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NOTATION

The set of natural numbers, i.e. 1,2,...;

The set of natural numbers including 0, i.e. 0,1,2,..;
The set of real numbers;

The positive part of the real number z, i.e.

1 := max{0, z};

The negative part of the real number z, i.e.

x” = —min{0,z};

The integer part of the real number x;

The fractional part of the real number z, i.e.

{2} = — |a];

The indicator function of A: 14(w) =1if w € A,
14(w) = 0 otherwise;

The sum of random variables &1,...,&,, n € N, i.e.
S,% =& 4. .+ &
The weighted sum of random variables &1, ..., &, and

01,...,00, neN, ie S =016 +...+ 0,60

The probability of the event A;

The expectation of the random variable X;

The distribution function of the random variable X, i.e.
Fx(z):=P(X < z), when the context is clear, the
notation is shortened to F(x);

The tail function of the random variable X, i.e.
Fx(x):=1- Fx(z) =P(X > x), when the context is
clear, the notation is shortened to F(x);

The convolution of distribution functions F'x and Fy,
i.e. if X and Y are independent, then

FX * Fy(ﬂ?) = P(X +Y < x);

The tail function of Fx and Fy convolution, i.e. if X
and Y are independent, then Fx * Fy := P(X +Y > z);
The n-fold convolution of the distribution function F;
The tail function of the n-fold convolution;

The product convolution of distribution function Fx and
Fy, i.e. if X and Y are independent, then

Fx ® Fy(z) :=P(XY < z);

The tail function of Fx and Fy product convolution, i.e.
if X, Y are independent, then Fx ® Fy(z) := P(XY > x);



X

The support of the distribution function F, i.e.

suppF :={x: F(z+06)— F(zx —96) >0 forall § > 0};

The class of heavy-tailed distributions;

The class of long-tailed distributions;

The class of subexponential distributions;

The class of dominatedly varying distributions;

The class of consistently varying distributions;

The class of extended regularly varying distributions

with indices 0 < a < 8 < o0;

The class of regularly varying distributions with index

a = 0;

The class of distributions with a positively decreasing

tail;

It is written f(z) ~ g(z)if lim @) =1, where f,g
T—00 z—o0 g(x)

are real functions and positive for sufficiently large x;

It is written f(z) < g(z) if limsup f(=) < 1, where f,

g are real functions and positive for sufficiently large x;
o B oo flx)

It is written f(z) = o(g(x)) if wlingo o) 0, where

f, g are real functions and positive for sufficiently large x;

It is written f(z) = O(g(z)) if limsup @) < 00, where
T—00

g(z)

f, g are real functions and positive for sufficiently large z;
It is written f(z) < g(z) if f(z) = O(g(z)) and

g(x) = O(f(x)), where f, g are real functions and
positive for sufficiently large x.
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INTRODUCTION

Research Object

The mathematical research presented in this doctoral dissertation is pri-
marily concerned with the asymptotic analysis of random sums compo-

sed of heavy-tailed random variables.

More specifically, the focus is placed on several important classes of ran-
dom sums. First, sums with a fixed number of summands are considered,

both in the unweighted form
ngfl—k...—i-én
and in the randomly weighted form
S = 0161 4 ... 4 0,8,
Second, randomly stopped sums

0 if v =0,
§1+...—|—§I, ifU}l,

S, =

are examined, where the number of summands v is itself a random va-

riable.

A unifying feature of the sums studied in this dissertation is the assump-
tion that the summands or the stopping moment exhibit heavy-tailed
behaviour. Heavy-tailed distributions are characterised by a slow decay
of tail probabilities and play a crucial role in modelling extreme events.
In contrast to light-tailed distributions, heavy-tailed models allow for
the possibility that large individual losses dominate aggregate outcomes
- a phenomenon frequently observed in insurance and financial data.
As a consequence, classical tools based on exponential moments or mo-
ment generating functions are often inapplicable, necessitating alterna-
tive asymptotic techniques.

Within this framework, the dissertation further investigates risk measu-
rement for aggregate losses. Interpreting the summands as individual
random losses, attention is devoted to the Haezendonck—Goovaerts risk
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measure, a coherent risk measure defined on Orlicz spaces. This measure
provides a flexible framework for modelling risk aversion and tail sensi-
tivity, allowing the influence of extreme losses to be controlled through
the choice of a Young function. The dissertation analyses the asymptotic
behaviour of the Haezendonck—Goovaerts risk measure applied to sums
of heavy-tailed risks and explores how this behaviour is determined by
the dominant components of the sum.

Aims and Problems

Three principal objectives are formulated in this dissertation and are
briefly outlined in this section.

First, for random and randomly weighted sums with a fixed number of
summands, the asymptotic behaviour of the generalized left truncated
moments E(@(Sﬁ)ﬂ{si>x}) and IE(go(Szg)Il{SZgM}), as r — 00, is inves-
tigated. Here ¢ : R — R4 = [0,00) denotes a transformation function
satisfying certain conditions. One of the main aims of the dissertation
is to derive asymptotic lower and upper bounds for these generalized
truncated moments in terms of sums of the corresponding moments of
the individual summands, E(¢(&k)1ig,>a}) or E(0(0kk)L{g,¢,>2}), UD
to explicit multiplicative correction constants. Problems of this type
have been previously investigated in the literature. In particular, Dirma
et al. [33] established asymptotic lower and upper bounds in the case
where the transformation function ¢ is a degree function. The aim of
this dissertation is to further generalize these findings by permitting a
broader class of transformations.

Second, the research is extended to the study of randomly stopped sums
S,,. More specifically, the inverse-type problems are considered, in which
regularity conditions are imposed on the distribution of .S;,. The disserta-
tion addresses the question of how the membership of the distribution
of S, in certain subclasses of heavy-tailed distributions determines the
tail behaviour of the counting random variable v. Fay et al. [39] con-
sidered the case where the randomly stopped sum S, belongs to the
class of regularly varying distributions %, with index o > 0, and estab-
lished conditions under which the counting random variable v belongs
to the same class. The aim of this dissertation is to extend these re-
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sults by showing how the regularity of the randomly stopped sum .S, -
specifically, its membership in broader classes such as extended regular
variation &Z7Y or dominatedly varying distributions &2 - determines the
regularity of the counting random variable v in the dominatedly varying

distributions class 2.

Finally, the asymptotic behaviour of the Haezendonck—Goovaerts risk
measure applied to sums composed of heavy-tailed risks is examined.
The dissertation aims to identify conditions under which the asympto-
tics of the Haezendonck—Goovaerts risk measure are determined by the
dominant summands and to derive explicit asymptotic formulas that
avoid the need for computationally complex convolution operations. Si-
milar problem has been previously investigated in the literature. In
particular, Tang and Yang [105] derived asymptotic expression for the
Haezendonck-Goovaerts risk measure in the case where the Young func-
tion is a power function ¢(t) = t* with » > 1, and the underlying
random risk belongs to the class of regularly varying distributions %,
with index ae > s¢. The aim of this dissertation is to extend these results
by considering sums of random risks for which some or all components
belong to a broader subclass of heavy-tailed distributions, namely the
class of consistently varying distributions %. In addition, the analysis is

extended to the case of randomly weighted sums.

Relevance and Practical Motivation

Although this dissertation is primarily theoretical in nature, the author
would like to emphasize that the relevance of random sums extends well
beyond purely theoretical considerations. These sums arise naturally in
a wide range of applications in insurance, actuarial science, and financial

risk management.

Sums with a fixed number of summands frequently appear in practical
problems within probabilistic modelling in insurance and actuarial con-
texts. One important example is provided by discrete time risk models.
In such models, the primary random variables £, may represent the net
losses of an insurance company over time periods (k—1, k|, defined as the
total claim amount minus total premium income during period (k—1, k.
The corresponding random weights 6 can be interpreted as stochastic
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discount factors converting future losses at time k to the their present
value at time 0. Under this interpretation, the randomly weighted sum
Szé represents the present value of the total discounted net loss of the

company over the finite time horizon (0, n].

Another important insurance related application arises in the individual
risk model. In this framework, an insurance company is assumed to hold
a portfolio consisting of n individual policies. The sum S,ef is interpreted
as the total claim amount generated by the entire portfolio, while each
term 0i&, k = 1,...,n, corresponds to the claim amount associated
with the k-th policy. Since it is a possible that no claim is incurred for
a given policy, the random weight 6 is often modelled as an indicator
(Bernoulli) random variable describing the occurrence of the k-th claim,
with 0, = 1 if the claim has occurred and 6, = 0 otherwise. The random
variable & corresponds to the claim size of the k-th policy given that
the claim occurred.

Randomly weighted sums also play a central role in financial risk ma-
nagement, especially in portfolio modelling and capital allocation. A
financial portfolio may be viewed as a collection of n distinct risk com-
ponents, such as asset classes or business lines. In this setting, the
random variable & represents the loss associated with the k-th com-
ponent. Depending on the modelling perspective, ; may represent a
stochastic discount factor applied to future losses or a random portfolio
weight reflecting the exposure of the portfolio to the k-th component.
Consequently, the sum S% may be interpreted either as the present va-
lue of the total portfolio loss or as the aggregate weighted loss of the
portfolio. In both cases, heavy-tailed behaviour of individual compo-
nents may lead to situations in which a small number of dominant risks

largely determine the overall risk profile.

