turan—Kubilius inequality for the vari-
ance of additive number theoretic functions f: N — R. By definition,
such a function has the decomposition

Flm) =Y f(™™) it m=]]p*™,
plm

plm

where p is a prime number, a,(m) € N, and the notation p|m stands
for the expression “p divides m”. If f(p¥) = f(p) for every prime p and
k € N, then f is called a strongly additive function. In this particular
case, the inequality can be formulated as follows:

n 2 2
Z(Zﬂp)—Zf;”) — kNI k<o
m=1

plm p<n p<n p

S|

where C' > 0 is an absolute constant and the values of the function

f(p) are arbitrary real numbers. The first inequality of this type, in

the case when f(p) values are bounded, was formulated and applied by

P. Turén [46]. In his formulation, K, (f) was not an absolute constant

since the right-hand side still involved the sum of the first moments. The

form presented above was discovered by J. Kubilius [23]. A conjecture
3

was posed that the bound C' = 5 is unimprovable for all n > 2 [24].

Moreover, J. Kubilius [26] proved that

3 1

Ko(f)=5+0(—).
?”i% (£) 2 +0 logn

Here and afterward, the constant in the symbol O(-) or in its analog

< will be absolute. J. Lee [27], [28] refined this result by deriving the

inequality




for some C7 > 0, provided that n is sufficiently large. For “small” values

of n, the conjecture has not been verified computationally.

The Turan—Kubilius inequality is an effective estimate of the variance
of sum of the random variables (r.vs) f(p)1{cp(m) > 1}, p < n, when
m < n is sampled uniformly from the set N,, := {1,...,n}. Here and
subsequently, 1{-} denotes the indicator function. For a fixed prime
number p, the r.v. 1{ap(m) > 1} converges in distribution to the
Bernoulli r.v. with parameter 1/p. The sum on the right-hand side
of (1.1) is just the sum of their second moments. The appearance of the
constant 3/2 (not of 1) is the price we pay for the fact that the events
pi|m and pa|m for the different primes p;, p2 < n are dependent.

For a wider discussion concerning this inequality, we refer to P.D.T.A.
Elliott’s [8] and G. Tenenbaum’s [45] books. The thesis [27] contains
the earlier history of the problem; the mentioned important paper [26]
is unfortunately missing in the references. Nowadays, the notion Turdn-
Kubilius inequality counts hundreds of references.

Combinatorial objects, such as permutations, polynomials over a finite
field, or, more generally, assemblies and weighted multisets, are, much
like natural numbers constructed from primes, also composed of cor-
responding simpler primitive structures (components). When selected
randomly, the components exhibit dependencies analogous to the depen-
dence of prime factors in a random natural number. Using this analogy
with probabilistic number theory, a theory of additive functions defined
on random structures has been developed. Specifically, we are interested
in the theory of random permutations and random weighted multisets.

In particular, a permutation ¢ from the symmetric group S,, can be

decomposed into a product of disjoint cycles
O=1c1 s (1.2)

where w = w(o) is the number of cycles in 0. The alternative represen-
tation of o is the labelled digraph G, with vertex set V(o) = N, and
with the oriented cycles as components. A typical cycle ¢ of length j
has the vertex set {k1,...,k;} C N,, defined by

k1—>]€2—>"'i>k'ji>k'1.
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To exploit the analogy with number theory, one deals with the mappings
h: S, — R, whose values depend on the cycle structure vector

k(o) == (/ﬂ(a), - ﬁn(a)),

where x;(0) is the number of cycles of length j in product (1.2). We say
that h is additive if the following partition holds:

h(o) = hy(ri(0)),
Jj<n
with some functions h;: Ng — R satisfying h;(0) = 0 for each j < n. If
h;j(k) = a;1{k > 1} with a; € R, j < n, we call the function h strongly
additive. Moreover, if hj(k) = h;(1)k for every j < n and k € N, the

function h is called completely additive.

We now introduce the notation of random permutation theory. Let
vy be the uniform probability measure on S,, E,, and V,, denote the
expectation and the variance with respect to v,. Now the coordinates
of the cycle vector taken with respect to v, become r.vs. k; := k(o) for
j < n. Denote £(5) := 1s1 + - - - + nsy, for a vector 5 = (s1,...,s,) € Ny
and observe that ¢(%(c)) = n for each 0 € S,. Now we mention the
most important historical results on random permutations, as well as
those very closely related to our topic.

If £, j < n, are independent Poisson r.vs with the parameters 1/j
defined on some probability space endowed with the probability measure
Pand ¢ := (&,...,&,), then

vl =5) = 1{0(5) = n} [[ s = PE=5(©) =n).  (1.3)

ijSj!

ji<n
This so-called conditioning relation was first discovered by V.L. Gon-
charov [11], [12]. Relation (1.3) allows us to interpret many additive
statistics defined on permutations as functionals of independent Poisson
r.vs. conditioned on the total size. He also investigated the behavior of a
completely additive function w(o), finding an asymptotic expression for
the mean and variance and proving the appropriate CLT. This marked
the beginning of the random permutation theory.

The next notable result was due to P. Erdés and P. Turdn [9]. They
investigated the group theoretical order of a randomly picked permuta-
tion o € S,. It was shown that the logarithm of it can be approximated

15



by the additive function

Z kj(o)logj.

Jj<n

The authors showed that if appropriately normalized, this function also
follows a standard normal distribution. Currently, the best result on the
convergence of the distribution for a random permutation o is obtained
by V. Zacharovas [51]. His work is based largely on the techniques of
[30], which were developed for general sequences of completely additive

functions.

A thorough probabilistic treatment of the structural cycle structure of
random permutations was developed by R. Arratia and S. Tavaré [2]. It
formed the basis for modern approaches to additive functions via Poisson
approximation. This and other results on random permutations of the
last century are described in [1].

E. Manstavic¢ius investigated the problem of integral asymptotic laws
of additive functions [29]. The aim is to find sufficient conditions such
that vy, (hy(0) — A(n) < x) converges weakly to a limit distribution law,
where hy(0) - a sequence of completely additive functions and A(n) -
some normalizing sequence, close to E,h, (o). Furthermore, in [35], the
author finds necessary and sufficient conditions for the weak law of large
numbers.

We also mention a couple of the most recently established results con-
cerning variance estimates for additive functions defined on random per-
mutations. J. Klimavi¢ius and E. Manstavi¢ius [19] gives the sharp es-
timate of V,h for a completely additive function h(c) in terms of

2
a“
By(@):=>» -, acR",
Jj<n J
which equals to the sum of variances of independent r.vs a;§;, j < n.
Then 5
sup {Vnh/Bn(d) ca#0,n> 2} =5

The proof was built upon searching for the minimal eigenvalue of the
matrix, which appears in the quadratic form V,h. The corresponding
eigenvectors were expressed in terms of the Hahn polynomials [37]. That
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was a notable difference from the number-theoretic technique, which had
involved the Jacobi polynomials [26].

This result was further generalized by Z. Baronénas, E. Manstavic¢ius,
and P. Sapokaité [4]. Instead of sampling all permutations uniformly,
Ewens probability measure v,({c}) = 6“(9)/(6), was used. Here
(), = z(x — 1)---(x — n + 1) denotes the falling factorial. Let
©(m) = (0)m/m!, m € N. Then the variance of a completely addi-
tive function h(o) with respect to Ewens probability measure has the
expression
4 O(n - j)
Vioh =025 et

Jj<n

a;a; On—1—j a; O(n —7)\>
02 S z‘jj (@(n) j)_QQZ(Z? (@(n>3)>_

i+j<n

In this case

where

By choosing § = 1 we arrive at the previous estimate in [19]. So far,
the best O-type variance estimates for general additive functions with
respect to Ewens probability measure were obtained by E. Manstavic¢ius
and V. Stepas [39].

The power moments of additive functions on uniform random permu-
tations were previously investigated by E. Manstavicius [33]. Related
power moment estimates with respect to the Ewens probability mea-
sure were later developed in [40] by E. Manstavicius and V. Stepas. In
both works, the authors obtained moment bounds for general additive

functions by directly analyzing the appearing cumbersome expressions.

To get the O-type estimates, there exists an indirect approach based
upon appropriate moment inequalities for sums of independent r.vs and

> ).

Manstavicius’ [31] relation

APATEE

Jj<n

> 3u> < 32e2P<

> hi(&) —a

j<n

17



where hj : Ng — R and h;(0) =0 if j <n, a € R, u € R} are arbitrary.
Later, it was observed [32] that the factor 3 of u can not be substituted
even by 7/5; therefore, any refinement of the constant 32e? will not lead
to the discovery of the optimal constants in variance estimates.

As mentioned, ideas from number theory regarding additive functions
can be applied not only to permutations but also to other classes of
decomposable structures. In this thesis, we are also interested in the
theory of additive arithmetic semigroups as formulated by J. Knopf-
macher [21]. Classes of weighted multisets and arithmetic semigroups
are practically the same structures that differ only in interpretation (see
[20], [10, Chapter II]). Accordingly, they will be treated as identical in
this thesis.

Many authors have contributed to the probabilistic theory of additive
functions defined on arithmetic semigroups ([15], [14], [13], [38], [43],
[22], [20]). In our case, we are specifically interested in variance esti-
mates for the aforementioned functions. W.-B. Zhang in [52] investi-
gated the existence of limit distributions for additive functions defined
on the elements of arithmetic semigroups. In [52] variance estimates
analogous to the Turan-Kubilius inequality are also provided. The work
of S. Wehmeier is also a notable contribution to the topic. In the disser-
tation [47, Chapter III] and the article [48], the author obtained variance
estimates for strongly additive functions, which we cite in their original
notation.

Let (G,-) be the free commutative monoid over a nonempty set P of
"primes”. Define a degree function 0 : G — Ny, satisfying 0(ab) =
d(a)+0(b) foralla,b € G. Denote Gy, = {a € G : d(a) = n} and assume
G(n) = |Gn| to be finite. Let f: G — R, such that f(a) = >_,, f(p),
a € G. Suppose G(n) = (A + O((logn)~1)q", where ¢ > 1 and A > 0.
In addition, assume the Chebyshev condition holds

G(n)
P(k) < )
(F)=Ce max 5y
G(n—k)>0

for all k € N and some positive C¢;, where P(k) = |{p € P : 0(p) = k}|.
Denote

1
A(n) = ) 8(pz)‘znﬂp)G(n —a(p)),

18



G piorn
then )
— A(n))? = 2(n)).
Gin) a;ﬂ(f(a) A(n))® = 0O(B%(n))

So far, this is the most general O-type variance estimate for the class of

strongly additive functions defined on arithmetic semigroups.

1.9 Main results

In this section, we present the main results of this thesis. Proofs are

detailed in subsequent Chapters.

1.9.1 Strongly additive functions defined on random permuta-

tions

In this section, the results for strongly additive functions defined on

permutations are presented.

Henceforth, we will use a probabilistic interpretation of a strongly addi-

tive function
ho) = ajs, s =x(0) :=1{rj(0) > 1}, j<n
i<n

In contrast to kj(0), j < n, that appear in the decomposition of com-
pletely additive functions, the Bernoulli r.vs »; attain value 1 with prob-
abilities

(_1)k+1

1<k<nsj T

and are always pairwise correlated. Indeed, as shown in [17], we have

Couvy (55, 5¢5) = vp(o6 = 1,565 = 1) — v, (5 = Dy (325 = 1)

B Z (_1)l+k B Z (_1)l+1 . Z (_1)k+1
N ik k! Rl LY
1137-’;%in 1<i<n/i 1<k<n/j

=:pij(n) —pi(n)pi(n), i #j.
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This covariance expression is more complex than in the case of com-
pletely additive functions. In that case, a much simpler expression is
present

16— i it
Covp(Ki, kj) = 1 j}— {z+?->n}.

J )
We obtain the following initial expression of the variance

2
V,h =:V,(a)= % Z h*(o) — <Zajpj(n)>

oES, jgn

= 2 aip;(n) — Z a;a;pi(n)p;(n)
j=1

i,j<n
i+j>n
= > aigglpi(n)p;(n) = pig(n)] = Y alpi(n)
i+j<n j<n/2
i#j
=: Dp(a) — Api(a) — Apa(a) — Aps(a). (1.4)

The main goal is to obtain the upper bound for V,,h by using the first

term Dy, (a), which is close to ., Vn(a;j5;). Indeed,

B.(@)/4 < Da(@)/2 3" Valay) < Du(@) < Bu(a).

It is easy to show that omitting the last non-positive quadratic form
introduces a negligible error

_ _ 2
Dn(a) — Ans(@) = Y Vnlajsg) = Y alpi(n) < ~Dn(a).
Jj<n n/2<j<n

The remainder is successfully estimated with the exact asymptotic con-
stant. In addition to the upper bound, a lower bound is also obtained.

Theorem 1.1 ([17]). Let a € R™ be arbitrary and By(a) be as defined

in the previous section. If

h:=h(o):= Zaj%j, oESy,

Jjs<n

then
Voh < (; + R(n)) Dy(a) < (g + R(n)) B (@) (1.5)

where R(n) = O(n=3) with an absolute constant in the estimate.
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Furthermore, if a satisfies ngn ja;jpj(n) =0, then
2
V,h > an(a)(1 + R(n)). (1.6)

Furthermore, constants 3/2 and 2/3 are optimal in (1.5), (1.6) i.e., there
exist some vectors as and ag, such that equalities are achieved. As
seen from (1.4), the proof reduces to analysis of the involved quadratic
forms. It is easy to estimate A,; by applying inequalities derived in
[19]. In contrast, the effect of A2 was estimated by calculating the trace
of the underlying matrix. We refined this estimate further, improving
the asymptotic rate from O(n~1/3) to a sharp O(n~!) by using a more
sophisticated method.