In addition to sums with a fixed number of summands, randomly stopped
sums arise in a variety of applied settings. Such sums appear whenever
the number of contributing components is itself random and determined
by an external stochastic mechanism. In insurance and finance, this
may occur when the duration of a contract, the number of claims, or
the lifetime of a portfolio is random. In survival analysis and reliability
theory, randomly stopped sums are used to model cumulative quantities

accumulated up to a random failure time or termination event.
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Finally, the practical relevance of this dissertation is closely linked to risk
measurement. Interpreting the summands as individual random losses,
the Haezendonck—Goovaerts risk measure provides a flexible and theo-
retically sound framework for quantifying aggregate risk in the presence
of heavy-tailed distributions. Its formulation within the framework of
Orlicz space enables control over sensitivity to extreme losses through
the choice of an appropriate Young function. However, the practical
application of this risk measure is often hindered by the complexity
of its computation. The asymptotic results developed in this disserta-
tion demonstrate that, under suitable conditions, the behaviour of the
Haezendonck—Goovaerts risk measure for aggregate losses is largely de-
termined by dominant components of the sum. This insight allows for
substantial simplifications in risk evaluation and provides a theoretically
justified foundation for approximating complex risk measures in applied
settings.

Structure of the Dissertation

The remainder of this dissertation is organized as follows.

Chapter 1 introduces the necessary background material and notation
used throughout the dissertation. It provides an overview of heavy-
tailed distributions and their subclasses; reviews dependence structures
commonly encountered in conjunction with heavy-tailed distributions;
recalls key concepts of risk measures and presents the definition of the
Haezendonck—Goovaerts risk measure. The definitions collected in this
chapter form the foundation for the subsequent analysis.

Chapter 2 focuses on sums with a fixed number of summands. The
asymptotic behaviour of generalized left truncated moments for both
unweighted and randomly weighted sums is investigated under various
assumptions on the tail behaviour of the summands and on the transfor-
mation function. The main results of this chapter establish asymptotic
lower and upper bounds for generalized truncated moments of aggregate
sums in terms of the corresponding moments of individual summands.

These results have also been published in [32].

Chapter 3 is devoted to the study of randomly stopped sums. This
chapter addresses inverse-type problems concerning the relationship be-

14



tween the tail behaviour of the randomly stopped sum and the counting
random variable. In particular, conditions are identified under whi-
ch membership of the randomly stopped sum to a certain heavy-tailed
subclass implies specific tail properties of the stopping moment. These
results are based on the publication [91].

Chapter 4 examines the asymptotic behaviour of the Haezendonck—
Goovaerts risk measure applied to sums of heavy-tailed risks. It is shown
that, under suitable conditions, the asymptotics of the risk measure are
determined by the dominant components of the sum, allowing substan-
tial simplifications in its evaluation. The chapter also extends these re-
sults to randomly weighted sums. The results presented in this chapter
have appeared in [92].

Chapters 2, 3 and 4 share a similar structure. Each chapter begins with a
brief review of the relevant literature, followed by the presentation of the
main results and their proofs, and concludes with at least one illustrative
example demonstrating the applicability of the obtained results. All of
the examples provided in these chapters were generated using the Python

programming language.

In addition to the main chapters, the dissertation contains a brief sum-
mary of the main results and the list of publications associated with the
dissertation.

This dissertation is written in English with a summary in Lithuanian
provided at the end.

The results presented in this dissertation were obtained by the author,
including joint contributions with co-authors of the published articles

listed in Chapter DISSEMINATION OF RESULTS.

Finally, the author’s curriculum vitae is provided at the end of the dis-

sertation.
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1 DEFINITIONS AND PRELIMINARIES

Before presenting the related and main results, the notational conven-
tions adopted throughout this dissertation are established, the key defi-
nitions and fundamental properties of heavy-tailed distributions are re-
called, the dependence structure that is used in the subsequent analysis
is described, and the Haezendonck - Goovaerts risk measure is introdu-

ced. Additional auxiliary definitions are also provided where necessary.

1.1 Principal Notational Conventions

This section explains notational conventions that are used throughout
this dissertation.

The positive and negative parts of a real number x are denoted by =T
and x~, respectively, that is, 7 := max{0,z},2~ := —min{0,z}. The
integer part of x is denoted by |[z] and {x} denotes the fractional part,
ie. {z}:=z—|z].

For a random variable (r.v.) X, the distribution function (d.f.) and tadl
function (t.f.) are denoted by

Fx(z) =P(X <) and Fx(z):=P(X > z).

F*™ is the n-fold convolution of a d.f. F', meaning that, if X1,..., X, are
independent copies of a r.v. X, then F¥'(z) :=P(X; + ...+ X, < z).
Accordingly, F¥(z) := P(X1+...+X, > z). Similarly, Fx ® Fy denotes
the product convolution of a d.f.s Fx and Fy, meaning that, if X and
Y are independent, then Fx ® Fy(x) := P(XY < z) and, accordingly,
Fx @ Fy(z) :=P(XY > x).

For a d.f. F: R — [0, 1], the support of F' is defined as
suppF :={x: F(x+6)— F(zx—4§) >0 forall 6 >0}

={z:F(z—6)—F(x+45) >0 forall§>0}.

If suppF' C [0,00), then it is said that the distribution (or d.f.) F is
supported on RY. If suppF ¢ [0, 00), then it is said that the distribution
(or d.f.) F'is supported on R. In addition, it is said that a r.v. X has an
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unbounded right tail if F x(z) > 0 for all x € R. The value z € [—00, %)
is called the greatest lower bound of the r.v. X if P(X > x) = 1 and
P(X >xz+0)<1forald>0.

The standard notation for indicator is used:

1 fweA,

Lalw) = 0 ifwé¢gA

In addition, for two real functions f(x) and g(x) which are positive for

sufficiently large x, the following notations are used:

fa) oote) i Jim T
fa) £ o) i tmsp T
fa)=olgte) it tim T o
f(x)=0(g(z)) if  limsup gég < 003

fl@)=g(x) i f(z)=O(g(x)) and g(z) = O(f(x)).

Note that all limiting relationships and asymptotic estimates, unless
stated otherwise, are understood as = tends to infinity, therefore, for

example, f(x)~ g(x) is the same as f(z) I g(z).

To enhance readability, a summary of the notational conventions intro-
duced in this section is also included at the beginning of the dissertation.

1.2 Heavy-Tailed Distributions

In probability theory, heavy-tailed distributions play a crucial role when
analysing random variables for which extremely large outcomes occur
with non-negligible probability. In contrast to light-tailed distributions,
whose tails decay at least exponentially and thus possess finite exponen-
tial moments, heavy-tailed distributions exhibit a slower rate of decay,
leading to the divergence of all exponential moments. In this disserta-
tion, the following definition of heavy-tailed distributions is adopted.

17



DEFINITION 1.1. A distribution function F supported on R is said
to be heavy-tailed, denoted by F € 2, if for all h > 0

oo

/ AR (1) = co.

—00

Otherwise, F is said to be light-tailed and is denoted by F € F¢°.

Moreover, due to the alternative expectation formula (see, e.g., [74, 95]),
the following holds

00
/ AP () = F(—0) + 6 / () dz
[0,00) 0
implying that
Fe# = F(z)>0,rcR;
F € # < limsup e’ F(z) = oo for each § > 0.
T—r0o0

As already mentioned in the introduction, although this dissertation is
primarily theoretical in nature, it is important to emphasize that the
relevance of heavy-tailed distributions extends well beyond purely theo-
retical considerations. It is often encountered in practical applications,
particularly in financial and actuarial risk management, where extreme
events — such as catastrophic losses or exceptionally large claims — can-
not be regarded as negligible fluctuations. Instead, these events exert a
significant influence on aggregate outcomes and the overall assessment
of risk. Below an example of such distribution is provided.

EXAMPLE 1.1. It is said that r.v. X is distributed according to the
Weibull distribution with some scale k > 0 and shape o > 0 parameters
if its tail function has the following form

F(z) = e ).
F e 57 if and only if o < 1.

More examples of heavy-tailed distributions can be found in, e.g., [41].

In the literature, several subclasses of heavy-tailed distributions are often

18



distinguished, each capturing a different degree of tail heaviness and
structural regularity. Their relationships form a well-known hierarchical
structure (see, e.g., [18]), summarized in the figure below.

heavy-tailed (J2)

long-tailed (&)

subexponential (.%)

dominatedly varying (2)

consistently varying (%)

regularly
varying (%)

FIGURE1l1l. ZCcé¢co9nNnLl Cc S CL CH D CIH.

The following subsections examine each of these subclasses in greater
detail.

1.2.1 Long-Tailed Distributions

The class of long-tailed distributions traces its origins to Chistyakov’s
1964 paper (see [25]), where the defining tail property was first introdu-
ced. The defining feature of these distributions is insensitivity of the tail
to bounded perturbations: shifting the argument by any fixed constant
leaves the tail essentially unchanged in an asymptotic sense. It captures
an idea that extremely large values remain likely even after substan-
tial shifts. In this dissertation, the following definition of long-tailed
distributions is adopted.

DEFINITION 1.2. A distribution function F supported on R is said
to be long-tailed, denoted by F € £, if for any y > 0

F(z +y)~F(x).
An example of such distribution is given below.

EXAMPLE 1.2. It is said that r.v. X is distributed according to the
lognormal distribution with parameters p and o > 0 if its tail function

19



has the following form

F<x>:1_q>(bgw—u>’

g

T 2
where ®(x) := i e~Tdt is a d.f of a standard normal distribu-

-
3

tion.

It can be easily verified that for any fixed y > 0,

im F@FY) _ 1,
T—00 F(:L’)

therefore F € £.

1.2.2 Subexponential Distributions

Alongside the class of long-tailed distributions, Chistyakov also intro-
duced the subexponential class (see [25]). The defining feature of these
distributions is that adding two independent copies of r. v. from subex-
ponential class produces a tail that is asymptotically twice as large as
the original, indicating that extreme values typically arise from a sing-
le exceptionally large observation. This ”one large jump” phenomenon
provides a natural framework for analysing rare but impactful events
in systems where extreme shocks are the primary drivers of aggrega-
te risk. In this dissertation, the following definition of subexponential
distributions is adopted.

DEFINITION 1.3. A distribution function F supported on R is said
to be subexponential, denoted by F € ., if F € £ and F*2(z) ~2F(x).

An example of a distribution belonging to this class is presented below.

EXAMPLE 1.3. It is said that r.v. X is distributed according to the
Cauchy distribution with some scale k > 0 and position a € R parameters
if its density function has the following form

7((z —a)? + k2)’

fz) =

20



The tail function of Cauchy distribution has the following form

— 1
F(x) = — arctan ( i >
T r—a

and the tail of 2-fold convolution is

1 2
F*2(z) = - arctan <x _ﬁ2a> .

It can be easily verified that F(x + y)~ F(z) for any fized y > 0 and
F*2(z)~2F(z), thus F € ..

REMARK 1.1. It can also be shown that both examples discussed in
the previous subsections (Weibull and lognormal distributions) belong
to the subexponential class. However, the constructions of Pitman and
of Embrechts and Goldie distributions demonstrate that £ \ & # 0.
Further details can be found in [35] and [87].

1.2.3 Dominatedly Varying Distributions

The class of dominatedly varying distributions was described more than
half a century ago (see [40]). These distributions are characterized by a
controlled form of tail behaviour under scaling. The defining feature of
these distributions is that scaling the argument down by any fixed factor
does not increase the tail probability by more than a constant factor. In

this dissertation, the following definition is adopted.

DEFINITION 1.4. A distribution function F supported on R is said
to be dominatedly varying, denoted by F € 9, if for any (equivalently
for some) y € (0,1)

F(xy)

lim sup — < 00
x—)oop F(.T))

A common example (see, e.g., [50]) of dominatedly varying distribution

is provided below.

EXAMPLE 1.4. It is said that r. v. PP = PPyup) is distributed
according to the generalized Peter and Paul law with parameters {a,b},
(b>1,a € (0,00)) if

P(PPayy = b*) = (0° —1)b*, ke N:={1,2,...}.

21



One can obtain that the tail function has the following form

Fal a —a —a\ |logy x
Fppg (@) =0"-1) > b %=1 o+ )L & JTl{gceu,oo)}

k>1,bF>x

which implies that Fpp € 9.

1.2.4  Consistently Varying Distributions

The class of consistently varying distributions represents a refinement
of dominated variation and imposes a stronger form of tail regularity.
It was introduced by Cline (see [27]) and was named there as "interme-
diate regular variation”. A distribution belongs to this class if its tail
remains stable under scaling. To be more precise, the defining feature
of this class is that small multiplicative changes in the argument have
an asymptotically negligible effect on the tail. In this dissertation, the
following definition is adopted.

DEFINITION 1.5. A distribution function F supported on R is said
to be consistently varying, denoted by F € €, if

F(zy)

lim lim sup — =1.
y11 J:—>oop F(.%')

Further, an example satisfying this definition is given below.

EXAMPLE 1.5. Itis said that r. v. CT = CT, is distributed according
to the Cai-Tang law with parameter r € (0,1) if CT = (1+U) 29, where
U and G are independent, U denotes uniform distribution on interval

[0,1] and G denotes the geometric distribution with parameter r € (0, 1),
that is, P(G = k) = (1 —r)r* k € Ny := {0,1,...}.

For x > 1 the distribution function has the following form

1 — rllogz ] T oo
FCTr(ﬁ):(lir) ( 1—r +(2L10g2mj 71) TU = J)

The above expression implies that Fer, € € for all r € (0,1).

REMARK 1.2. For the Peter and Paul distribution (see Example 1.4),
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it can be derived that

Fpp,,,, (zy
lim lim sup 7{7”}() =04 #£1,
Yl z—o00 Fpp{a’b} (.11)
which is a common example of a distribution belonging to the class 2
but not to the class €, proving that 2 \ € # (.

1.2.5 Regularly Varying Distributions

The class of regularly varying distributions was introduced by Karamata
in the early 1930s and is characterized by tails that behave like a power
function at infinity. The defining feature of this class is that scaling
the argument by a constant factor changes the tail probability only by
a predictable power of that factor. In this dissertation, the following
definition of regularly varying class is adopted.

DEFINITION 1.6. A distribution function F supported on R is said
to be regularly varying with index o > 0, denoted by F € X, if for any

y>0 _
F(zy) .,

11m

The class of all regularly varying distributions is % = U R -

a=0
Below an example of such distribution is provided.

EXAMPLE 1.6. It is said that r. v. Pa = Payqyy is distributed
according to the Pareto distribution with parameters a,b > 0 if its d. f.
has the form

Fpa{ayb} (x) =

It is obvious that F(x) =1—F(x) = (1+ %)%~ (§)7%

From the last expression it is easy to observe that, for allb > 0, F' € X,

where a = a (the first parameter of the Pareto distribution).

REMARK 1.3. It can be shown that Cai-Tang distribution (see Examp-
le 1.5) does not belong to regularly varying class, proving that € \ % # 0.
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For more details see [18].

In the literature, a direct generalization of the class Z is often considered
and is further explored in this dissertation. The class of extended regu-
larly varying distributions was introduced by Matuszewska and Orlicz
(see [79]) and allows the tail exponent to vary slowly with the argument
while maintaining controlled scaling behaviour. In this dissertation, the

following definition is adopted.

DEFINITION 1.7. A distribution function F supported on R is said
to be extended regularly varying with indices 0 < a < B < o0, denoted
by F' € ERYV (apy if for any y > 1

F
yiﬁ < liminf ny) < lim sup 7(& <y

!

—Q

The class of all extended regularly varying distributions is

ExV = | XV (apy

0<agf<x

REMARK 1.4. It holds that Z C EZV C €, notice that both inclu-
sions in this relation are proper. Due to results of [28], the distribution
with t. f.

Nl

F(z) = ¢ s+ (log(1a)-llog(142)] ) 5
belongs to € \ EXY, and the distribution with t. f.

Fx) = e~lea())+ (los(1+a)~llog(142)))” 5

belongs to EZV \ X.

1.2.6 Auxiliary Indices

This subsection recalls two indices used to assess whether a distribution
F belongs to the previously defined classes.

The first index is the upper Matuszewska index, introduced in [78]. In
this dissertation, a slightly different but equivalent formulation is adop-
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ted, following [12], which has been widely used in subsequent literature
(e.g. [22, 58, 102, 111, 135, 137]).

DEFINITION 1.8. For a distribution function F the upper Matus-
zewska index J;E is defined by equality

1 F
Jff = inf{— log{liminf(xy)}}.
y>1 logy z—oo (1)

The second index is the so-called L-index, which appears in a number
of studies (e.g. [33, 58, 72, 118, 135]).

DEFINITION 1.9. The L-index for a distribution function F' is defi-
ned by equality o

F
Lp = Jimm Timm inf 24

yll z—o0  F(x)
The aforementioned indices give an important characterization for heavy-
tailed distribution functions (see, e.g., [118]):

Fe9 & Lp>0 & Jf<oo

Fe¥4¢ & Lp=1 = J;f<oo;

Fe%, = Lp=1 Jf=a

1.3 QAI Dependence Structure

The assumption of independence between random variables is often too
restrictive in both theoretical research and practical applications. Con-
sequently, many authors have considered dependence presumption of
some sort while investigating the asymptotic behaviour of random sums
with heavy-tailed summands. The main dependence assumption adop-
ted in this dissertation is the notion of pairwise quasi-asymptotically
independence, introduced by Chen and Yuen in [22] and subsequently
considered in [48, 73, 75, 109, 110, 123], among others. This concept
provides a flexible framework for analysing sums of heavy-tailed r.v.s
that are not required to be independent but whose dependence beco-
mes negligible in the tail. In this dissertation, the following definition is
adopted.
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DEFINITION 1.10. Real-valued random variables {&1,...,&n} with

distribution functions supported on R are called pairwise quasi- asymp-
totically independent (pQAI) if for any pair with indices k,l € {1,...,n},
k#1,

i P& > 2,8 > ) P > > )
im — > = lim —= > =
0 Fg: (w) + F§l+ (v) 00 Fg: (w) + F§l+ (v)

One of the ways to construct collections of pQAI r.v.s is by choosing a
specific copula, which, by Sklar’s theorem (see [81, 93]), then allows to
obtain a multivariate distribution satisfying the above definition. Below
the definition of a two-dimensional copula is recalled.