Theorem 1.2 ([18]). Assume the notation of Theorem 1.1. Then the
estimates in (1.5) hold with R(n) = O(n™1).

The proof utilizes the idea of the Power method algorithm for find-
ing the largest eigenvalue of a matrix. By simulating two iterations of
the algorithm, we obtained a better asymptotic rate. Nevertheless, the
refinement of Theorem 1.2 is not possible without the analysis of the
quadratic form A,s, which was performed in proving Theorem 1.1.

We also include an alternative formulation for Theorem 1.2. After sub-
stitution a; = /b, j < n, in the matrix form, the simplified inequality
can be written as

180 ][* = (0Tn)(T7,6) < (3/2+ O(n™ 1))l [b] P, (1.7)

for all b € R"™. Here ’ stands for transposition and I', = ((7;,)) is the

n X n! matrix with entries

Yio = \/3(%]'(0') - 1/j)7 Jj<mn, o€Ss,.

We see that (1.7) is just an effective estimate of the maximal eigenvalue
of I',I",, which is the same as for the matrix I, I',, of order n! x n!

(see Lemma 3.3 on page 30 in [8]). Thus, we obtain the dual form of
inequality (1.7).

Corollary 1.3. For all vectors d € R™ with the generic coordinate d,

o € Sy, we have the following sharp estimate

Zj( S dy (s25(0) 1/j)) < (3/2+ O( "))l

i<n gES,
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Such dualization, highly developed and applied in number theory by
P.D.T.A. Elliott [8] and his followers, still awaits an analogous theory

for permutations.

1.9.2 Completely additive functions defined on random multi-

sets

Let (P, || - ||) be a set of initial weighted objects and

m(j) = [{peP: [Ipll =5} < o0

for every j = 1,2,... Examine the set G with the extended weight
function || - || of multisets comprised of p € P. Namely, o € G if o =
{p1,...,pr} and ||o|| = ||p1|| + - - + ||pr|| including the empty multiset
(0 of weight 0. Then

mn) = Gal = {0 € G+ llell =n}[ = 3 H( ks ‘1>,

L(k)=nJj=1

where ((k) = 1ky + - +nky if k = (k1,...,kn) € Nj and n € Ny :=
NuU{0}.

In this thesis, we deal with the multisets for which m(n) = ¢", where
g > 2 is an arbitrary natural number. Usually, a weaker axiom A%,
but stronger than the one used by S. Wehmeier [47] is used during the
investigation of multiset structures or, more specifically, arithmetical
semigroups [22]. The axiom is defined as

m(n) =Aq"+R,, AcRy, R,=0(¢"), 0<c<1, asn— oo

We have chosen a stricter axiom for our analysis to simplify the variance
expression for additive functions, which will be defined below.

If ¢ is a prime power, then G may be interpreted as Fy [t], the set of monic
polynomials over a finite field ;. Then P is the subset of irreducible
polynomials. For an arbitrary ¢ > 2, ¢ € N, there exist combinatorial
constructions, called multisets of necklaces satisfying m(n) = ¢" (see,
[1, Example 2.12, p. 43]). For multisets, we have the following relations

wn) == S hd), =Y dn(d), (18)

dn dn
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where in the summations, d runs over natural divisors of n and p(d)
stands for the Mobius function. The equalities are equivalent to the

formal power series relation

[e'S) 1 [%S) '
n=0 1—qu j=1

Take an p € G,, uniformly at random, that is, sample it with probability
vn({o}) = ¢, n € N and 1n({0}) = 1. The probability measure
vy here is different from the one defined for permutations. If k(o) >
0 is the number of elements p; in o € G, of weight j, then k(o) =
(k1(0), - .., kn(0)) is the structure vector of ¢ € G, satisfying ((k(o)) =
n. Its distribution is

va(k(e) = 5) = 1{t(s) =n}¢ " ] (W(j) + 85— 1>,

s
j=1 J

where § = (s1,...,5,) € Ny and 1{-} stands for the indicator function.

We are interested in the distribution with respect to v, of the completely
additive functions

h(a) := h(a, 0) = a1k1(0) + - - - + ankn(0), a=(a1,...,a,) € R™.

The number of components in o is such a function, namely, it equals
ki1(o) + -+ + kn(0). We refer to [1] for more sophisticated examples.

In this thesis, we examine the variance of h(a), which is a sum of de-
pendent random variables, as the relation h(j,0) = £(k(0)) = n, j =
(1,2,...,n) for each p € G, shows. We propose an approach to overcome
technical obstacles stemming from dependence.

Subsequently, the expectations and variances with respect to v, will
be denoted by E, and V,, while, when the probability space (2, F, P)
is not specified, we will respectively use the notation E and V. The
summation indices ¢, j, 1, k, m, m1, and mo will be natural numbers. We
will now present the results published in [16].

Theorem 1.4. Ifa € R™ and n € Ny, then

V,h(a) = g a?w(j)kq*jk— g aiajm(i)m(j)g Ik (1.9)
1<jk<n il+jk>n
il<n,jk<n
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It is known from [1] that, for a fixed j, the r.v. k;(o) converges in
distribution to the r.v. v; distributed according to the negative binomial
law NB(m(j),q~7). Let {71,72,...} be mutually independent. Define
the statistic Y,, = a1v1 + - - - + anyn. We shall see that the first sum on
the right-hand side in (1.9) is close to VY,,. Estimating V,,h(a), we use
the following quadratic forms:

Bu@)= Y aln(ika . Ra(@ =Y mg (Y am(i))
1<jk<n m<n jlm

Theorem 1.5. If n > 2, then

V,h(a) < By(a) + %Rn(a). (1.10)
The inequality becomes an equality for
aj = aj = 7'(‘?]) %dqdu(é) —-2n—-1, 1<j<n. (1.11)
Corollary 1.6. Ifn > 2 and a # 0, then
Voh(a) < an(a) < (; - q;lnq_">VYn. (1.12)

The inequalities are trivial for functions proportional to h(j, 0) = nif o €
Gn, because of V,,h(j) = 0. A shift of @ allows for further improvement
of the estimate. Observe that either of B, (a —tj) and Ry, (a — tj) attain

their minimums in ¢ € R at

P . ,
t=tg:= it n Z mq Zaﬂr(j).

msn jlm
Theorem 1.7. Ifn > 3, then
_ 1 _
B(a —taj) — ;Rn(a —taj) < Vyh(a)
3 . (1.13)
< B,(a —taj) + §Rn(d — taj).

Both inequalities in (1.13) are optimal, as long as R,, is used in the

approzimation of the variance.

Corollary 1.8. Ifn >3 and a € R(j), then
2 - 3 _
an(d —tz7) < Vph(a) < §Bn(a —taj),
where R(j) is a linear hull of j.
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In addition to absolute estimates of V, h(a), asymptotic expressions of

supremum and infimum of ‘;"h(g) are obtained.

Theorem 1.9. There exists a real C' > 0, such that

3_C sup Vnh(a) <3
2 n?- acRn\ {0} Bn(a) -2’
when n > 2.
Theorem 1.10. There exists a real C > 0, such that
2 . V,h(a) 2 C
5 < inf _ —~ < -+ —,
3 T aern\R(j) Bn(a) 3 n?

when n > 3.
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Chapter 2

Strongly additive functions
defined on permutations

In this chapter, we prove Theorem 1.1 stated in Section 1.9.1, using the

previously introduced notation.

2.1 Auxiliary lemmata

First, we derive an exact expression of variance for an arbitrary strongly
additive function. Let £®) = (f%m), éx), ...) be an infinite dimensional
vector with coordinates that are independent r.vs. following the Poisson
law with parameters Efj(»x) =a27/j, 5 > 1,0 < x < 1. Suppose that
the structural vector &(o) is also expanded to an infinite dimension
accordingly x(o) = (k1(0), k2(0),...,kn(0),0,0,...) € N°.

Lemma 2.1. Let 0 <z <1 and ¥: N5° — C be a mapping such that
the mean E¥ (f(z)) exists and is finite. Then

EV (5@) = (1-2) Y E,¥ (R(0)) 2"

n>0

This follows from the conditioning relation for logarithmic combinatorial

structures. For proof, see [10, Section II.4].

We formally introduce the notion of additive functions defined on ran-

dom permutations.
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Definition 2.1. We will say that the function h : S,, — R is additive if

the following partition is true

(o) = hj(k;(0))

Jj<n

with some functions hj: Ng — R satisfying hj(0) = 0 for each j < n.
Furthermore, if hj(k) = a;1{k > 1} with a;j € R, j < n, we call the

function h strongly additive.

Since we are picking permutations randomly, additive functions can be
interpreted as r.vs. In this interpretation, strongly additive functions are
comprised of a linear combination of Bernoulli r.vs. »; := 1{x;(c) > 1}.
We will now calculate the parameter E, s¢; and E, 5¢j24, 4,5 < n,i # j,
which will be necessary when deriving the exact variance of strongly

additive functions.

Lemma 2.2.

Also, if i # j, then

_ (=D** _
E, 2 = g TR pij(n).
Lk>1
il jk<n

Proof. The main idea of the proof relies on Lemma 2.1.

1) Let ¥(5) = 1{s; > 1}. Then

EU(E@) =E1{¢) > 1} =1-P(¢") =0) =

Combining both sides of the equation, we get

(5 5w) ()T

k>1 n>1

It remains to compare the coefficients of z”.
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2) Let W(5) = 1{s;s; > 1}, i # j. Then using the independence of fi(m)

and fj(x) we obtain

~ 1)Ll _1\k+1 .5k 1)+ pil+ik
no (S EDTETY (5o G g (Bt
pue) = (X S0 ) (E 50 ) - S

>1 ' k>1 | Lk>1 RO
Combining both sides of the equation, we get

(_1)l+k$il+jk
( > ) (27" ) = 2 e Balars).
1Lk>1 n>0 n>1

By comparing the coefficients of ™, we obtain the result. O

Lemma 2.3. Let h be a strongly additive function and a =
(a1,a2,...,a,) € R™ Then its variance can be expressed in the fol-

lowing way

V,h =:V,(a)
= Za?pj(n) — Z a;a;pi(n)p;j(n)
j<n i.j<n
i+ji>n
= > aiai(pi(n)pi(n) —pii(n)) = Y aipi(n)
if;’ég.n Jj<n/2
i#]

=: Dp(a) — Api(a) — Apa(a) — Aps(a).

Proof. The proof is a straightforward calculation using the variance for-
mula V,,h = E,(h?) — (E,h)? and results of Lemma 2.2. O

We also introduce another lemma that is crucial in estimating the

quadratic form A,;.

Lemma 2.4. Let b, e R, 1 <m <n andn > 2, then

—% doombl, < > bpybm, <Y mb, (2.1)

1<m<n 1<mi,ma<n 1<m<n
mi1+ma>n

Further, if n > 3 and ) mby, =0, then

m<n
1 2
> b by < = > mb,. (2.2)
1<mi,mao<n 1<m<n
mi1+ma>n
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In addition, both inequalities (2.1) and (2.2) are sharp, i.e., they become
equalities when by, = epm /y/m, where r =2,1,3, and for j <mn,

€1y = \/37
eaj = (37 — 2n — 1)/7,
esj = (105 — 6(2n + 1)j + 3n? + 3n + 2)\/J.

Vectors eg, ea and eg are orthogonal eigenvectors of matrix W = ((1{i +
j > n}(ij)~'/?)), where i,j < n and n > 3, corresponding to the three
absolutely largest eigenvalues. The statement of Lemma 2.4 follows from
applying these facts to the Rayleigh quotient of matrix W. For full proof
of the lemma, see [19].

2.2 Estimation of quadratic forms

We begin by estimating the quadratic form A,;.

Proposition 2.5. Given an arbitrary vector a € R™ with n > 2,

1 1
Api(a) > —=Dy(a) > —§Bn(a).
If @y is a vector with coordinates ag; = (3j —2n — L)p;j(n)~!, j < n,
then ) .
A (@) = ~5 Ba(a) (1+ 0(5)). (2.3)

If a is a solution to the condition

ijjpj(n) =0, (2.4)
Jj<n
then

Api(a) < = Bpl(a).

1/2

Furthermore, if aj = asj = ez;5~/?p;(n)~', j <n, then

Aoy () = %Bn(ag)<1 n o(%))

Proof. Applying Lemma 2.4 for b; = a;p;(n) if j < n, we obtain the
first inequality of Proposition 2.5. As stated in Lemma 2.4, the equality
is achieved if @ = ay as given above.
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Justification of the relation (2.3) is a straightforward calculation. For
j <n/2, we have pj(n) = 711 — (2)~* + O(572)), and hence

1 ) J ) 1
LS S — ___j=1+0(7").
i T 1= TroG? Y G

On the other hand, for j > n/2, 1/(jp;(n)?) — j vanishes. Thus it
is uniformly O(1) for j < n. Using the expression derived above, we

compare Ay (ag) and %Bn(dg)t

1

Api(az) + %Bn(c_@) =_ Z(g,j 9 — 1)2< 1

ip;j(n)?

2

Jj<n

—j) = 0(n?).

Moreover, summing explicitly yields

Ani(a) = 3 anazpiln)ps(n) = —3 (3 — 20— 1)

i,j<n Jj<n
i+j>n
~n(n—1)(n+1)(n+2)

= 3 .

Since Ay1(ag) = —n*/8 + O(n?) implies B, (az)/2 = n*/8 + O(n?), we
arrive at claim (2.3). To prove the last part of Proposition 2.5, we firstly
check that the vector a3 satisfies equation (2.4). Indeed, €; is orthogonal
to e3. In other words,
0=e1es =) /i(asj/ipj(n),
Jj<n

which gives the claim. It remains to find the asymptotic behavior of
B, (a3) as n — oo and compare it to Ayq(as).

A (as) + %Bn(dg) _ éz(egj)%‘—l <jpj}n)2 - j) — 0(nP).

Jj<n

The estimate above, together with A,1(as) = n®/18 + O(n®) gives us
the last claim. O

Now, the task is to compare the quadratic forms Ay,s(a) and D, (a). The
substitution a; = zj1/p;(n), j < n, reduces them to 2Q,z’ and ||z||?
respectively. Here T = (z1,...,2,), & is its transpose, and @, = ((¢i;))

is the matrix with entries

gij = 1{i+j < ”}pi(n)p;‘((fj)p -fvi’)j(n)

, 4,7 < n.
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If A;, 7 < n, are the eigenvalues of (),,, then the inequality ’a’chi“’ ‘ <

max;<p |\;| ||Z]|? implements our task.

Proposition 2.6. We have
Trace(Q?) = Z )\? < n23,
Jj<n
Consequently,
Apo(a) < n~ 3D, (a), aeR™

We will estimate the sum

(pi(n)p;(n) — pij(n))°

Trace(Q3) = Y pi(n)pj(n)

i+j<n
7]

)

summing separately over (i,j) belonging to the different regions:
Ty :=A{(i,5) : i,j <n/2,i# j},
Ty :={(i,j): n/2<i<n,n/K <j<n-—i},
T3 :={(i,5) : n/2<i<n(l-2/K), j<n/K},
Ty :={(,j): n(1-2/K) <i<n,j<min{n—1i,n/K}},
and
Ts:={(i,j): i <n—j,n/2<j<n,i#j}.

Here 4 < K < n is a parameter to be chosen later. Set

S = Y (pi(n)p;(n) = pij(n))*

, 1 <m<5.
pi(n)p;(n)

(4,5)ETm

Let us start with estimations of appropriate sums involving the remain-

ders N
ri(n) = Z (k’lk)' =pi(n) —1+e 1 j<n,
k>n/j IR
and
1)tk ) .
rii(n) Z TR pij(n) —(1— VA —e WV, i
wU+yr>n

The inequalities
-1 <efj, ef-1-1/j<e/(2)%), 1/(2j) <pi(n) <1/j, j=1

will be frequently used without recalling.
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Lemma 2.7. If j < n/2, then

Irj(n)] <

~ Ve n?

Furthermore,

6
1. 5 _ €log(2n)
Z e s =
7’»]§n/2

Proof. Directly, if m; := [n/j] + 1, then

—1)k
3 (jkk;)!

k>n/j

rj(n)] <

< 1 < 1 ( e )m]‘
~ jmimgl T\ f2rmy \jmj/
Thus, if j <n/2 and n > 4, then m; > 3 and

1 e \3 e 1
o< 7= (i) < T

as desired.

Since ), 1/i < logx + 1, > 1, the second estimate in Lemma 2.7
follows from the first one. O

Lemma 2.8. Ifn >4, then

iy logn
Z ijri j(n)? < ng2 .
i,j<n/2
1#]

Proof. Observe that i,j < n/2, i # j, and il + jk > n imply | > 2 or
k > 2. Consequently,

1{2i4+j>n} 1{i+2j>n} 1
gl s =+ = — Z RITHan]
il+jk>n
1,k>2
1{2i+j>n} Vi+2j>n 1 il + jk
< { 2] } + { .‘?2 } + — Z %
2127 2ij n LI
1,k>2
<1{2i+j>n}+1{i+2j>n} ity
2i2j 2152 2n 252"

Consequently, using |a + b[?> < 2|a|? + |b|?, a,b € R, repetitively, we
obtain
1 1 1
i ()2 4 _
2 < D sty X i
i,j<n/2 ij<n/2 i,j<n/2
i#j i+2j>n
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< Z Z log n 105271.

i<n/2 ]>n/4

Lemma 2.9. Ifn > 4, then

lo
1K Al

Proof. By the definitions,

pi(n)p;(n) = pij(n)] = |(1 = e )rj(n) + (1 — e )ry(n)

Applying Lemmata 2.7 and 2.8, we obtain

2
K E i_ljrj(n)z—i—( Z im(n)2> + Z ijri j(n)?
i,j<n/2 i<n/2 i,j<n/2
lo lo lo
gn+ gn < gn

n4 n? n?

Lemma 2.10. Let 4 < K <n be arbitrary, then

K2
22 < -
n

Proof. If n/2 <i <mn and i 4+ j <n, then
1 1 .
pi(n) = = pij(n) = gpj(” — i), (2.6)
and
. (_1)k+1
pi(n) —pj(n—i)=" Y <7 (2.7)
n—i<jk<n
We had used the fact that the summand corresponding to k£ = 1 was
missing for the above indicated ¢ and j. Therefore,

1jn—jn—2 1
e 3 A 2 Ly L

(4,9)€T2 n/2<z<n ]>n/K
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Lemma 2.11. Ifn > 4, then

S5= 3 l(pj(n) —pj(n — 1)) < K4lzgn_
i pj(n) n
(7’7.7)6T3
Proof. The equality follows from (2.6). If j < n/K and i < n(l—-2/K),
then j < (n —1i)/2. Hence, by (2.5) in Lemma 2.7 with n — ¢ instead of

n, we have

1 1 KS
Y2 2 -\ 2
(pj(n) —pj(n —14))" < rj(n)” +rj(n—1i)* < 6 + (=i < s
Therefore,
2 76 4
n K K logn
(4,9) 6T3
O
Lemma 2.12. If4 < K <n/2, then
1
Proof. Again applying (2.6) and (2.7), we obtain
_ I ()2 1
Yy = Z g(pj(n)—p](n—z)) < Z s
(4,9) €Ty n(1—2/K)<i<n
j<min{n—i,n/K}
1 n 1 1
| =
< 2 iSO A K T2k S K
n(1-2/K)<i<n
if 4 < K <n/2. O

Proof of Proposition 2.6. By symmetry
Y5 =32+ X3+ 24

Adding all estimates of X,,, m < 5, we have

logn K? K%logn
+7+7+7
nt K

provided that 4 < K < n/2. Now the choice K = n2/3, for n sufficiently

large, gives

Trace(Q?) <

Trace(Q2) < n2/3.
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Proof of Theorem 1.1. We apply Propositions 2.5 and 2.6 to A,1 and
A, in the variance expression (1.4). O
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Chapter 3

Variance bound refinement

In this chapter, we prove Theorem 1.2 stated in Section 1.9.1, using the

previously introduced notation.

3.1 Auxiliary lemmata

Lemma 3.1. Let M be a real symmetric n X n matrix with eigenvalues

Aly. .., Ap. For every real a and vector x € R™, we have
min |A; —af - [|7]| < [|zM — az]],
i<n

where ||Z|| denotes the Euclidean norm of a vector z € R™.

For proof, see Lemma 20.5 in [8].

The value sums of appearing functions will be approximated by the

Euler-Maclaurin formula.

Lemma 3.2. Ifa,b € Ny and f € C?[a,b], then

b b
S 0) - / flu)du < | £(b) — F(@)] + | F/() — F'(a)| + / | ()]

a<j<b

For proof, see Theorem 0.7 on page 7 of the book [45].

We owe to J. Kubilius [25], who has proposed to use the Jacobi polyno-

mials P(l’o)

21 (u), r € N, to construct approximations for the eigenvectors
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of specific matrices. Namely, we will apply the sequence of polynomials

Ur(u) = uPr(i’?)(l —2u)

—u S (c1yt k:<k> (7“ ; 1>ur—1—k(1 )

0<k<r—1
starting with ¢ (u) = u, ¥2(u) = u(2 — 3u) etc.The required properties
of the aforementioned polynomials are listed below.
Lemma 3.3. For everyr,s € N and 0 < u <1, we have

1

ﬁ%(v)v_ldv ::ArdW(u)a Ar:: C_l)r_lr_17

! _ 0, ifr+#s
r s 1d =
/0 Gl =g 0T

and

Ur(u) < u,  [en(u)] + ()| <1, ¢p(2u) — 20 (u) < u’.

For proof see [25]. We just add that the last estimate follows from the

formula
1—2u

6 (2u) — 20 () = 20u / "()dv,

1—u

which stems from the first relation of the lemma.

Actually, we will use the following discrete version of the last lemma.

Lemma 3.4. Let ¢y(u), 0 <u <1, and A\r, 1 <r <mn, be as in Lemma
3.3. Then

> U s Gmro(d). ise )

n—j<i<n

Furthermore,

S = g0

i<n

Proof. Let j <n — 1. Then, by Lemma 3.2,

> Ui/ /wr Wy | e vl /)

n—J

n—j<i<n
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Bl |40 d/) gl =5/

[ (et =) P

1
du < —. (3.2)
n
If j = n, separating the summand ,(1)/n < 1/n and repeating the

just exposed evaluations for the remaining sum, we would have relation

(3.2) again.

If j <n/2, due to

Ur(1—=j/n)/(1 = j/n) = (1)(1+ O(j/n))

and

/n
n—j

we obtain the estimate of errors as claimed in (3.1). Since by Lemma
3.3 the integral on the left-hand side of (3.2) equals A4, (j/n). O

(S il , 2l o 3

du <« =
n2u nu? n?’

The vectors a, with coordinates a,; := ¥,(j/n), where j,r < n, will
play the essential role in the proof of Theorem 1.2. As a corollary from
Lemma 3.4, we state the first simple observation.

Lemma 3.5. We have
Dy(ar) = Bn(ar) + O(n_l) = (27")_1 + O(n_l)a Ans(ar) < n !,

Proof. Apply Lemmata 3.3 and 3.4 to get

=S w5 +0(5)) = @+ o).

i<n

The same argument suffices for the other quadratic forms. O

3.2 The first iteration

We now explore the quadratic forms Api(a), Ap2(a) and their sum.
Denote the transform

aj:fﬂj\ﬁ, Jj<n,
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where Z := (x1,...,2,) € R" is arbitrary and 7’ is its transpose. Then
the quadratic form
JANSY (a) + Ao (@)

reduces to the congruent one, namely, to
Qi = 1QF + QT
where @ is the symmetric matrix with entries

Qi =Gij + Gij = 1{i,j < nyi+ 5 > n}pi(n)p;(n)\/ij
+1{i+j <n, i # i} (pi(n)p;(n) — pis ()i, 0,5 <n.

The goal of this section is to find the first iteration for the eigenvalues
tr == pr(n), r < n, of the matrix ). The outcome is presented in
Proposition 3.7 below. So far, we know that the minimal eigenvalue of
Q is in the interval of length O(n~'/3) around the point —1/2. Now this
bound will be sharpened up to O(n~!logn). In the next section, we
will construct the second iteration, which further improves this result.

Somewhat intricate calculations are presented in a few lemmata.

The following transforms of a vector £ € R™ are used afterward:
{j < n/2}z;
j Y

1 ZT;
bgj(ii’) = % Z z\ﬂ

n—j<i<n/2

blj(.’i') =

where 7 < n.

Simply, let p(n) be a vector, depending at most on r, with coordinates
pi(n), j < n, not necessarily identical in different instances, and satis-
fying the condition

1p(n)|* =Y pj(n)?* = O(n~?).
Jj<n
Moreover, set (ZM);, j < n, for the jth coordinate of the transformed
vector TM, where M is a n X n matrix.
Lemma 3.6. Define §r = (Yr1,---,Yrn) and ypj := ¥r(j/n)/\/3. Then
for j <mn,
A Ar i 1 _
(yrQ)j = )\ryrj - ?blj(yr) - §b2j(yr) + ,Oj(n)
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1+1{n/2<j< n}(logn))

= A + O o~

+ pj(n) (3.3)

and

_ Ao 1
Q) = =5 hsli) +ps(n) = O( =) +osl). (34)
Proof. By the definitions and Lemma 3.4,

@:Q)j =D yriiy = pi(mVG Y deli/n)pi(n)

B 1 1{j <n/2} _17 . .
= <j BT R O(jg)> \/Jn;@%@/n)pi(n)
_ (1 < n/2})
Vi 27
(_1)s+1 l ] .
> BT Lum e
1<s<n/(n—j) n—j<i<n/s
WERE
VAT
. [ S W _% 3 i12¢r(i/n)] +pj(n). (3.5)
n—j<i<n n—j<i<n/2

In the last step, we have used the fact that the sum over 3 < s <n/(n—j)
concerned only j € [2n/3,n].

If 5 <n/2, then by;(y,) = 0, thus (3.5) can be rewritten as

5Q)s = (5 = 3577) (et /m) + ()

Ay
= \N¥rj — ?blj(yr) + pj(n)

= \trj + O(n\l/j) +pj(n).