DEFINITION 1.11. A two-dimensional copula is a function
C :[0,1]%2 — [0, 1] which satisfies the following properties:

1. C(z,0) =C(0,2) =0, forall  x€]0,1];
2. C(z,1)=C(1,2) =z, forall  x€]0,1];

8. forall0<u; <uy<land0<v; <wvy <1,

Known examples of copulas allowing to construct pQAI r.v.s include
Farley-Gumbel-Morgenstein (FGM) and Ali-Michail-Haq (AMH), see
more detailed examples below.

EXAMPLE 1.7. Let &1, &9 be r.v.s supported on R and with correspon-
ding marginal d.f.s F1, Fo. Consider the two-dimensional FGM copula

Cy(ur,u) = ugug+dugug(l—uy)(1—ug), wuy,uz €[0,1], 9 €[-1,1].

Let r.v.s &1, & have a joint d.f. Cy(Fi(z1), Fa(xe)) with somed € [—1,1].
It follows from Sklar’s theorem (see, for instance, Theorem 2.3.3 in
[81]) that for any given marginal d.f.s Fy, Fs and an arbitrary copula
C(u1,uz), the function F(x1,x2) := C(F1(x1), Fa(z2)) is a bivariate d.f.
with marginal d.f.s F1, Fy. Then

P& >a,6>x) 11— Fi(z) - Fy(x) + Cy(Fi(x), Fa(z))
Fl(.’E) +F2(.’L’) Fl(ﬂf) Jrﬁg(l‘)
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_ @@+ 9R@FR@) o5 o
Fl(.%') —|—F2(l’) h |

Stmilarly, by observing that

P61 > 2,8, >2) <P > 2,85 > 72)

=P < —2) — P& < 2,8 < —0)

for positive x, it can be derived that

P(é1 > 2,8, > ) < Fy(—z) — Cy(F1(x), Fo(—x))

Fl (LU) + FQ(%) h Fl(x) + Fz(x)

_ Fi(2)Fa(—2)(1 — 9F (z)Fo(—x)) < 2Fy(—2)
Fi(z) + Fa(x) b |

Hence &,& are QAL

REMARK 1.5. In a more general setting, it could be proven that
n-dimensional (n > 2) FGM distributions (see, e.qg., [66]) are also pQAL
For more details, see [33].

EXAMPLE 1.8. Let &,& be r.v.s with corresponding d.f.s Fi, Fy.

Consider random vector (£1,&2) with a bivariate d.f.
F(x1,22) = Cy(F1(z1), Fa(x2)),

where Cy is the AMH copula [4]:

Uiuz

Colur,u2) = T =y A = w)’

ur,ug € [0,1], € (—1,1).

Following the same idea as in the previous example, for positive x, it
can be shown that

P& >x,6>x) 1-Fi(z) - Fy(z) + Cy(Fi(x), Fa(z))

Fi(z) + Fa(z) Fi(z) + Fa(x)

_ Fu@)Fs(@)(1 + 9(Fy(x) — F1())) < 2Fy(x)
(F1(z) + Fo(2))(1 = 0F1(2) Fa(2) 1= 0F(2)Fa(x)

and
P& > x,& > o) o Fy(—x) — Cy(Fi(x), Fa(—x))

Fi(z)+ Fa(z) Fi(z) + Fa(x)
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_ FQ(—{E)Fl(J})(l - 19?2(—.%’)) < 2F2(—(L‘)
(Fi(z) + Fa(2))(1 — 9F 1 (2)Fao(—x)) 1 —0F(z)Fa(—2z)
Hence &1,& are QAL

For further discussion on the application of copulas in modelling depen-
dence for heavy-tailed distributions, see [2, 7, 33, 38, 81, 114, 130] and
the references therein.

In the literature, similar dependence structures have also been conside-
red. For instance, Geluk and Tang in [48] assumed that r.v.s &1,...,&,
satisfy the so-called Assumption A, which was later referred to as strong
quasi-asymptotic independence (see, e.g., [58, 72, 73, 110]). The defini-
tion is recalled below.

DEFINITION 1.12. Random variables {&1,,...,&,} with unbounded
right tails are called pairwise strongly quasi-asymptotically independent

(pSQAI) if for any k, 1 €{1,...,n}, k#1,

lim — P(|&] > 2kl > 21) = 0.

min{zy,z; }—o0

Moreover, Cheng in [23] considered two other dependence structures, na-
mely pairwise tail quasi-asymptotic independence and pairwise asymp-
totic independence. The corresponding definitions are given below.

DEFINITION 1.13. Random variables {&1,...,&,} with unbounded

right tails are called pairwise tail quasi-asymptotically independent

(pTQAI) if for any k,l € {1,...,n}, k#1,

y P(& > ap, & > m1)
11m
min{z,z;}—o0 Ff;j (1’k) + F£l+ (l‘l)

T A i
min{zg,z; }—o0 ng. (ajk) + Fﬁ?’ (SL‘Z)

DEFINITION 1.14. Random variables {1, ...,&,} with unbounded
right tails are called pairwise asymptotically independent (pAl) if for
any k,l € {1,...,n}, k #1,

lim P22 >2) gy, P> 2.6 >2)

- = — = 0.

28



It is worth noting that all of the dependence structures described above
imply pQAI. For further details, see, e.g., [33].

1.4 Risk Measures

Let a real-valued r.v. X with d.f. Fx represent a random risk associa-
ted with an uncertain financial position, insurance loss, or other random
outcome. A natural objective is then to quantify the magnitude of this
risk. Risk measures provide a systematic framework for assessing and
comparing such risks. The study of risk measures is a relatively popular
topic in probability theory, e.g., classical mathematical problems rela-
ted to risk measures are discussed in [90], distortion risk measures are
considered in [5, 85, the duality of risk measures is considered in [67],
risk measures with special properties are analysed in [59, 113, 127], and
risk measures constructed using higher-order moments are analysed in
[19, 53, 77, 86].

In probabilistic terms, a risk measure assigns a real number to a ran-
dom variable representing future losses, thereby reducing a potentially
complex distributional object to a single interpretable quantity. In this
dissertation, the following definition of a risk measure is adopted.

DEFINITION 1.15. Let (2, F,P) be a probability space and let set
Lo ={X | X :Q — R} be a class of real-valued random variables on
this space. Then function p: Lo — R is called a risk measure.

Note that throughout this dissertation, unless stated otherwise, positive
value of X corresponds to loss, while negative value represents profit.
Further, several classical examples of risk measures are provided.

EXAMPLE 1.9. The simplest example of a risk measure is the expecta-
tion EX. However, it often fails to adequately capture tail risk and may
be infinite for heavy-tailed distributions.

Another commonly used risk measure is Value-at-Risk (VaR), defined as
VaR,(X) =inf{fr e R | P(X > z) <1—¢}.

While VaR specifies a quantile of the loss distribution, it does not take
into account the magnitude of losses beyond this threshold and fails to
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adequately reflect diversification effects. Therefore, it may underestimate

risk in market stress situations under extreme asset price fluctuations

(see [126]).
A further widely used risk measure is the Expected Shortfall (ES), defined

as

1

1

ES,(X) = 1 / VaRy (X)du.
q

ES addresses some of the limitations of VaR by incorporating informa-

tion about the severity of losses in the tail.

As noted in the example above, VaR may fail to adequately reflect diver-
sification effects. This limitation motivated the introduction of coherent
risk measures by Artzner et al. (see [6]), which ensures a meaningful
economic interpretation. The definition of such risk measure is recalled

below.

DEFINITION 1.16. Risk measure p: Lo — R is called coherent if it

satisfies the following axioms:

(i) Monotonicity:
p(X) < p(Y), if X <Y almost surely, X, Y € Ly;
(ii) Translation Invariance:
p(X+a)=p(X)+a, forall X €Ly acR,
(iii) Positive Homogeneity:
p(AX) = Mp(X), forall X € Lo, X>0;
(iv) Subadditivity:

pP(X+Y)<p(X)+pY), forall X,Y € Lo.

Note that ES is a coherent risk measure (see, e.g., [1]). Another example
is the Haezendonck-Goovaerts (HG) risk measure which is a direct gene-
ralization of the ES and was originally introduced in [54]. According to

the results of [10, 51], this measure has many properties necessary for risk
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measurements. As already mentioned, it is coherent and, as a result, is
a monetary and convex risk measure as in [43, 45]. HG risk measure has
attracted much attention in recent years (see, e.g., [10, 105, 106, 115])
and constitutes one of the main focuses of this dissertation. Since the
HG risk measure is defined on the Orlicz heart, the notions of a norma-
lized Young function, an Orlicz space, and the Orlicz heart are recalled
prior to introducing the definition of the HG risk measure.