This coincides with the expected formula (3.3) in this instance.

If n/2 < j < n, then (3.5) implies

(gr@)j = Nyrj + O(l{n/2n<\/§ < n})
1 1 .
Vi n—j<zi<n/2 2¥r(i/n) + pj(n)
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1 _
= MYrj — §b2j(yr) + pj(n)

= Ay + 0(1{"/ 2= fij"}(log ”)) + p;(n)

as desired. Relation (3.3) is established.

Now we examine gr@. The jth coordinate equals

@Q), =i > weli/m)lpi(n)p;(n) — pi;(n)]

iSn—j, i#]

Vi ¥ wem(i X

i<n—j, i#j (n—i)/j<k<n/j

(_1)l+k
DS ill!jkk!)
2<i<n/i
(n—il)/j<k<n/j

=: Slj + 52]‘.

(_1)k+1
GRk!

Here Si; = 0 if j > n/2, otherwise,

. : -1 k+1 1/}7’ i/n
Sy =1{j <n/2}/j E ( ‘k)kl Z (1/ )
2<k<n/j J nfjk;i,énfj,
1#]

_ {j<n/2} Pr(ifn)
N 2'7\[] n—2jé':$n—j, ¢
Za¥)

Vi I
+O< n 3§§M jk—l(k—l)!>
_ Wi=n/2} r(i/n)
Y 2

n—2j<t<n—j

By Lemmata 3.3 and 3.4,

S PO (w2t — i) +OG /)

n—2j<i<n—j

= At (j/n) + O(5% /n?).
Hence,

M < n/2)

=L G )+ ) = =) + (). (36)

Slj:— B
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Let us examine the next sum

: ' (_1)l+k
si=vi X w0 X G
i<n—j,i#j 2<I<n/i,

(n—il)/j<k<n/j

The summand corresponding to the pair (I, k) = (2,1) in the inner sum
contributes to So; the quantity not exceeding

Wisn2h s~ Ly im))
Wi iz

1{n/2 < j<n} 1 ‘
; . S Lwm)
Wi epfediznns

1G<n/2) o Hn/2< <)
i log(1—j/n)"" + i
< \jin 24072 = pi(n). (3.7)

For the remaining summands in Sa;, we have il, jk < n with [,k > 2.
The additional summand corresponding to ¢ = j would contribute the
pj(n) error. Splitting the completed sum into two parts, we get

LW <n/2i 3 1 3 1

S2j < pj(n)

n GREN! i1
2<k<n/(2)) (n—jk)/I<i<n/I
2<i<n
1{j <n/2}/j 1 1
+ n > mm 2. @
n/(2j)<k<n/j (n—jk)/I1<i<n—j
2<i<n
1{j <n/2}/j 1 Jk\—1
<py)+ ST e (1-77)
o<k<n/(2) )
1{j < n/2}yjlogn 1

n/(2f)<k<n/i”

The logarithmic inequality suffices to estimate the first sum on the right-
hand side. The last inner sum

1
<l{j <n/logn}+1{n/logn < j < n/2}) Z o]
n/(2j)<k<n/j”
1 log? log?
< Y S4B LER (3.8)

k! n? n?
k>(logn)/2
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This and (3.7) yield the estimate Sy; = p;(n) for j < n. Consequently,
taking into account (3.6), we obtain

A )\7‘ _ .
(gTQ)j = _?blj(yr) + Pj(n)7 J<n.

This is the first relation in (3.4) leading to the second rougher estimate.
O

Proposition 3.7. Let Sp(Q) be the spectrum of the matriz Q and, as
above, \, = (—1)""1/r. For each fived r > 1, there exist constants C,

and n, € N, and a unique eigenvalue p, € Sp(Q) such that
[ = Ar| < Cr(logn)/n (3.9)
provided that n > n,.

Proof. To prove the existence of an eigenvalue in the vicinity of A, it
suffices to apply Lemma 3.1. Namely, one has to sum up over j < n
the squares of errors on the right-hand sides of (3.3) and (3.4) to get
O((logn)/n) bound. Since by Lemma 3.4 we have ||7,||* = 1/(2r) +
O(n1), the vectors 7, become the approximate eigenvectors for each
lying close to A,.

Let us prove the claimed uniqueness. Suppose that p,, a neighbor of
Am, m < n, is the first having a partner ji,,,, such that pi, — piym <mm
(logn)/n with m’ > m and let n be large. Fix another index ro > 4m?
and introduce

C :=max{C,: r <rp}, ng := max{n, : r <rp}.

Then (3.9) holds for all r < rg if C is substituted for C, and n > ny.
Furthermore, we can find an n’ > ng such that the intervals I, :=
[Ar—C(logn)/n, \p+C(logn)/n|, r < ro, do not intersect if n > n’. This
implies that m’ > ro > 4m?. After showing that |u,.| < 1/rq < 1/(2m)
for each r > rg, when n is sufficiently large, we will be sure that no such

W €exists at all.

For this purpose, we evaluate the trace of matrix Q2. Since Gijqi; = 0,
we have

Trace(Q?) = Trace(Q?) + Trace(Q?).
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Using pj(n) < 1/j for j <n, we obtain

A . 1 1
Trace(Q?) = Z ij(pi(n)pj(n))? < Z i Z 5= Z)\g
i+j>n i+j>n J r<n r<n
h,j<n i,j<n

Further, we observe that

Trace(@2) = Z ij(pi(n)p;(n) — pi; (n))2

i+j<n
i#j
(pi)ps(n) = pig()? _
Si;n Pi(n)pj(n) = o(1).
i#]

In the last step, we applied a vague form of the estimate obtained in
Theorem 1.1. Consequently,

Trace(Q?) = Z,u,% < Z A2 4 o(1).

r<n r<n

Combining this and (3.9), we obtain

Doomr< Y XN+ (A - +o(1)

ro<r<n ro<r<n r<ro
1  du 1
= E 2—|—0(1)</ — +o(1) = — +o(1).
T r0 u o
ro<r<n

Hence, max{|u,| : 7 > ro} < 1/(2m). Consequently, apart from iy,
there is no p,,y in the interval I(m) if n is sufficiently large. O

3.3 The second iteration

This section further sharpens Proposition 3.7 by dropping the logarith-

mic factor.

Proposition 3.8. Recall that A, = (—1)""1/r and let p,, r < n, be the
etgenvalues of Q@ examined in Proposition 3.7. The following approxi-

mation s true

e — Ap <n !

for each fixed r.
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We now also apply Lemma 3.1 but choose more sophisticated approx-
imate eigenvectors for u,. The idea, already adopted in J. Kubilius’s
number-theoretical paper [26], had been elaborated in effective matrix
eigenvalue localization algorithms. Their vast exposition can be found
in Chapter 4, [44]. We present the technical calculations in the next

lemmata.

Using the previous notation, we introduce the vectors by (%) and ba(¥;)
having the coordinates

) = WS 2l

_ 1 Ve (i/n) .
b2j(y7") = 7 Z ;2 y J <mn,
J n—j<i<n/2

respectfully.

Lemma 3.9. We have b1 (5,)Q = ba(9,) + p(n) for each fized r < n.

Proof. By the definitions and recalling that p;(n) =1/jif n/2 < j <n,
we have

(bl(?jr)@)j:pjm)\/; > bu(@e)pin)Vi

n—j<i<n

:1{n/2;jj§n} 3 1/’7"(;2/”)(1+0(1))

n—j<i<n/2

— b5 + O (MM EEIEM) ) 4 gy, (310)

if 5 <n.

In the next step, we also follow the proof of Lemma 3.6. Namely,

~ 1<n i/n —1)k+1

kLl

i<n—j, i#j ! b (n—i)ji<k<nti 7 &

(_1)l+k " .
D> AjRE] ) = 51+ 5.
2<I<n/i,
(n—il)/j<k<n/j

Here
~ . - 2/ —1)k+t
Si=igsneng Y WM > OF

i<n/2,ij (n—i)/j<k<n/j
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—1)k+1 i/n
D S D

2<k<n/j © n—jk<i<n/2,i#j
k>n/(24)
1{n/4 <j<n/2}logn  1{j <n/4}/jlogn 1
n]3/2 T n Z jkk!
n/(2j)<k<n/j
Vilog®n )
<pjn) + =—5—=pi(n), j<mn,

by applying (3.8).

The proof of §2j = p;j(n), j <n, is even easier than that in Lemma 3.6.
We omit the details. This and (3.10) complete the proof. O

Lemma 3.10. We have by(9,)Q = p(n) for each fived r.

Proof. Notice that be;(y,) = 0if i <n/2, and pj(n) =1/jifn/2 < j <
n. Using this, we have

(USO NEON D SERTE I S CL

n—j<i<n n—i<l<n/2
- Yr(l/n 1

=pi(nVi ) (lz/ ) > i (3.11)
1<i<n/2 (n—j)V(n—1)<i<n

We divide the sum into parts according to the values of j and [ and
apply the logarithmic inequality log(l — z)~! < z/2if 0 < 2 < 1/2
where possible. We first obtain

0j(n) == 1{n/2 < j < n} (ba(5)Q),

_ 1n2<j<n) b (1) 1
= N > >

1<i<n/2 n—I<i<n L
l
L — er /n) log (1 —1/n)"t < n=32,  j<n.

f

1<i<n/2

Next, we observe that contribution of the partial sum in (3.11) over ! < j
is negligible if j < n/2. Indeed,

i(n)vJj1j < n/2 ~(L/n 1
%W&mw%y/i;wg>;
<i<j n—l<i<n

Z%l/n<<£ J<n.

1<l<g
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The last two estimates yield
()2 ()2 -2
> (vj(n)?* +wi(n)®) < n2. (3.12)
j<n
It remains to prove that the vector, which jth coordinate is just the
remaining sum in (3.11), namely,

j<i<n/2 n—j<i<n

SRV U}

n

<n,

j<l<n/2

has also small norm. Evaluating the latter, we will apply the Cauchy-
Schwarz inequality. So we obtain

IOEED ETEDY Wzlz/n)f

Jj<n j<n/2 j<l<n/2
1 . . V2(1/n
< LS gy o U
Jj<n/2 j<i<n/2
1 ) . 1 1 .
<7 Z]("/Q—J) Z 2 <. Z(n/Q—J)<<*
j<n/2 j<i<n/2 j<n/2

Combining this, (3.12) and (3.11), we obtain the estimate

ba(7r)Q = p(n). (3.13)

While estimating (l_)g(gjr)@)j, we first change the order of summation

and arrive at

(b2(3)Q); = Vi Y. Ui>n/2}pi(n)p;(n) - pij(n)]

i<n—j,1#£j
~(L/n
3 2 (52/ )
n—i<i<n/2
=i X S o) g
j<i<n/2 n—Il<i<n—j

Here we have left only the nonzero summands and omitted the empty
condition ¢ # j. Afterward, we use the following property:

(n) —p:(n—1 _1\k
pi(mpy(n) — pigin) = IR =) Lo (FDM

i i L Gk
(n—i)/j<k<n
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if n/2 <i<mnand j <n. Thus,

R U I (1
(b2 (yT)Q)J \/j Z l2 Z i Z W
j<i<n/2 n=l<i<n—j (n—i)/j<k<n
1 Yr(l/n) 1
<57 > 7 -
j<l<n/2 n—Il<i<n—j
1 ¢r(l/n) [ — ]
G TR on
j<l<n/2
1 Yr(l/n) 1 .
< ——F Z L ——= =pj(n), j<n.
n]\/jj<l§n/2 ! T’L]\/j

This and (3.13) establish ba(7,)Q = p(n).

Proof of Proposition 3.8. Choose

_ 3 _
T =Y, =y —bi(yr) — ba (Y
Z Y 1(9r) 2, 2(r)
and apply Lemmata 3.6, 3.9, and 3.10 to verify that

0,0 AV = (M = Abi(r) — 5B2(5n)) — Ba(ie) + o)

(= 815 = 53 Ba(69) = (o).

By Lemma 3.1, the eigenvalue p, of @) satisfies the inequality

= Al 1Y) < 11Y,Q = A Yol < 7 (3.14)

As we have observed such pu, is unique if n is large enough. It remains
to find the lower bound of ||Y;||. By (3.2), we already have

191 = (2r)7*(1 + O(1/n)).
Furthermore, as seen from (3.3) and (3.4),

101 (F)1] + [1b2(7r)|| < (logn)/n.
Hence,

1Vl 2 1171 = 151 (@] = (B/2)rl|Ba(r )| = 2712
provided that n is sufficiently large and r is fixed.

Now application of (3.14) completes the proof of Proposition 3.8 O
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Proof of Theorem 1.2. Proposition 3.8 shows that pus = —1/2+ O(n™1)
is the minimal eigenvalue of matrix Q. Thus, zQ% > ( — 1/2 +
O(n™1))||z||* for all Z € R™. Consequently, by the definitions,

V(@) < Dp(@) + (1/2+ O0(n™1))By(a) < (3/2+ O(n™1))B,(a)

for all @ € R™ with an absolute constant in the symbol O(-).

On the other hand, we have found the values of the involved quadratic
forms at the point @ = as. Namely, by Lemma 3.5,

Vn(dg) = Bn(dg) + O(nil) — (Anl(ag) + Ang(dg))
= (3/24+0(n™ ")) By(as).