DEFINITION 1.17. A function ¢ defined on R is said to be normali-

zed Young function if ¢ is non-negative, convex on interval [0,00) such
that ¢(0) = 0,¢(1) = 1, p(c0) = oo.

DEFINITION 1.18. Orlicz space L? and Orlicz heart Ly of real-
valued r.v.s X associated with function @ are defined by the following
equalities:

LY = {X :E(p(cX)) < oo for some ¢ > 0},
L§ = {X 1 E(¢(eX)) < oo for all ¢ > 0}.

Note that L¥ =L if

2
lim sup #(22)
z—o0 P(T)
DEFINITION 1.19. Let ¢ be a Young function, q € (0,1), and
X € L§. The Haezendonck-Goovaerts (HG) risk measure for variable
X is defined by equality

< o0

HGy(X) :Iig]g (z + h(z,q)), (1.1)

where h = h(x,q) is a solution of the equation

s (G

if Fx(x) >0, and h(z,q) =0 if Fx(z) = 0.

According to Proposition 3(b,d) in [10], the minimizer (x, h.) to equ-
ation (1.1) exists for all ¢ € (0,1), and it is unique if the function ¢ is

strictly convex.
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As already mentioned, the HG risk measure is a direct generalisation of
the ES risk measure obtained by taking the following Young function
@(t) = t. Other generalisations of the ES measure are obtained by
replacing quantiles with generalised quantiles or expectiles. Such risk
measures are described and studied in [9, 11, 138].
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2 GENERALIZED MOMENTS OF SUMS WITH
HEAVY-TAILED RANDOM SUMMANDS

For a fixed n € N, consider two independent collections:

(i) {&1,...,&,} of real-valued, possibly dependent, heavy-tailed r.v.s,
called primary r.v.s;
(ii) {01,...,0,} of nonnegative, nondegenerate at zero r.v.s, called ran-

dom weights.

This chapter is devoted to the study of the asymptotic behaviour of

sums of primary r.v.s
n
=Y G=&+...+,
k=1
and randomly weighted sums

SO = Ope = 0161 + ... + Onn.
k=1

The asymptotic behaviour of both types of sums has been extensively
studied in recent years within the applied probability literature, under
various assumptions on the collections {&1,...,&.}, {01,...,0,}, and
their dependence structures. Accordingly, this chapter begins with a re-
view of known results on the asymptotic behaviour of tail probabilities
P(S5 > z) and P(S5 > z), as well as tail expectations E(S51

0.
and E(Sn51{525>x}) (
the asymptotic bounds for the tail expectations E((p(SS)IL{Sg >$}) and

{s;%>x})
Section 2.1). Subsequently, the new results on

E(@(Sﬁé)l{seg>x}) are presented (Section 2.2), followed by proofs of the
obtained results (Section 2.3) and several illustrative examples (Sec-
tion 2.4).

2.1 Background

This section begins with a brief review of results from the literature on
the asymptotic behaviour of tail probabilities of random and randomly

weighted sums.

Although the literature often assumes that the primary r.v.s &,...,&,
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are independent or identically distributed (see, e.g., [52, 102, 116, 117]),
alternative results under less restrictive conditions have also been estab-
lished. For example, Geluk and Tang (see Theorem 3.1 in [48]) achieved
the following:

THEOREM 2.1. Let &1,...,&, be real-valued r.v.s with d.f.s F¢, ...,
Fy,, respectively. If Fy, € 9 NZL for all1 <k < n and&y,...,& are
pSQAI then

P(SS > ) Zng (2.1)

Concurrently, Chen and Yuen [22] demonstrated that asymptotic re-
lation (2.1) remains valid in the smaller class ¢ but replacing pSQAI
assumption with the weaker pQAI condition (see Theorem 3.1 in [22]).
Moreover, in the same article, these results were extended to tail proba-
bilities of randomly weighted sums (see Theorem 3.2 in [22]):

THEOREM 2.2. Let &,...,&, be pQAI real-valued r.v.s such that
Fe, €€,...,F, €€, andletby,...,0, be nonnegative r.v.s independent
of &1,...,&, such that

max{E#],... E’} < co for some p > maX{J};l yeees J;fn} (2.2)

Then

n
P(S5 > a) ~ Y Fye, (). (2.3)
k=1
Subsequently, Yi et al. [137] extended the result given in Theorem 2.2
by deriving asymptotic bounds for the case where r.v.s &1,...,§&, are
pQAI and belong to the class Z with an additional tail condition (see
Theorem 1 in [137]). These results were later reconsidered and proved
by Jauné et al. [58], who removed that additional tail assumption (see
Theorem 1 in [58]):

THEOREM 2.3. Let &,...,&, be pQAI real-valued r.v.s such that
Feo€9,...,F, € D, and let 04, ...,0, be arbitrarily dependent, non-
negative, nondegenerate at zero r.v.s independent of &1,...,&, and sa-
tisfying (2.2). Then

I e~—
LS Z Foe.(v) SP(S% > x) < - Foe, (), (2.4)
n k=1
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F
min{LF&,...,Lpgn} and LF&k = lim lim inf 7(xy) is the

& _
" yll z—=o0  F(z)

where L

L-index for a d.f. Fg, , k€ {1,...,n}.

Moreover, Cheng [23] tightened the bounds in (2.4) by moving the L-
indices inside sums and weakened condition (2.2) (see Theorems 1.1 and
1.2 in [23]):

THEOREM 2.4. Let &,...,&, be pTQAI real-valued r.v.s such that
Feo€9,...,F, € Z,andletb,...,0, be nonnegative r.v.s independent
of &1, ..., &, such that

F
lim M =0 for any v >0 and for all k € {1,...,n}.
270 Fg,e, ()

Then
n o n 1
ZLkokak () < ]P)(Szf >x) < Z ZFOJC&(:U)' (2.5)
k=1 k=1 ""Sk

REMARK 2.1. The same bounds (2.5) hold when the pTQAI condi-
tion for r.v.s &1,...,&, is replaced by the pAl condition with additional

requirement that

=0 forall ke{l,...,n}.

Finally, Leipus et al. [68] and Dirma et al. [33] obtained results similar
to those in Theorem 2.4, but under a less restrictive pQAI dependence
assumption. An exception is that in [33], unlike in [68], the results were

formulated for the weighted sum (see Remark 2 in [33]):

THEOREM 2.5. Let &,...,&, be pQAI real-valued r.v.s such that
Feo€e2,...,F, € D, and let 01, ...,0, be arbitrarily dependent, non-
negative, nondegenerate at zero r.v.s independent of &1,...,&, and sa-
tisfying (2.2). Then

The next part of this section provides a brief review of results on the
asymptotic behaviour of tail expectations of random and randomly weigh-
ted sums which is the main object of this chapter. As noted earlier,
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primary r.v.s are often assumed to be independent or identically dist-
ributed (see, e.g., [107, 131]). However, the focus below is on results
obtained under weaker conditions.

Alongside Theorem 2.3, Jauné et al. [58] established the following results
(see Theorem 2 in [58]):

THEOREM 2.6. Let the conditions in Theorem 2.3 be satisfied.

(i) If Foe(x) = O(Fpg(x)) for all k € {1,....,n} and some
le{l,...,n} under the condition Ef;|§| < oo, then

E(elflﬂ{5g€>x}) SE0&1{0,6,521)

and, consequently,

n

{STGL§>$}) S/ E(0k§k1{9k£k>$})
k=1

E(S%1

if E01]¢&1] < 0o and Foe, (z) < Fo,e, (z) for allk € {1,...,n}.

(ii) If r.v.s &,...,& are pSQAI and Fye, (x) = O(Fgg (x)) for all
ke{l,...,n} and somel € {1,...,n} under the condition E6;|;| < oo,
then

LF&Z ]E(elgl :ﬂ'{elél >55}) 5 E<9l€l ]]-{STGLE >£E} ) 3
and, consequently,

n

L5 D E(Or&rLipgoey) S E(SI L (gre )
k=1

if E01]&1] < 00 and Foe, (z) < Fo,e, (z) for all k € {1,...,n}.

Subsequently, Leipus et al. [72] considered a dependence structure more
restrictive than pQAI, referred to as Assumption B, and extended the
above results to tail moments of random sums under the transformation
o(x) = 2%, o € N. In addition, a corrective constant was introduced in

the upper bound (see Theorem 5 in [72]):

THEOREM 2.7. Let &, ...,&, be real-valued r.v.s satisfying Assump-
tion B such that Fe, € 9 and E|;|™ < oo for somem € N. Let6y,...,0,
be nonnegative, nondegenerate at zero, bounded r.v.s independent of

§1,--&n. If nggk(l‘) - O(Feﬁl (x)) and Fekgg (.CE) = O(F91€1 (.%')) fOT
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all k€ {2,...,n}, then

L3 B (k&) " Lip,e,52y) S E <(52£)mﬂ{sﬁf>m})
k=1

o (2.7
75 Z (O1E) ﬂ{9k5k>$}) ’
n k=1
where LY = min{Lp, ,...,Lr, }.
Here Assumption B means that r.v.s &1, . . ., &, have unbounded right tails

and satisfy
: + + Y - +
lim supP(§, > z|§" > u) = lim supP(§, > z[§" > u)

= lim supP(& > x| > u) =0

T—=0 y>q

forallk,le{1,...,n}, k#I.

Note that similar bounds to (2.7) were obtained for tail moments of

unweighted sums (see Theorem 4 in [72]).

Bounds (2.7) were later sharpened for sums of primary r.v.s by Leipus
et al. [68], where individual L-indices, Lp, , k€ {1,...,n}, were put
inside the bounding sums. In addition, the range of possible « values
was extended to Np. Finally, Dirma et al. [33] considered a less rest-
rictive pQAI dependence structure and further generalized these results
to randomly weighted sums and allowed « to take any nonnegative real
value (see Theorem 4 in [33]):

THEOREM 2.8. Let &,...,&, be pQAI real-valued r.v.s such that
Feo€e9,...,F, € 9, and let 01,...,0, be arbitrarily dependent, non-
negative, nondegenerate at zero r.v.s satisfying (2.2). If collections
{&1,...,&} and {01,...,0,} are independent and E(0;|&x])® < oo for
all k € {1,...,n} and some a € [0,00), then

Z Lr, E ((0k&) 1{g,6,50)) SE ((52£)a1{525>x})
(2.8)

n

1 o
< ?E (k&) Ligpgy ) -
k=1"""%¢
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Additionally, three remarks were made in [33] which are also provided
below.

REMARK 2.2. By narrowing the class & to the class € and noticing
that F € € < Lrp = 1, the exact asymptotic equivalence could be ob-
tained. In particular, if Fe, € € for all k € {1,...,n} and remaining
conditions of Theorem 2.8 hold, then

E ((Szg)aﬂ{526>x}) ~ ZE ((ngk)al{9k£k>w}) :
k=1

Similar results corresponding to Remark 2.2 for unweighted sums were
obtained as a particular case in [97].

REMARK 2.3. The case a = 0 corresponds precisely to Theorem 2.5.

REMARK 2.4. Let conditions of Theorem 2.8 hold. By combining
(2.6) and (2.8) the following asymptotic bounds for conditional expecta-
tions could be obtained:

b1 L, B ((0k61) 1,6, 52)) <
22:1 ﬁF%ﬁk (x) ~

E ((S8)°)88¢ > @)

§ > h=1 %E ((Or&r)“Lippe,>a))
- > k=1 LngFkak (x)

In addition, by using the min-mazx inequality (see Lemma 2.1 in Subsec-

tion 2.3.1), the above asymtotic bounds could be expressed as:

. 2 o < 0§ yar) gOE
Jmin (L, B((0:60)° |06 > @)} S E (507|508 > )

< max {Ll}ka((Gk&)awkﬁk > )}

1<k<n

2.2  Main Results

This section presents the main results of the chapter, which are publis-
hed in [32] and are significantly influenced by [33]. The theorems below
further generalize the previously discussed findings by permitting a bro-
ader class of transformations beyond degree functions. The first theorem
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in this section is formulated for sums of primary r.v.s and corresponds
to Theorem 3 in [33], whereas the second theorem addresses randomly
weighted sums and serves as an extension of Theorem 2.8.

THEOREM 2.9. Let &1,...,&, be pQAI real-valued r.v.s such that
Fepo € 9 forall k € {1,...,n} and let ¢ : R — Ry = [0,00) be a

function which satisfies the following properties:

(i) ¢ is nondecreasing for all sufficiently large x;

(i) ¢ is subhomogeneous for all sufficiently large x, i.e. o(2x) < cp(x)
for some positive constant ¢ and all sufficiently large x;

(iii) ¢ is differentiable for all sufficiently large x;

(iv) for each k € {1,...,n}, the generalized moment E(p(&k)Lg, >a}) 95
finite for all sufficiently large x.

Then,

ZLfk (Ek) ]l{§k>517}) N E( (575‘)1{5%>Z})

"1
; L&k k) {&> })

REMARK 2.5. It should be noted that requirements (i), (i), (iii) im-
pose conditions solely on the function ¢, whereas condition (iv) involves
not only function ¢ but depends on the collection of r.v.s {&1,...,&n} as

well. Examples of such functions can be found in Section 2.4.

THEOREM 2.10. Let &1,...,&, be pQAI real-valued r.v.s such that
Feo € 9 forallk € {1,...,n} and let 0y, ..,0, be arbitrarily dependent,
nonnegative, nondegenerate at zero r.v.s satisfying

max{E#,... EfL} < co for some p > max{JIJg§ ,...,J;E{ }.
1 n

Additionally, let the collections {&1,...,&n} and {01, ...,0,} be indepen-
dent, and let ¢ : R — R4 be a function which satisfies properties (i),
(ii), (iii) from Theorem 2.9 and the following one:

(iv)* the generalized moment E (@(0k§k)ﬂ{9k§k>x}) is finite for all
ke{l,...,n} and all sufficiently large x.
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Then,

Z L E ekgk)l{9k§k>$}) SE < (Szg)ﬂ{Sg§>m})

Z (P (O&r) L (0,6, 541 -

k= k

It is easily to verify that the function ¢(z) = %, a > 0, satisfies proper-
ties (i), (ii) and (iii) in the theorems above. Consequently, the results of
this section include those of [33] as special cases. Additionally, remarks
analogous to those in 2.2, 2.3 and 2.4 continue to hold, since their conc-
lusions follow from properties that are preserved in the more general
setting addressed in this section.

2.3  Proofs of the Main Results

2.3.1 Auxiliary Lemmas

This subsection provides auxiliary statements that play a key role in
the proofs of the main results. The first lemma, known as the min—max
inequality, provides a simple double inequality for ratios of finite sums

of real numbers.

LEMMA 2.1. Let €N, a; >0, b; >0, i € {1,...,1}. Then

min a“ a <7a1+'”+al<max “u a
bl ’bl \b1+...+bl\ bl"”’bl '

Proof. The statement of the lemma follows directly once it is observed

that

aj +. +al

bl—i- .+ b sz b1+ b’
WhereO<ln+I?7iJrljl<1forz'€{1,...,l}. O

The following two statements relate to the alternative expectation for-
mula presented as Theorem 1 in [74]. For additional information on

alternative expectation formulas, see [83, 96] and the references therein.
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LEMMA 2.2. Let £ be a r.v. with the greatest lower bound m. Let

¢ : [m,00) — R be a differentiable function with integrable derivative

such that o
/</‘gp’(t)‘dt>dF§(x) < 00
Then C -
B(p(€)) = ¢(m) + [ &/(@)Fela)do

For the proof of the above result, see [74].

LEMMA 2.3. Let £ be a real-valued r.v. supported on R and let
¢ :[a,00) = R be a differentiable function such that

7(/ ‘@'(t)‘dt>dF5(z) < 00 (2.9)

for some positive a. Then,

E(p(€) Ligsny) = () Fe(x) + / JWFe(tydt  (2.10)

forall x > a.

Proof. The statement of the lemma can be derived from Lemma 2.2
or can be proved directly using Fubini’s theorem. The latter option is
chosen in this proof. For a given x > a, it holds that

[e.9]

E ((9(6) — 9(2))Liesn)) = / (1) — 9(2)) Lpysay dFe ()

—00

_ 7(90@) — p(2))dFe(u) = 7( /u go’(t)dt) dFe(u).

x

Under condition (2.9), the Fubini-Tonelli theorem applies, and therefore

u

[ ([ #)argn 7(]10 e

x x x
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- 7¢<t><7ng(u>)dt - ﬁa’(f)(l ~ Re(t)dt = 7@'(75)F5(t)dt-

The two derived formulas together yield equality (2.10), which completes
the proof of Lemma 2.3. 0

The following lemma is the result of [68] and corresponds to Remark 2.3.
For completeness, the asymptotic behaviour of tail probabilities of un-
weighted sums is presented below, as it is crucial for the proof of Theo-
rem 2.9.

LEMMA 2.4. Let &,...,&, be pQAI real-valued r.v.s, such that
Feo € D forallk € {1,...,n}. Then

S Le Fe () SP(SS > 2) <
k=1 k=

—

The proof of the lemma above can be found in [33].

For the proof of Theorem 2.10, two additional lemmas are required. The
proof of Lemma 2.5 is given in [58] (see Lemma 3), while the proof of
Lemma 2.6 is provided in [33] (see Lemma 4).

LEMMA 2.5. Let & and 0 be two independent r.v.s such that Fe € 9
and 0 is nonnegative, nondegenerate at zero r.v, then Fye € 2, where
Fye(x) :==P(0¢ < ).

If, in addition,

1
EOP < oo for some p > Jgr = inf {
y>1 logy

F
log {lim inf 7(.?811/) }} ,
then the inequality Lo¢ > L¢ holds for L-indices.
LEMMA 2.6. Let &1, & be QAI r.v.s such that Fe, € 2, k € {1,2},

and let 01, 02 be two arbitrarily dependent, nonnegative, nondegenerate
at zero r.v.s with max{E6}, EAL} < oo for somep > maX{Jg, Jg} Then
r.v.s 01&1 and 05& are QAL

2.3.2 Proof of Theorem 2.9

The case n = 1 follows trivially from the definition of coefficient L Fe, -
Let n > 2. Since n is fixed, the conditions of the theorem imply that
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requirements (i)-(iv) are satisfied for all z > N, when N is sufficiently

large.