This gives the lower bound for the supremum of ratio V,,(a)/By,(a) over
a € R". O
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3.4 Hypothesis for bound improvement

Taking inspiration from J. Lee [27], who sharpened inequality (1.1), we
also raise the question whether Theorem 1.1 can be improved in a similar

manner. To check this hypothesis, we turn to numerical methods.

The figure 3.1 presents computer calculation results for strongly additive
functions defined on random permutations. The sub-figure on the left de-
picts the behavior of maxzegrn Vi, (a)/ Dy (a) and max gern Vi, (a)/Br(a).
The calculations are done by transforming the ratios into zVp'/||z|?
(zVpx'/||Z||? respectively) by the linear variable substitution (here Vp
and Vp are the appropriate symmetric n X n matrices). Finally, the
largest eigenvalues of Vp and Vg are graphed.

The sub-figure on the right in figure 3.1 shows three eigenvalues of the
matrix ) of the maximal module for differing n < 100 values. They
support the hypothesis that the bound

3 C
2

Vo(a) < =Dp(a) ——, a€R", CeRy, n>2,
n

1.0 4
0.8 1 /"1/7

0.6 4

M1
12

1.2 A max
acR"

T T T T T T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100

Figure 3.1: Numerical calculations for the variance of strongly additive
functions.
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Chapter 4

Completely additive
functions defined on
weighted multisets

This chapter is devoted to variance estimates for completely additive
functions defined on weighted multisets. We prove the theorems stated

in Section 1.9.2, using the previously introduced notation.

4.1 Auxiliary lemmata

Let ﬁ(z) = (VEI)W%@, ...) be an infinite dimensional vector with coor-
dinates that are independent r.vs. following the negative binomial law
with parameters 73@) ~ NB(m(j),2%), i.e.,

m(j)+m—1
m

P(fy](?) =m) = < >(1 — xj)”(j)a:jm, m € Ny,

here 0 < 2 < ¢ !'. Suppose that the structural vector k(o)
is also expanded to an infinite dimension accordingly k(o) =

(k1(0),ka(0),...,kn(0),0,0,...) € NF.

Lemma 4.1. Let U : N — R be a mapping, such thatE‘\Il('_y(z))‘ < 00.
Then

E\I/(’y(x)) = (1 - qx) <\Il(0) + ZEMD(IQ(Q))(]"J:”), 0<z<ql.

n>1
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This expression follows from the so-called conditioning relation for
weighted multisets

va(k(0) = 5) = P(7") = 8]0 = n),

where (%) = dis1 jfy](.x). For proof, see [13].

This Lemma allows us to calculate the moments of the coordinates of a

random structural vector. It remains to just choose the right mappings
v,

Lemma 4.2. The following formulae for the moments of the random
structural vector coordinates are true:

Also, if i # j, then

E,(ki(0)k;(0)) = m(i)m () > ¢ "

Proof. The proof relies on Lemma 4.1.

1) Let ¥(k) = kj. Then
E\p(—(w)) —Ey® = L(‘j)xj =7(§) Zz(n-i-l)j
n>0
On the right side of the identity in Lemma 4.1, we have
(1 40) (9(0) + BRI " ) = (1= 02) 3 Buky(o)a"s"
n>1 n>1

Combining both, we get

7(j) 32 = (1 q2) 3 Buky (o)™,

n>0 n>1
(+) Z%“"“’Q (gqrﬂ)’f) - S Bdylona"
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()7t D d =D Eaki(0)d"a".
n>1 Jk+l=n n>1
>0, k>1
Now compare the coefficients of ™ to obtain
E k(o) =7(j) > ¢ "=xG) Y, ¢
jh+=n 1<k<n/j
>0, k>1

Other expressions are derived accordingly by using different mappings
v,

2) Let U (k) = /Cj(k’j —1). Then
BU (7)) = By (" — 1) = B(3}7),

- <1 fjxj>2r(§<(%>2) = (1 ij)Qw(j)(w(j) ).

Also,

(- a0 (¥0) + X B0 )"

n>1

=(1-q2) ZE” (kj(0)(k;(0) — 1))g"a™.

n>1

Combining both expressions, we get

(1 iﬂ) () (w() +1) = (1—qz) Y En(ki(0)(k;i(e) — 1))q"a",

n>1

2
() () + 1)(2:&]‘) S (gn) = 3 Ba (ks () (ks (o) — )",

k>1 >0 n>1
w<j><w<j>+1>2m“< S ql)—ZEn(km)(kj(g)—1>)q%~”.
n>2j k]g;—gyl—’l-llzzon n>1

Comparing coefficients of z"

w(j><w<j>+1>< 3 ql>:En(kj@)(kj(g)—l))q",

kj+rj+i=n
k,r>1,1>0

w<j><w<j>+1>( T q-ﬂkm):En(kj@)(kj(@)—l)),
1<r<n/j,
1<k<(n—1)/j
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w(j)(w(jm)( 3 <k—1>q—jk):En(km)(kj(g)—l)).

1<k<n/j

3) Let W(k) = kjki, i # j. Then

EU(7%)) = (1 - qr) (\P<o> n ZEnwg))qw),

n>1
x 7( )wjﬂ( ) n
E(%( )%( )) - (1 —fo)(l — ) (1-qx ;E ",
() (i) ™ a7 (qz)™ ) = D> En(kj(0)ki(e))q" 2",
() (% )(;; ) = B @)
@) a3 "= Eu(ki(0)ki(e))q"a"
n>0 ki+lj+m=n, n>1
kl>1,m>0
Hence,

(@) Y. Y =Eu(ki(0)ki(o)).

kit+lj<n
O

Now we have all the tools needed to derive the variance expression of
completely additive functions.

Proof of Theorem 1.4. Using Lemma 4.2, we obtain

= > aBukile)= > aim(j) > g *

1<j<n 1<j<n 1<k<n/j

1<j<n
= En< 2k2 Z a;a;k; >
1<j<n h,j<n
i#£]
= Z a (E k ( ) (k] + Z a;a; ](Q))
1<j<n ij<n
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Finally,

Vi (h(a)) = B (h(@)” — (Bah(@)” = D a?(Bnkj(0) + Ea(k;(0)),)

1<j<n

2
+ ) aiaEn(ki(o)k;(0)) _< > @) ) q_jk)

ij<n 1<j<n 1<k<n/j
i#]

- Y () X o

1<j<n 1<k<n/j

LA+ Y (k- 1>q—jk>

1<k<n/j

+ Y aagm(n(j) Y ¢

5,j<n Lk>1
i2] il+jk<n

= > aaym(in(j) Y g

i.j<n 1<n/i,
k<n/j

= > (k¢ + Y adr() (k- 1)g

1<jk<n 1<jk<n

— Y an(@)’(m—1)g "

1<im<n

- > aam(iyw(j)g
il+jk>n
il<n,jk<n

= Z a;m(j)kq 7 — Z aiagm (i) (f)g "~
1<jk<n il+jk>n
il<n,jk<n

We have obtained the expression (1.9). O

4.2 Variance bounds for completely additive functions

In this section, we find the variance estimate of completely additive
functions. The main goal is to bind the variance V,, by its first term in
(1.9), which will be denoted by B,

B,(a) := Z a? () kg~

1<jk<n
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The second term will be estimated using R,,

R, (a):= > mq*m(z ajTr(j))Q.

m<n jlm

Proof of Theorem 1.5. Inequality (1.10) is equivalent to
Ny —il—jk Lo
— Z aa;m(i)m(j)g " < iRn(a). (4.1)
il+jk>n
il<n,jk<n

To prove this, we group the summands on the left-hand side

= Y. aem(@n(i)g

il4+jk>n
il<n,jk<n
“m . —m .
=— > (q . Zmﬂ%)) (q 2y aﬂf(J))-
mi+ma>n ilma Jlma
m1,mz2<n

Now, it remains to apply inequality (2.1), with
by = q_mZaﬂT(j), m < n.
jlm

The claim (4.1) is proved. By Lemma 2.4, inequality (4.1) becomes an
equality if
g " Zaﬂr(j) =3m—2n— 1.
jlm

From this, we find a; by using Mébius inversion formula. So,
3 j 2n+1 J
= () - 2 ()
v w(j>§|;q’“‘d ) 21
J J

It remains to apply (1.8).

Subsequently, we will use the following notation

j=1(1,2,3,...,n) € R™.
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Proof of Corollary 1.6. To prove the left inequality in (1.12), it is suffi-
cient to show that R, (a) < B,(a), n > 2 and a # 0. We estimate the

inner sum of R,, as follows

2 am(i a’m(j
<Zaﬂ(j)> < Z’J(]) DN UOED P j(]) " (42)
jlm jlm jlm dlm
therefore,

) N
<Y mg ™y L=~ =By(a). (4.3)

m<n ]\m

Actually, we can change inequalities (4.2) and (4.3) to be strict, since the
Cauchy inequality is strict except for the case when a is proportional to
j. To tackle the second inequality of (1.12), we find the exact expression

2 a?n’(])qj 2 . —jk
V= Y avy= 3 2 S )Yk
1<j<n 1<j<n 1<j<n k>1

Further, we use an elementary formula

1-n _ 1
ka*k z EZ‘” 1;+ ) a>1nen. (4.4)

It remains to estimate

VY, — B,( Za 7(j Z kq Ik

j<n kztn/jjﬂ |
_ ];a 2 ( (CJ‘JW” (q]((L(Z/le—;zl) - LWJ’J))
> q”;aiw(j)qj%f)__lgg/j)

O]

Lemma 4.3. The quadratic forms B, (a—tj) and R, (a—tj) attain their
mintmum values with respect to t € R when

2 —m
t=tai= > mg™ Y aiw())

m<n ilm
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Proof. We begin with

B.(a —tzj) = Z (a; — taj)’m(j)kq I
1<jk<n
1
— B,(a) — tn(n+ Dtg + tZ”(”;).

Similarly,

~ 2
R.(@—tj)= Y mq‘2m<2(aj—taj)w(j>)
jlm

1
) —tn(n+ 1)tz + th(n;—)'

S)

=R, (

By using properties of parabolas, we can deduce that B, (a — tj) and
R, (a — tj) attain their minimal values when ¢ = ;. O

Proof of Theorem 1.7. First, notice
V,h(a) =V, (h(a@) — tn) = V,h(a — tj), VteR. (4.5)

Hence, the right (1.13) inequality follows from (1.10) and (4.5). The
left-hand side can be derived from (2.2). We only need to apply the
substitution

b =4~ 0~ taf)m ()

jlm
m < n to the quadratic form R,,. It remains to show that the condition
> m<n mby, = 0 holds. Indeed

Z mby, = Z mq~ ™ Z(aj —taj)m(j)

m<n m<n jlm

n(n+1 _
:(2)ta—ta2mq g™ = 0.

m<n

O]

Proof of Corollary 1.8. The result follows from B,, > R,, and (1.13). [
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4.3 Asymptotic expressions

The goal of this section is to derive asymptotic formulas for the supre-

mum and infimum of %2 ((C;) Besides the already introduced notation,

we will also use © to represent any real value whose absolute value does
not exceed 1, i.e., instead of |A| < |B|, we will write A = ©B. We begin

this section with some auxiliary lemmata.

Lemma 4.4. Let aj be as defined in (1.11). If 1 < j <n, then

7 (f)a; — 3j¢7 + (2n + 1)jm(5)| < 35¢’?,
m(j)al = ©(65¢’ + (2n + 1)¢’), (4.6)
aj = O(65 + (2n + 1))4j. (4.7)

Proof. Starting from the definition of a}, we obtain

m(f)a; = 3j¢’ + 2n+ 1)jn ()| = [3 > dg’u(j/d)]

dlj
d<j/2
<3 dg"<3 > dg <3 >
d)j 1<d<j/2 1<d<g/2
d<j/2
3jad? =1 _ . p
_ a1 i,
2 ¢-1 -1

Inequalities (4.6) and (4.7) can be derived using 4- < jm(j) < ¢’

m(j)al = O(3j¢’ + (2n + 1)j7(j) + 3j¢'/%) = ©(6j¢" + (2n + 1)¢’),

ai = O(6j +2n+ 1)¢/x(j) " = O(65 + 2n + 1)45.

O
Lemma 4.5. If n > 2, we have
D kgIF <8g7.
k>2
Proof. We will use the identity (4.4)
W o
S DD 2 2 (Y g
= (qf—l) (¢ =1~ ¢¥ \¢ —1
O
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Lemma 4.6. If n > 2, then

> (a))’w(h)kgF = O(n?).
1<kj<n
k>2

Proof. First, we use the previously proven Lemma 4.5 to obtain

> (@)’ Tk F < Y (@)Y kg

1<kj<n 1<j<n k>2
k>2
<8 § g ¥ <8 E
1<_7<n 1<]<n

Next, inequality (4.7) yields

8 Y (a7 =0 ) (6j+2n+1)%q 7]

1<j<n 1<j<n
=0 Z]q +06 Z]q (2n+1)
1<j<n 1<j<n
+0 Z jg 7 (2n+1
1<j<n
= O(n?).

Lemma 4.7. If n > 2, then

R, (a") =

(n—1)n(n+1)(n+2)
1 .

Proof. We only need to use the definitions of R,, and a*. Thus,

Z mq 2™ (™ (3m — 2n — 1))?