Due to properties (i) and (ii), one can obtain ¢(nz) = O(p(x)). Indeed,
since p(2x) < ¢(p(x)) for x > N, the following inequalities hold:

nx

p(nx) =@ (2%) < cp (%) for 5> > N,

o () = () <@ () for 2N

RIS}

o () = o (22) <o (32) e 225

Therefore, for each given m € N and z > 2™N /n:

nx
p(nz) < c™p (27”) :

Choosing m such that o < 1 and using the fact that ¢ is nondecreasing
for sufficiently large x, one can get that there is K > N such that

nx

) < emila) < st )

p(ne) < ¢ @(

for all x > K. Therefore property (iv), together with the derived esti-
mate, imples that

E (90(55)11{55>A7}) < 00
for some M > 0.

Indeed, there exists K > K such that 0 < o(z1) < @(zg) for
K < r1 < x9 and

E (‘P(fk)]l{gk>f(}) <00

for k € {1,...,n}. Thus, for M= nkK, one can get

-----

< glogynt1 ZE( (n&r) Ly, >f<}>

< Ponnt Y R <<p(§k)11{5k>f(}) < 0.
k=1
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Hence, due to properties (i) and (iii), there exists M > M such that

?(M/ugo'(t)dt dF g (u /(M/ Hdt | dF (u)
M
IE< (ST gonry — goM)) < .

It follows that Lemma 2.3 is applicable for the truncated sum Sg]l (85>}

Using Lemmas 2.1 and 2.3, for z large enough (z > M),

E (¢S 55..)

> A E (0(6) Ligsap)

5
s
~
/N
2,
V
8
N—
+
8,
ﬁ\
g
/N
n
7ax%
V
SN
N—
o
SN

By Lemma 2.4, one can obtain

limsup C;(x) < 1,

T—00

and for the term Ca(x), one can obtain

limsup Ca(x) = lim sup
T—00 Tr—00

< lim sup sup
T—00 uZx Z

p Ek k=1

44



where last inequality follows from Lemma 2.4 as well. This proves the
desired upper estimate in Theorem 2.9.

The asymptotic lower bound in Theorem 2.9 follows similarly. Indeed,

in the same fashion, one can obtain

B (o591 5.1

kil L E ((P(gk) 1{§k>x})

o(z)P (SfL > :L‘) + Zfogo’(u)IP) <S§L > u) du

o0

S L, (w(w)ng () + ] (), <u>du)
k=1

T

> min

By Lemma 2.4, one can obtain

liminfCs(z) > 1,

T—00

and, for the term Cy(x), one can obtain

By

O (u)P <S§L > u> du

lim infCy(z) = lim inf -
T—00 T—00 > Lgkfgk (u)

o ()P (85 > u) L —— R

By

P (SS > u)

’;1 Likfék (u)

P (Sfl > u)

= lim inf — —
kzl Le, Fe, (u)

T—00 u>T

> liminf inf
T—00 uU=x

P (S% > x)

> L, Fe,(x)
k=1

= lim inf
Tr—r00

> 1,

where last inequality follows from Lemma 2.4. This proves the desired
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lower estimate in Theorem 2.9.

Theorem 2.9 is proved. Il

2.3.3 Proof of Theorem 2.10

As max{E#7,... , E0h} < oo for some p > maX{Jt, . Jg;}, Lemma 2.5
implies that Fy, ¢, € Z and Lg,¢, > L¢,, forallk € {1,...,n}. Moreover,
according to Lemma 2.6, for any k,l € {1,...,n}, k # 1, r.v.s 0x&, and
0,&; are QAT In other words, r.v.s 611, ..., 60,&, are pQAI Finally, one
can apply Theorem 2.9 to r.v.s. 61&1,...,0,&, and obtain the desired
result. O

2.4 Examples

This section presents specific examples illustrating the asymptotic rela-
tions stated in Theorems 2.9 and 2.10. For simplicity, sums S5 and 5’25
are restricted to cases with two or three summands. In all examples, r.v.s
&1, &9, &3 are assumed to satisfy the pQAI condition and are constructed
via a two-dimensional or three-dimensional FGM copula (see Examp-
le 1.7 for details). Moreover, collections {61, 602,03} and {1, &2,&3} are
considered to be independent.

Since analytic expressions for tail expectations E(p(S%) and

bis§5ay)
E((p(st)]l ( Sﬁg>x}) may be difficult or impossible to derive, these quan-
tities are estimated using the Monte-Carlo simulation method. Likewise,
Monte-Carlo estimates are provided for sums of tail expectations of in-
dividual summands E((&) g, >23) and E(o(0rék) Lo, >a1)- Details
of the sampling procedure may be found in Section 6.1 of [33]. In ad-
dition, tail expectations of individual summands are evaluated by the

asymptotically equivalent expressions.

EXAMPLE 2.1. Consider three Pareto distributions (see Example 1.6)
& 4 Paga 1y, &2 4 Pagaay, &3 4 Paya 3y which are pQAI More specifi-
cally,  suppose that random  wvector (&1,&2,&3)  follows  the
three-dimensional FGM copula

P& < 21,8 < 2,83 < a3) = Fe (21) Fe, (22) Fey (3)

X (1 + éf& (ﬂfl)F& (z2) + %Fﬁz (xQ)Ffs (z3) + %F 1($1)Ff3 (m?’))
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In addition, consider the generalized moment function ¢(x) = lozz' In

this example, the asymptotic formula is derived for

§i+&+8
E (‘P(S?f)ﬂ{s§>x}> —E (<1og(§1 + &+ 53))ﬂ{£1+£2+£3>w}> :

It is easy to wverify that all conditions of Theorem 2.9 are satisfied.

Moreover, L¢, = L¢, = Ley; = 1. Hence,

3
& 28
K (@(Sg)l{sgm}) ~) E < 1{£k>x}> ~ tlogx

— \log&
because
€k > 270 y dy 27 dy
E(—f 1, .. ) =2k ok
<log£k {€x>a) logy (k+y)3 y2logy
_ 9k2 / € 4o 2K
z zlogz’
logz

forall k € {1,2,3}.

The results of stimulated values together with the derived analytical exp-
ression are presented in Figure 2.1.

0.06

EHp(S8) 1152 9]

3
-=- 2 E0E 1]

28

xlog(x)

0.05

0.04

0.03

tail expectation

0.02 1

0.01 A

0.00

T T T T T T
0 1000 2000 3000 4000 5000

FIGURE 2.1. Asymptotic relations for the truncated generalized mo-
ment of Example 2.1.
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EXAMPLE 2.2. Let the assumptions of Example 2.1 continue to hold.
Furthermore, consider independent random weights 01, 02,03 distribu-

ted according to the Bernoulli distribution shifted by 1 with p; = %,

P2 = i, and ps = %, respectively, meaning that, for example,
PO, = 2) = %O,P(Gl =1) = 1%. It is obvious that all conditions of

Theorem 2.10 are satisfied. Moreover, it can be demonstrated that

E O 1 N pr8K? + (1 — py)2k?
log 0.&x {018 >a) zlogx

for all k € {1,2,3}.
Figure 2.2 shows results of the following asymptotic relations
3

5% 01 61.6
E|l— ~ E|——— ~ .
<logS§£ﬂ{S§f>:c}> kz <10g9k§k1{9k§k>x}> zlogx

=1

0.14
ELQ(SE) 1y 9]
3
0.12 A
- kZIEI(P( 8Ei) Ligi =13
..... 616
0.10 1 ¥oatn)
=
2 p.08
i
()
[
a
% 0.06
E
0.04
0.02
0.00

T T T T T T
0 1000 2000 3000 4000 5000

FIGURE 2.2. Asymptotic relations for the truncated generalized mo-
ment of Example 2.2.

EXAMPLE 2.3. Consider two r.v.s distributed according to Peter and
Paul laws & 4 PP12y, &2 4 7373{17\/5} (see Example 1.4) which are
pQAIL More specifically, suppose that random vector (£1,&2) follows the

two-dimensional FGM copula
1 _
P61 < 1.0 < ) = Py (o) (o) (14 5P (00 Peo2) )
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In addition, consider the generalized moment function p(x) = J/xlogx.

In this example, the asymptotic formula is derived for

A(r) :=E (@(5§)R{S§>x}> =E ((\/3 & + & log(é + 52))ﬂ{§1+£2>x}> :

Since all of the conditions of Theorem 2.9 are satisfied, one can obtain

2 2
1
> L, E(V/Glog(€)Lig,50) S Az) S ZW €0108(8) Ligy>0)-
k=1 k

According to the definition of PP distribution,

k
2

P(g =28 =27F P& =2%)=(V2-1)272, ke{l,2,..},

Liog 5 @]

Fe () =27zl P (z)y=2""3 | z>1

The latter expressions imply that L¢, = % and L¢, = % (see [33] for
details). In addition,

o0
_2k
E(V/€log(6) g, 50p) =log2 Y k2@
k=|log, z|+1
_ \3/§log2 _ 2|logg =

_ (2_\3@22 T3 (24 (2 - V2)logy 2)),

and, similarly,
(V2 —1)log2 i _k
-~ - =2 k273

E({/2108(62) Lie,>a)) = 2

k=|2logy z]+1
(V2 —1))v/2log2_ 12108y 2]
. 2 3
PERLE

The last relations and Theorem 2.9 imply that

(V24 (V2 —1)[2logy z]).