1<m<n
> 9m® —6m*(2n +1) + m(2n +1)°
1<m<n
1)(2 1
_ %nQ(n L 12— 6(2n 4 1)M0E )6( n+l)
1
n(n2—|—)(2n+ 1)2
(n=Dnn+1)(n+2)
= 1 .
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Lemma 4.8. If ¢ > 2, then
7() " =g (1+ g 7).

Proof. We use the property ¢//j — 7(j) < ¢//? and obtain

;

; i/
T 1402
J ™J

Lemma 4.9. If n > 2, then
B, (a*) = R, (a*) + O(n?).

Proof. We estimate B, (a*) using the results from the lemmata in this

section. Namely,

B.(@) = > ajn(j)kq 7

1<jk<n
= > (@)Pr@e 7+ > (@) ’m(i)kg
1<j<n 1<kj<n
E>2
= Z ajﬂ(j)a;q_j—i-O(nz)
1<j<n
= > <3jqj—<2n+1>jw(j>+0<jqj/2>>
1<j<n

- <3jqu<j>—1 a1+ o<jqﬂ‘/2w<j>—1>> o)
= > <9J'2t12j7r(j)1 —3(@2n+1)7%¢
1<<n

—3(2n+ 1)5%¢° + (2n 4+ 1)%5%7(5)

+ 0@ P (§) 7 + ngPn(j)g I + jg))qj +0(n?)

= 3 (wa+ e s+ s

1<j<n
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+(2n+ 1)2j> + 0(n?)

— R, (@) + O(n?).

O
Proof of Theorem 1.9. Inequality follows from Lemma 4.9:
V,h(a) _ Vyh(a®) 1R,(a*) .3 C
sup > ——— =14+ <25 5
acrn\{0} Bn(a) — By(a¥) 2B,(a*) — 2 n?
O

An asymptotic formula for the infimum will be proven in the same way.
We examine the case of a = a3, where

as; = (3n? +3n+2)j+TZM 7/d)q?(10d? — 6(2n + 1)d),
d|j

or alternatively,

g7 asgm(d) =105 — 6(2n + 1)j + 3n® + 3n + 2.
d|j

Lemma 4.10. Ifn > 3, then

(n=2)(n—n(n+(n+2)(n+3)
6

Rn(a3) =

Proof. The proof is a straightforward calculation derived from the defi-

nitions of R,, and as:
Ro(a5) = > mq 2™ (q¢"[10m? - 6(2n + 1)m + 3n® + 3n + 2])°
1<m<n

= ) 100m® —120(2n + 1)m*

1<m<n
+ (36(2n + 1)% + 20(3n2 + 3n + 2))m>
—12(2n + 1)(3n* + 3n + 2)m? + (3n® + 3n + 2)’m

1
- 1020 2(n+1)%(2n* +2n — 1)
12
- 3—(;)(2n +1)%n(n+1)(3n% +3n—1)
1
+n 2(n+1)%(36(2n + 1)* 4 20(3n* + 3n + 2))
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- B(271 +1)2n(n + 1)(3n* + 3n + 2)

6
1
+ in(n +1)(3n? + 3n + 2)?
~ (n=2)(n—1)nn+1)(n+2)(n+3)
— . _
O
Lemma 4.11. If1 <j <n, n >3, then
[m(j)as; — (3n% 4+ 3n+2)j7(j) — 1052¢° + 6(2n + 1)j¢’|
< (552 4+ 65(2n+1))¢"/?,
m(j)az; = O¢ ((3n® + 3n + 2) + 1557 + 12;(2n + 1)),
= O((3n* 4+ 3n +2) + 1552 + 125(2n + 1))45. (4.8)
Proof. Similarly to Lemma 4.4, we have
[m(f)a%; — (3n® + 3n + 2)jm(j) — 105%¢7 + 6(2n + 1)j¢|
=| > (10d* = 6(2n + 1)d)q (i /d)]
d|j
d<j/2
< ) (10d* - 6(2n + 1)d)q”
d|j
d<j/2
<10 Y d¢+6(2n+1) > dg?
1<d<j/2 1<d<j/2
< (L 2+ 0 @n+1)j) >
27 n q’
1<d<j/2
5 Jl2 _q .
< <2j2 +3(2n + 1)1’) q(qq_l) < (552 +6(2n+1)5) />
O

Lemma 4.12. Ifn > 3, then

> (a3)*m(i)kq7* = O(nY).
1<kj<n
k>2
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Proof. We use the result of Lemma 4.5 and the equality (4.8) as follows:

Z (a3;)°m(j)kqg 7" <8 Z (a3;)%q 757"

1<kj<n 1<j<n
k>2

2
=D <((3n2 +3n+42) + 1552 + 12j(2n + 1))4j> g7
1<j<n

< cont Z ¢ 7% = 0.

1<j<n
O
Lemma 4.13. Ifn > 3, then
B, (a}) = Ry (a}) + O(n*). (4.9)

Proof. We use the results from the lemmata in this section and obtain

B(as) = ) (a3)*n(j)kq 7"

1<jk<n
= > (@)’n(a7 + Y (a;)’m (ke

1<5<n 1<kj<n

k>2

= > (a3m(i))az;a 7 +O(n?)

1<j<n
= 3 j((3n% +3n +2) + 1052 — 6(2n +1)j)” + O(n?)

1<j<n
=R, (a3) + O(n).

O
Lemma 4.14. Ifn > 3, then
ta* = 0.
3

Proof. We use the definition of t;

*nn—i-l
i—qu "y akm(;
m<n jlm
=Y m(10m® = 6(2n + 1)m + (30 + 3n + 2))
m<n

6(2n + 1)%n(n + 1)
6

10
= an(n +1)% -
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n(n+1)(3n% + 3n + 2)
+ 2

Proof of Theorem 1.10. Inequality follows from (4.9) and (1.13):

. Voh(a) = Vy(a3) 1R, (a3)
inf — < e LT3 -
ackm\R(j) Bp(a) B, (a3) 3B, (a3)
N 3R, (a5) + O(n?)
2. C
-3 n?

The choice of @} implies that on the left side of (1.13) we have an equality.
O
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Chapter 5

Conclusions

o Constant 3/2 remains optimal for large classes of additive functions

in their respective analogs of Turdn—Kubilius inequality.

e Results from probabilistic number theory are expected to have

analogs for decomposable combinatorial structures.

e Techniques used to establish probabilistic results in number theory
are useful for the analysis of analogous problems for decomposable
combinatorial structures.
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Santrauka (Summary in
Lithuanian)

Tyrimo objektas

Disertacijoje tiriamos adityviyjy funkcijy virs atsitiktiniy keitiniy ir
svoriniy multiaibiy dispersijos bei ju jverciai.

Aktualumas

Keitiniai uzima centrine vieta kombinatorikoje. Jie naturaliai taikomi
sprendziant jvairius baigtinés aibés rikiavimo uzdavinius. Algebriniu
pozituriu, keitiniai sudaro simetrines grupes, padedancias atskleisti tiek
geometrines, tiek algebrines simetrijas. Kaip paprasciausi iS zymeéty
orentuotyjy grafy, jie tampa pradiniu tyrimy lauku siekiant placiy
apibendrinimy sudétingesniy grafy klasése. Ivairiai interpretuojami, kei-
tiniai yra svarbus daugelyje matematiniy ir fizikiniy tyrimy.

Keitiniy savybés dazniausiai isreiskiamos jy aibéje apibréztais atvaizdzi-
ais, is kuriy savo svarba issiskiria adityviosios funkcijos. Jomis uzkoduo-
jamos jvairios keitiniy charakteristikos, tokios kaip keitinio eilé grupéje
([9], [51]) ir jo cikly ilgiy specifinés savybeés (zr. pvz., [49]). Be to, adi-
tyviosios funkcijos aptinkamos ir fizikiniuose modeliuose, pvz., Hamilto-
nianuose, apibréziamuose Bose dujuy teorijoje (zr. [5] ir kitus ten cituo-
jamus straipsnius). Kai keitinys imamas atsitiktinai, adityviyjy funkecijy
elgsena yra nenuspéjama. Taikydami reiksmiy vidurkius, turime gebéti
ivertinti jy dispersijas. Pastaryjuy jverciai naudojami jrodinéjant ribines
teoremas, didziyjy skaiciy désnius. Antrieji ir bendresni laipsniniai mo-
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mentai naudojami apibréziant funkcijy erdves. Todél pagrindinis pirmo-
sios disertacijos dalies tikslas — maksimaliai tikslus adityviyjy funkcijy
dispersijy jverdciai.

Antroje disertacijos dalyje panasi metodologija plétojama adityviosioms
funkcijoms, apibréztoms virs svoriniy multiaibiy. Visy pirma, Sios kom-
binatorinés strukturos apima moninius polinomus virs baigtinio kuino,
sudaranc¢ius vadinamuosius adityviuosius pusgrupius. Tai ypac¢ popu-
liari ir svarbi teorinei informatikai bei kriptografijai struktury klase, zr.
[6, Chapter 2]. Adityviosiomis funkcijomis, apibréztomis Siuose pus-
grupiuose, galima aproksimuoti polinomo skaidymo kuno laipsnj (zr.
pvz., [7], [51], [50, Chapter 2], [42]). Jos iSreiskia neredukuojamuy poli-
nomo daugikliy savybes. Disertacijoje nagrinéjama, kiek bendresné negu
polinomai virs baigtinio kiino struktury klasé — vériniy multiaibés. Jas
galima interpretuoti, kaip cikliskai ekvivalencius zodzius, sudarytus is
baigtinés abeécelés raidziy [41]. Kaip ir keitiniy atveju, bendros adi-
tyviyju funkcijy savybés padeda atskleisti svoriniy multiaibiy charakter-
istikas. Kai Sios strukturos is savosios klasés imamos atsitiktinai, tokiy

funkcijy vidurkiy ir dispersijy vertinimo problema tampa aktualia.

Tikslai ir uzduotys

Pagrindinis Sio darbo tikslas — tirti adityviyjy funkcijy, apibrézty virs
skaidziyjy kombinatoriniy struktury, dispersijos asimptotika. Keliamos
sios uzduotys:

e Stipriai adityvioms funkcijoms, apibréztoms virs atsitiktiniy kei-
tiniy, gauti dispersijos jvercius su tiksliomis asimptotinémis kon-

stantomis ir kaip jmanoma geresniu liekamuoju nariu.

e Visiskai adityvioms funkcijoms, apibréztoms virs atsitiktiniy
svoriniy multiaibiy, gauti dispersijos jverc¢ius su tiksliomis asimp-
totinémis konstantomis ir kaip jmanoma geresniu liekamuoju

nariu.
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Metodai

Disertacijoje taikomi skaiCiuojamosios ir tikimybinés kombinatorikos,
skaiciy teorijos, tiesinés algebros bei skaitinés analizés metodai. Nau-
dojami J. Kubiliaus [26] ir J. Lee [27] darbuose pristatyti kovariaci-
jos matricos analizés budai, paremti ortogonaliyjy polinomy savybémis.
Kai kurios kvadratinés formos, atsirandancios adityviyjy funkcijy dis-
persijos iSraiskose, yra vertinamos pasinaudojant J. Klimaviciaus ir E.
Manstavi¢iaus rezultatais [19]. Svarbiausias dispersijos jvercio pagerin-
imas yra pasiektas panaudojus vadinamajj matricos laipsniy algoritma,
skirta didziausiai matricos tikrinei reiksmei rasti [44].

Naujumas

Visi Sioje disertacijoje pristatomi rezultatai yra nauji. Jie praplecia
adityviyjuy funkcijy, apibrézty virs atsitiktiniy kombinatoriniy objekty,
teorija.

Aprobacija

Tyrimy rezultatai pristatyti Siose konferencijose:

o International Conference on Probability Theory and Number The-
ory, Palanga (Lithuania), 2024, Variance of a Strongly Additive
Function Defined on Random Permutations.

e 2025 International Conference on Probabilistic, Combinatorial and
Asymptotic Methods for the Analysis of Algorithms (AofA 2025),
Toronto (Canada), 2025, On Covariance Matriz Related to Com-
ponents of a Random Combinatorial Structure.

e 66" Conference of Lithuanian Mathematical Society, Klaipéda
(Lithuania), 2025, Keturiasdesimtmetés Kubiliaus nelygybés analo-
gas keitiniams (pristatyta bendraautoriaus E. Manstavi¢iaus).
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Publikacijos

e A. Karbonskis, E. Manstavicius, Effective bounds of the variance
of statistics on multisets of necklaces, Lietuvos matem. rink.,
61(A):7-12, 2021.

o A. Karbonskis, E. Manstavic¢ius, Variance of a strongly additive
function defined on random permutations, Lithuanian Mathemat-
ical Journal, 61(3):1-13, 2024.

e A. Karbonskis, E. Manstavic¢ius, Variance of statistics defined
on random permutations, Lithuanian Mathematical Journal,
65(4):548-563, 2025.

Isvados

o Dispersijos virSutiniuose jver¢iuose esanti konstanta 3/2 islieka
optimali Turano—Kubiliaus nelygybés versijose, gautose placioms
kombinatoriniy struktury klaséms.

o Tikimybinés skaiciy teorijos rezultaty analogy galima tikétis na-
grinéjant skaidzigsias kombinatorines strukturas.

o Tikimybinés skaic¢iy teorijos metodai yra naudingi sprendziant

atitinkamus skaidziyjy kombinatoriniy struktury uzdavinius.

Istoriné apzvalga

Disertacijoje vertiname priklausomuy atsitiktiniy dydziy (toliau a.d.),
atsirandanciy kombinatoriskai apibréztose tikimybinése erdvése, sumos
dispersija. Tokiy uzdaviniy nagrinéjimg jkvépé Turdno—Kubiliaus nely-
gybés sékmé adityviosioms skaiciy teorijos funkcijoms f: N — R. Pagal
apibrézima, jos yra isskaidomos taip:

Fm) =>"f(t™) it m=]]p*",
plm plm

¢ia p yra pirminis skaicius, ap(m) € N, o plm zymime "p dalija m”. Jei
f(p*) = f(p) kiekvienam pirminiam p ir k¥ € N, tuomet f vadinsime
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stipriai adityvigja funkcija. Sios funkcijos tenkina Turano-Kubiliaus
nelygybe

PHOWES I ) kI k<o 6

p|m p<n p<n

¢ia C' > 0 — absoliuti konstanta. Pirmaja tokio tipo nelygybe apréztoms
f(p) suformulavo ir panaudojo P. Turdnas [46]. Joje K, (f) negaléjo buti
aprézta konstanta, nes desiniojoje nelygybés puséje autorius naudojo
kitokia negu virSuje, butent, pirmyjy a.d. momenty suma. Pateiktaja
nelygybe (5.1) irodé J. Kubilius [23]. Dar 1980-aisiais metais buvo iskelta
hipotezé [24], kad konstanta C' = % yra nepagerinama visiems n > 2.
Veliau J. Kubilius [26] jrodé, jog
3

1
K, =35 )
?‘171}0) (f) 2 +O(logn)

¢ia konstanta simbolyje O(:), iSreiskianc¢iame aproksimacijos eile, yra
absoliuti. Toliau be O(-) vartosime ir jam ekvivalenty Zymenj <.

J. Lee [27, 28] §j rezultata dar patikslino gaves

3 Cq

K, (f) <= — ,
(f) < 2 logn

su tam tikra C7 > 0, kai n yra pakankamai didelis. Mazoms n reikSméms
toks rezultatas iki siol néra gautas. Nors J. Lee disertacijoje [27] apZvel-
giama $io uzdavinio istorija, tac¢iau svarbus J. Kubiliaus [26] rezultatas

yra praleistas ir nepaminétas.

Turdno—Kubiliaus nelygybé — tai efektyvus atsitiktiniy dydziy
f(p)1{ap(m) > 1}, p < n, sumos dispersijos jvertis, kai m traukiamas is
aibés N, := {1,...,n} su vienoda tikimybe. Cia ir toliau indikatoriaus
funkcija zymeésime 1{-}. Fiksuotam pirminiui p a.d. 1{a,(m) > 1} kon-
verguoja i Bernulio a.d., kurio skirstinio parametras yra 1/p. Tad desin-
ioji nelygybés (5.1) pusé yra ju antryju momenty suma. Konstantos 3/2
(o ne 1) pasirodymas yra jvykiuy pi|m ir pe|m skirtingiems p1,ps < n
priklausomumo kaina. Platesne Turdno—Kubiliaus nelygbés apzvalga
galima rasti P.D.T.A. Elliott [8] ir G. Tenenbaum [45] knygose. Siais
laikas Turdno—Kubiliaus nelygybé yra pacituota jau Simtus karty.

Kombinatoriniai objektai — keitiniai ir polinomai vir$ baigtinio ktuino ar,

bendriau, ansambliai ir svorinés multiaibés — panasiai kaip naturalieji
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skaiciai, kurie skaidomi pirminiais skaiciais, taip pat yra atitinkamy
paprastesniy pirminiy struktury (komponenciy) rinkiniai. Imant juos
atsitiktinai, pasireiskia komponenciy priklausomumas, budingas atsitik-
tinio naturaliojo skaiciaus pirminiy daugikliy priklausomumui. Pasin-
audojant analogija su tikimybine skai¢iy teorija, plétojama adityviyjy
funkcijy, apibrézty atsitiktinése strukturose, teorija — ja apzvelgsime at-
sitiktiniy keitiniy atveju.

Keitinys o is simetrinés grupés S, vieninteliu budu skaidomas j nesiker-
tancius ciklus
0=10C1" " C, (5.2)

¢ia w = w(o) yra keitinio o cikly skai¢ius. Keitinj o taip pat galima
interpretuoti kaip zymeétaji digrafa G, su virsuniy aibe V(o) = N,.
Sio grafo komponentés, tai orientuotieji ciklai ¢ su virsiiniy aibémis
{k1,...,k;} C Ny, atvaizduojantys

Sk S Sk Sk,

¢ia j — ciklo ¢ ilgis. Sekdami skaiciy teorija, konstruojame atvaizdzius
h: S, — R, kuriy reiksmes priklauso nuo cikly strukturos (strukturinio)

vektoriaus:

R(o) == (k1(0), ..., kn(0)),
¢ia kj(o) — j-ojo ilgio cikly skaicius skaidinyje (5.2). Funkcija h vadin-
sime adytivigja, jei ja galima isreiksti Siuo budu:

(o) = hy(k;(0)),
Jj<n

¢ia hj: Ng — R — funkcijos, tenkinancios h;(0) = 0, j < n. Be to,
funkcija h vadinsime stipriai adityvigja, jei hj(k) = a;1{k > 1}, a; € R,
ir wvisiskai adytivigja, jei h;j(k) = h;j(1)k, k € N.

Toliau vartosime siuos atsitiktiniy keitiniy teorijos zymenis. Tegu v,, yra
tolygusis aibéje S,, apibréztas tikimybinis matas, E, ir V,, atitinkamai
zymi vidurkj ir dispersija v, atzvilgiu. Jvedus pastarajj, struktirinio
vektoriaus koordinatés r; := k;(0), j < n, tampa atsitiktiniais dydziais.
Apibrézkime atvaizdj €(5) := 1s1 + - -+ nsy, kai § = (s1,...,s,) € N{.
Tuomet ¢(k(c)) = n kiekvienam o € S,,.

Paminésime svarbiausius istorinius atsitiktiniy keitiniy teorijos ir sio
darbo temai artimus rezultatus. Tegu ;, j < n, yra nepriklausomi a.d.
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pasiskirste pagal Puasono désnj su parametrais 1/5 ir € := (&1,...,&).
Tada turime

vl = 5) = 1{(5) = n} [ - ,1j. —PE=s/t@ =n). (53)

Sia, sqlyginiu sqrysiu vadinama, lygybe pirma karta atskleidé V.L. Gon-
charov [11, 12]. Pasinaudoje (5.3), galime jvertinti jvairias adityviasias
atsitiktiniy keitiniy statistikas per nepriklausomy a.d. funkcionalus. Au-
torius taip pat tyré visiskai adityviaja funkcija w(o), kurios vidurkiui ir
dispersijai gavo asimptotinius jvercius ir jais remiantis jrodé centring rib-
ine teorema (CRT). Siuos rezultatus galima laikyti atsitiktiniy keitiniy
teorijos pradzia.

Kitas svarbus rezultatas priklauso P. Erdés ir P. Turdn [9]. Atsitiktinai
istraukto keitinio o eilés grupéje S,, logaritma jie aproksimavo visiskai
adityviaja funkcija

Z kj(o)logj.

j<n
Atitinkamai normuota ir centruota §i funkcija turi ribinj normalyjj
skirstinj, todél ir atsitiktinio keitinio o grupinés eilés logaritmas pak-
lusta tam paciam désniui. Iki Siol geriausig konvergavimo greitj Sioje
CRT gavo V. Zacharovas [51]. Jo darbe buvo pritaikytas analizinis
metodas, anks¢iau naudotas bendry visiskai adityviyjy funkcijy ribinése

teoremose [30].

Dar 1996 m. E. Manstavi¢ius pradéjo tirti adityviyju funkcijy in-
tegralinius pasiskirstymo désnius. Buvo keliamas klausimas: kada
Vn(hn(0) — A(n) < z) silpnai konverguoja j kazkokj ribinj désnj? Cia
hn (o) — visiskai adityviuju funkeijy seka, A(n) — centruojanti seka, ar-
tima E,h,(c). Straipsnyje [35] autorius rado silpnojo didziuju skaiciy
désnio galiojimo butinas ir pakankamas salygas. R. Arratia ir S. Tavaré
[2] pateiké iSsamia tikimybine atsitiktiniy keitiniy strukturos vektoriaus
analize. Ji yra moderniosios adityviyjuy funkciju aproksimavimo Pua-
sono a.d. metodikos pagrindas. Sis ir kiti dvide§imto amziaus rezultatai
aprasomi knygoje [1].

Dabar apzvelgsime keleta naujesniy darby, kuriuose gaunami adityviyjy
funkciju dispersiju jverciai. J. Klimavi¢ius ir E. Manstavi¢ius [19] gavo
tiksly rezultatg visiskai adityviosioms funkcijoms, apibréztoms virs at-
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sitiktiniy keitiniy. Tegul h(o) = > -, ajkj(0) — visiskai adityvioji
funkcija. Pazymékime

2
J ac
=37

Pastebékime, kad Bp(a) lygi nepriklausomy atsitiktiniy dydziy
a;&;, j < n, dispersijy sumai. Tuomet

sup {Vnh/Bn(C_l) ca#0,n> 2} = §
Irodymas yra pagristas matricos, susijusios su kvadratine forma V,h,
minimalios tikrinés reikSmeés paieska. Ja atitinkantys tikriniai vekto-
riai yra iSreiskiami Hahn’o polinomais [37]. Skaiciy teorijoje tokioje vi-
etoje buvo naudojami Jacobi’o polinomai [26]. Sj rezultata apibendrino
7Z. Baronénas, E. Manstavi¢ius ir P. Sapokaité [4]. Vietoje tolygaus
keitiniy pasiskirstymo, buvo naudojamas Ewens’o tikimybinis matas
vno({o}) = 04 /(0),, ¢a (z), = z(z—1) - (r—n+1) Zymi krentantjjj
faktoriala. Tegu ©(m) = (0),,/m!, m € N. Tuomet visiskai adityviosios
funkcijos h(o) dispersija Ewens’o tikimybinio mato atzvilgiu lygi

neh—ez%g

]<TL

a;a; O(n —1i—j a; O(n —j 2
Loy (@(n) J)_922<Z' g(@ﬂ)_

1
itjen Y j<n Nj<n J

Buvo jrodyta, kad

V,.oh _ 0+ 2
— >2p=——
sup{ane(a) a#0,n> } R

Cia

2

_ n_]
n9a: § 7]
i<n J

Parinke # = 1 gauname jau anksc¢iau minéta rezultata [19]. Bendroms
adityviosioms funkcijoms geriausia dispersijos jvertj, bet be asimptotinés
konstantos israiskos, gavo E. Manstavi¢ius ir V. Stepas [39].

Bendry adityviyjy funkcijy laipsninius momentus nagrinéjo E.
Manstavicius [33]. Atitinkami rezultatai Ewens’o tikimybinio mato

80



atzvilgiu jrodyti darbe [40]. Abiejuose straipsniuose gauti jverciai prik-
lauso tik nuo momento laipsnio ir yra tolygus adityviyjy funkcijy atzvil-

giu.

Adityviyjy funkcijy teorija yra plétojama ne vien tik atsitiktiniams
keitiniams, bet ir kitoms skaidziosioms kombinatorinéms strukturoms.
Sios disertacijos kontekste mus taip pat domina aritmetiniy pusgrupiy
teorija, formalizuota J. Knopfmacher [21]. Rezultatus, gautus pusgru-
piams ar svoriniy multiaibiy klaséms, laikysime ekvivalendiais (Zr. [20],
[10, II-as skyrius]).

Daugybé matematiky prisidéjo prie tikimybinés adityviyjy funkcijy
teorijos aritmetiniams pusgrupiams plétojimo ([15], [14], [13], [38], [43],
[22], [20]). Isskirsime W.-B. Zhang jnasa ([52], [53], [54]). Darbe [52]
jis tyré adityviuju funkeijy skirstiniy silpnajj konvergavima bei gavo dis-
persijos jvertj, atitinkantj Turano-Kubiliaus nelygybe skaiciy teorijoje.
S. Wehmeier savo disertacijoje [47, 3-ias skyrius] ir darbe [48], apiben-
drino §j rezultata stipriai adityviosioms funkcijoms, apibréztoms ben-
dresnéje puspgrupiy klaséje. Ji cituojame naudodami autoriaus origi-

nalius zyméjimus.

Tegu (G,-) yra laisvasis komutatyvus monoidas, apibréitas virs ne-
tuscéios "pirminiy aibés” P. Apibrézkime laipsnio funkcijg O : G — Ny,
tenkinancig sqlygg 0(ab) = 0(a) + O(b) kiekvienam a,b € G. Tegu
Gn = {a € G : 0(a) = n} su sqlyga, kad G(n) = |Gy| yra baigtinis ir
f:G =R, toks atvaizdis, kad f(a) =3_,, f(p), a € G. Tarkime

G(n) = (A+O((logn)~")q",

¢ia g > 1 ir A > 0. Be to, tarsime, kad galioja Cebysevo sqlyga:

kiekvienam k € N su kokia nors teigiama konstanta Cgq, ¢ia P(k) =
{p € P:9(p) = k}|. Pazymésime

1
A(n) = G B%nf(p)G(n —9(p)).

B2(n) = G(ln) S F0)*Gn— ().

d(p)<n
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Tuomet
1

G X (o)~ Aw)* = 0B

Konstanta simbolyje O(-) priklauso tik nuo pusgrupio parametry. Pa-
prasta jvertinio israiska, esant bendroms salygoms, buty sunku rasti,
todél disertacijoje mes apsiribojame siauresne pusgrupiy Seima, bet gau-
name efektyvy dispersijos jvertj su tikslia asimptotine konstanta.

Pagrindiniai rezultatai

Stipriai adityviosios funkcijos, apibréztos virs atsitiktiniy kei-
tiniy

Isdéstysime rezultatus, gautus stipriai adityviosioms funkcijoms h, api-
bréztoms virs atsitiktiniy keitiniy. Naudosime tokia israiska

h(o) = Zaj%j, w; = nj(0) = HkKj(o) > 1}, j<n.
Jj<n

Atkreipkime démesj, kad visiskai adityviyjy funkcijy skaidinyje vietoje
indikatoriy buty a.d. x;(o), j < n, kurie, nors budami priklausomi,
yra maziau koreliuoti negu dabar naudojami Bernulio a.d. »;, igyjantys

reiksme 1 su tikimybémis

(_1)k+1
pi(n) == vn(s; 2 1) =Bnsgy = Y .
1<k<nsi

Dabar turime a.d. poros kovariacija

Covp (365, 265) = vp(o6 = 1,56 = 1) — 1,5 = V)p(3g5 = 1)

(—D)HH* (1)
= 2 ARE 2 T 2 Rk

Lk>1 1<i<n/i ) 1<k<n/j
=:p;ij(n) —pi(n)p;(n), i#j.

Israiska yra zymiai sudétingesné nei visiskai adityviyjuy funkcijy atveju,
kai

16— i it
Covp(Ki, kj) = 1 j}— {z+?->n}.

J ]
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Pasinaudoje Covy, (57, »j) formule, gauname stipriai adityviosios funkci-

jos dispersija

V,h =: V(@) = % > WP(o) - (Zajpj(n)>2

" 0€Sy Jj<n
— Za?pj(n) — Z a;a;pi(n)p;(n)
j=1 hisn
i+j>n
= > aglpi(n)pi(n) —pij(n)] = D aipi(n)
ztgn j<n/2
=: Dyp(a) — Api(a) — Apa(a) — Ays(a). (5.4)

Dabar pagrindinis tikslas yra gauti dispersijos V,,h virSutinj jvertj, prik-

lausantj tik nuo pirmojo démens D, (a), kuris artimas >, Vn(a;3¢).

IS tiesy,

By(a)/4 < Dn(a)/2 < Zvn(aj%j) < Dy(a) < Bn(a).

Jjsn

Lengva jrodyti, jog praleide paskutine neteigiamg kvadratine forma,
ivedame tik nezymia paklaida

[\)

Dn(@) = Aps(@) — Y Valajsg) = Y aipi(n) < ~Dn(a).

i<n n/2<j<n

Likusios kvadratinés formos jvertinamos nepagerinamos asimptotinés

konstantos tikslumu. Be to, gaunamas ir apatinis dispersijos jvertis.

Teorema 5.1. Tegu a € R™ yra bet koks ir By (a) toks kaip praeitame
skyriuje. Jei
h:=h(o):= Zaj%j, oESy,

i<n
tuomet 5 5
< (= a) < | = a .
Vil < (5 + R(0)Da@) < (5 + B ) Bafa).  (55)
gia R(n) = O(n=/3) su absoliucia neisreikstine konstanta.

Taip pat, jei a yra lygties Zj<n jxjpj(n) = 0 sprendinys, tai

Vb > an(@)(l + R(n)). (5.6)
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Remiantis (5.4), teoremos 5.1 jrodymas susideda i$ kvadratiniy formy
analizés. Pirma kvadratiné forma A,; lengvai jvertinama pritaikius
straipsnio [19] nelygybes, o A,2 nagrinéjama tiriant atitinkamos ma-
tricos kvadrato pédsaka. Konstantos 3/2 ir 2/3 yra nepagerinamos, t.y.,
egzistuoja vektoriai ag ir az, su kuriais nelygybés (5.5) ir (5.6) tampa
lygybémis. Naudodami sudétingesnj metoda, asimpotinj greitj O(nfl/ 3)
pageriname iki O(n=1).

Teorema 5.2. Tegu galioja teoremos 5.1 Zymenys. Tuomet lygybés (5.5)
ir (5.6) yra teisingos su liekamuoju nariu R(n) = O(n™1).

Pastarosios teoremos jrodymas yra pagristas laipsninio metodo idéja
didziausiai matricos tikrinei reikSmei rasti. Jau po antrosios algoritmo
iteracijos pasiekiame norima asimptotinj greitj. Be to, dar tenka pasin-
audoti kvadratinés formos A, matricos pédsako jverciu, gautu jrodant

teorema 5.1.

Toliau pateiksime alternatyvia teoremos 5.2 formuluote. Ivede keitinj

a; = +/jbj, j < n, gauname
[B0ll* = (BT)(I7,0) < (3/2 + O(n™))nl|[b] %, (5.7)

visiems b € R™. Matricos transponavima zymeésime '. Tegu ', = ((vj0))

yra n X n! matrica, kurios elementai

”ng:\/j(%j(o')_l/j)7 ]§n7 UGSTL’

Galima pastebéti, kad (5.7) téra efektyvus matricos I',,I", maksimalios
tikrinés reikSmés jvertis, sutampantis su atitinkamu n! x n! matricos
I} Ty, iverciu (7r. lema 3.3, 30 psl. [8]). Tad gauname dualiaja nelygybeés
(5.7) forma.

Isvada 5.3. Visiems vektoriams d € R™ su bendrine koordinate d,

o €Sy, teisingas Sis jvertis

2
Si( X dnleite) =173)) < 372+ Ot )t

i<n gES,

Sis dualumas, i$populiarintas P.D.T.A. Elliott [8], dar iki $iol neturi
atitikmens atsitiktiniy keitiniy teorijoje.
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Visiskai adityviosios funkcijos, apibréztos virs svoriniy multi-
aibiy
Tegu (P, || - ||) yra pirminé svoriniy objekty aibé, tenkinanti salyga

n(j) = {peP: llpll = j}| < o0

kiekvienam j = 1,2,.... Nagrinékime aibe G multiaibiy, sudaryty is
p € P elementy su galimais pasikartojimais, ir joje naturaliai iSpléskime
svorio funkcija || - ||. Jei o € G ir o = {p1,...,p:}, tai ||o|| = ||lp1]] +
-+ ++||pr||. Tus¢iai multiaibei () priskirkime svorj 0. Tuomet n-ojo svorio
multiaibiy skaiéiy zymésime

m(n) = |gn|::\{ggg: HQH:TL}‘: Z H(W(j)—il;fj_1>,

o(B)=n j=1
éia £(k) = k1 + -+ +nky, k= (k1,...,k,) € NI it n € N.

Toliau nagrinésime klase multiaibiy, tenkinanciy salyga m(n) = ¢, cia
q > 2 yra naturalusis skaic¢ius. Daznai aritmetiniy pusgrupiy ar svoriniy
multiaibiy analizés pagrindas yra silpnesné aksioma A% (7r. [22]), bet
stipresné negu S. Wehmeier darbe [47] jvestos salygos. Aksioma A%
formuluojama taip:

m(n) =A¢"+R,, A€Ry, R,=0(("), 0<c<l1l, asn— oo

Savo darbe pasirinkome grieztesne aksioma siekdami supaprastinti
véliau apibréziamy adityviyjy funkcijy dispersijos israiskas.

Jei ¢ yra pirminio skaiciaus laipsnis, tuomet G galéty buti interpre-
tuojamas kaip moniniy polinomy Ziedas F[t] virs baigtinio kiino F,.
Tokiu atveju P buty neredukuojamy polinomy aibé, o svorio funkcija
— polinomo laipsnis. Bet kokiam naturaliajam ¢ > 2, aibé P gali buti
sudaroma i$ specifiniy kombinatoriniy struktury — vériniy virs ¢ raidziy
abéceélés. Tokios vériniy multiaibés tenkina salyga m(n) = ¢" (daugiau
apie vérinius galima rasti [1] knygoje, zr. 2.12 skyriaus 43 psl.). Joms,
kaip ir polinomams, teisingos Sios lygybeés:

wn) == ), q =Y dn(d),

dn dn
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¢ia d perbéga visus naturaliuosius n daliklius, p(d) — Mébius’o funkcija.

Sie sarySiai yra ekvivalentts formaliai begaliniy eilu¢iy lygybei

00 00
anxn _ _ H 7r(]
n=0 7=1

Atsitiktinai su vienoda tikimybe imkime multiaibe a € G,, t.y. api-
brézkime tikimybe v, ({0}) = ¢, n € Nir v5({0}) = 1 (¢ia tikimybinis
matas v, skiriasi nuo tikimybinio mato apibrézto virs keitiniy). Jei
kj(o) > 0 yra j-ojo svorio pirminiy svoriniuc objekty skaic¢ius multiaibéje
0 € Gn, tuomet k(o) = (k1(0),. (0))
0 € G, strukturinj vektoriy, tenklnant; K(l?:( )) = n. Jo skirstinys turi

Zymés svorinés multiaibés

pavidala
. () s -1
k() = 9) =10t =npa " T (T V7Y,
j=1 !
¢ia § = (s1,...,8,) € N§ ir 1{-} — indikatoriaus funkcija.
Siame darbe nagrinéjame visiskai adityviyjy funkcijy (vartojama ir

tiesiniy statistiky), apibrézty virs svoriniy multiaibiy, dispersija tikimy-

binio mato v, atzvilgiu
h(C_L) = h((_l, Q) = al’ﬁ(@) + e+ ankn(g)v a = (ab cee 7an) e R™

Komponencéiy skai¢ius multiaibéje o € G,, kuris lygus ki(o) + --- +
kn(0) yra paprasciausias Siy funkcijuy pavyzdys. Daugiau ju galima rasti
[1]. Pagrindinés kliutys vertinant $iy funkcijuy dispersija kyla i$ tiesine
statistikg sudaranciy atsitiktiniy dydziy priklausomumo.

Toliau darbe vidurkj ir dispersija mato v, atzvilgiu zymeésime E,, ir V,,;
kai tikimybiné erdve (2, F, P) nenurodyta naudosime zZymenis E ir V.

Visi sumavimo indeksai 4, j, [, k, m, m1 ir mo yra naturalieji skaiciai.

Teorema 5.4. Jeia € R" irn € Ny, tai

Voh(a) = Y alr(kgF— Y aar(i)n()g " E (5.8)
1<jk<n il+jk>n
il<n,jk<n

Zinoma [1], jog fiksuotam j a.d. k;(0) konverguoja pagal skirstinj j
a.d. 7;, kuris pasiskirstes pagal neigiama binominj désnj N B(w(5),q 7).
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Tegu {71,72, ...} yra tarpusavyje nepriklausomi. Apibrézkime ju tiesine
kombinacija Y,, = a171 + - - - +apyn. Darbe jrodysime, jog pirmoji desin-
iosios pusés suma (5.8) yra gerai aproksimuojama VY,,, todél vertindami
V., h(a), naudosime sias kvadratines formas:

B.(a):= Y an(jk¢’*,  Rn(a) ;:qu—2m(2aﬂr<j>)2-

1<jk<n m<n jlm

Teorema 5.5. Jein > 2, tuomet
_ IR SR
V,h(a) < By(a) + §Rn(a).

Be to, nelygybé tampa lygybe, kai
a-:a*':iqudu<l)—2n—l 1<ji<n

ISvada 5.6. Jein > 2 ira # 0, tai

3 3 -1
V,h(@) < °B,(a) < (f B ”)VYn.
2 2 q
Sios nelygybés yra trivialios funkcijoms, proporcingoms h(j, o) = n,

¢ia j = (1,2,...,n), kai o € Gy, nes tada V,h(j) = 0. Norédami to
iSvengti naudosime a postumj. Pastebékime, jog abi kvadratinés formos
B, (a — tj) ir R, (a — tj) igyja maZiausia reikime pagal ¢t € R, kai

t=tg = —— n+1 Z Za]

m<n jlm

Teorema 5.7. Jein > 3, tai

Abi (5.9) nelygybés yra optimalios, kai dispersijos jvertyje naudojama
kvadratiné forma R, .

Isvada 5.8. Jein >3 ira ¢ R(j), tai
2 _ - 3
an(a - t&]) < Vnh( ) < B ( a])

¢ia R(j) — tiesinis vektoriaus j apvalkas.
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V. h(a)

Be siy absoliuciy dispersijos jverciy, taip pat gaunamos santykio B (o)

supremumo ir infimumo asimptotikos.

Teorema 5.9. Egzistuoja toks C' > 0, kad

3 C V,h(a) 3
a ) S sup — S o
2 n acRn\{0} Bn(a) 2
kain > 2.
Teorema 5.10. Egzistuoja toks C > 0, kad
2 < inf _ V"h(,a) < Z, Q’
3 ~ aerm\R(j) Bn(a) 3 n?

kai n > 3.
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