3 2 72L10321J 3
2 -2 _2logya] 3
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_ 2|logg x|

A(x)zé/élog2<2 2775 (24 (2 - V2)|logy z])

1
V2 -1 NRLITL]
Va2~ vy

The results of simulated values together with the derived analytical bounds

+ ({‘/§+(€f2—1)L210g2xJ)>.

are presented in Figure 2.3.

2.00 +
— HolS5) 1455291
E 2
1754 & --- Rzlflw(«fk‘ll{fnx)]
1s0d ¢ lower bound
e upper bound
§ 1.25
=]
=
[¥]
& 1.00 -
=
[V
£ 075
0.50 4
0.25 4
0.00

T T T T T T
0 1000 2000 3000 4000 5000

X
FIGURE 2.3. Asymptotic relations for the truncated generalized mo-
ment of Example 2.3.
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3 REGULARITY OF THE STOPPING MOMENT

In the previous chapter, sums with a fixed number of summands were
examined. This chapter turns to randomly stopped sums, where pri-
mary r.v.s £1,&2,... are assumed to be nonnegative, independent, and
identically distributed (i.i.d.), and the stopping moment is a nonnega-
tive, nondegenerate at zero, integer-valued r.v., independent of primary

Ir.v.s.

The associated sequence of partial sums {S,,,n > 0} is defined by
So:=0, Sp:=&+...+&, n=1 (3.1)
The main subject of this chapter is the study of randomly stopped sum

0 if v =0,
+...4+& ifv>1,

where n in (3.1) is replaced by counting r.v. v taking values in Ny.
Here, {£1,&2,...} is a sequence of independent copies of a r.v. & with
d.f. F¢(x). In this setting, the d.f. of the randomly stopped sum is

Fs,(z) =P(S, <z) =Y P(S, < 2)P(v =n),
n=0

and, for positive x, the corresponding tail function has the form
Fs, (z) =P(S, > z) Z]P’S > z)P(v = n).

The theory of randomly stopped sums for various subclasses of heavy-
tailed r.v.s has been extensively developed over the past fifty years, pri-
marily within the framework of i.i.d. summands. This chapter continues
to consider this standard model. Research of randomly stopped sums
plays an important role in insurance and financial mathematics, survival
analysis, risk theory, computer and communication networks (see, e.g.,
8, 13, 18, 21, 34, 39, 46, 61, 62, 94, 100, 102, 108, 119, 128]).

The rest of this chapter is structured as follows. Section 3.1 provides
a review of known results on randomly stopped sums. Section 3.2 pre-

51



sents new results identifying conditions under which the regularity of a
randomly stopped sum determines regularity of the stopping moment.
Proofs of these results are given in Section 3.3, followed by an illustrative
example in Section 3.4.

3.1 Background

This section begins with a brief review of direct type results on the
regularity of randomly stopped sums, that is, conditions are specified for
random summands and counting r.v. ensuring that randomly stopped
sums fall into the desired regularity class.

Randomly stopped sums consisting of regularly varying r.v.s were consi-
dered in [37, 39, 89, 98, 99]. For example, Fay et al. (see Proposition 4.1
in [39]) achieved the following:

THEOREM 3.1. Let & be a nonnegative r.v. with d.f. Fe € Xe, o > 0.
Additionally, assume Ev < oo and F,(z) = o(F¢(x)). Then

Fg,(z) ~ EvF¢(z).

Problems involving randomly stopped sums composed of consistently
varying r.v.s have been examined in [3, 18, 22, 60]. For example, Chen
and Yuen (see Theorem 3.4 in [22]) obtained results analogous to those
presented in Theorem 3.1:

THEOREM 3.2. Let {&1,&,...} be a sequence of pQAI real-valued

r.v.s with common d.f. F¢ € €, and let v be a nonnegative and integer-
valued r.v. independent of the sequence {&1,&,...}. If 0 < Evitl < oo
for some q > Jljig, then

Fg,(z) ~ EvF¢(z).

The asymptotic properties of randomly stopped sums with dominatedly
varying summands were examined in [30, 69, 70, 101, 129]. For instance,
Leipus and Siaulys (see Theorem 5 in [69]) proved the following:

THEOREM 3.3. Let&1,&9,. .. bei.i.d. nonnegative r.v.s with common
d.f. Fz € 9 and finite mean E§. Additionally, let v be a nonnegative,
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integer-valued r.v. independent of £1,&o, ..., with d.f. F,, and finite mean
Ev > 0. Then

Fs, €92 <<= min{F¢F,} €.

Problems involving randomly stopped sums consisting of long-tailed r.v.s
have been considered in [26, 31, 36, 69, 70, 119, 121, 122]. Note that
asymptotic properties in these papers are found either exclusively for
summands with long tails or for summands satisfying additional condi-
tions. For example, Denisov et al. (see Theorem 8 in [31]) stated the

following:

THEOREM 3.4. Let &,&,... be ii.d. r1.v.s with common d.f.
Fe e N2 and E¢ > 0. Additionally, let v be independent of &1,&a, .. .,
with d.f. F, € €. Then

Fs, (z) ~ EvFe(x) + F, (1@2) :

The next part of this section provides two inverse type results (see Pro-
position 4.9 in [39]) that are closely related to the main findings of this
chapter. In these cases, the regularity of randomly stopped sums is
specified.

THEOREM 3.5. Let {&1,&2,...} be a sequence of i.i.d copies of a non-
negative r.v. &, and let v be a counting r.v. independent of {&1,&2,...}.
If the d.f. of the randomly stopped sum Fs, € %o with o > 0, E§ < 0o,
Ev < 0o, and F¢(z) = o(Fs,(z)), then F, € %o, and

Fg, (x) ~ (B Fy ().

THEOREM 3.6. Let the sequence of r.v.s {£1,&2,...} and r.v. satisfy
the basic conditions of Theorem 3.5. If Fs, € %1, E§ < oo, Ev = o0,
and ©F¢(z) = o(Fg,(z)), then F, € %, and

FSV(‘/E) ~ Effy(.%')

Similar inverse problems for other transformations of distributions are
considered in [29, 35, 63, 84, 88, 120, 122, 124, 125].
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3.2 Main Results

This section extends the results of Theorems 3.5 and 3.6 to broader subc-
lasses of heavy-tailed distributions, namely &#Z7% and 2. In particular,
it is shown how the regularity of a randomly stopped sum - whether it
belongs to &ZY or 2 - determines the regularity of the counting r.v.
in the class 2. Moreover, when the distribution of a randomly stop-
ped sum belongs to the class §Z 7, asymptotic expressions analogous
to those in Theorems 3.5 and 3.6 continue to hold. All of the findings
discussed in this section are based on the publication [91].

THEOREM 3.7. Let {&1,&2,...} be a sequence of i.i.d copies of a non-
negative r.v. &, and let v be a counting r.v. independent of {&1,&a, ... }. If
the d.f. of the randomly stopped sum Fs, € ERYV(qp5 with
0<a<f<oo, EE < oo, Ev < oo, and Fe(x) = o(Fg,(x)), then
F, €2, and

(E€)*Fy(z) S Fs,(x) S (B Fy(z) if EE>1 (3.2)
(E¢)PF,(z) < Fs,(z) S (BE)*Fy(x) if EE<1 (3.3)
Fg, (v) ~F,(x) if E€=1 (3.4)

It is evident that Theorem 3.7 implies Theorem 3.5 when a = 3.

REMARK 3.1. The conditions of Theorem 3.7 imply that the expecta-
tion of the primary r.v. £ is positive, i.e., E£ > 0.

Indeed, assuming to the contrary that E& = 0, it follows that
P(£=0) =1. In this case, P(S, =0) =1 for all n. Hence,

Fg, () =) P(Sy >2)P(v=n) =0
n=1
for x> 0. This contradicts to the condition Fs, € EXV (4}, therefore

P(§ > 0) > 0, implying EE > 0.

REMARK 3.2. The conditions Fs, € &XV C 2 and
Fe(z) = o(Fs,(z)) imply that the support of the counting r.v. v is

infinite, i.e., F,(x) > 0 for all x € R.

Indeed, suppose that the opposite statement holds: suppr C {0,1,..., K}
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for some finite K > 1. In this case, for x > 0,

K K
Fg,(2)=) P(Sp>x)P(v=n)=> P +...+& > 2)P(v=n).
n=1 n=1

For each1 < n< K,

T

" s €T _
P61 +... + 60 > 2) <P(kul{5k> 5)) <up(e> ) <nre( ).

Hence, for all x > 0,

Pt < () Yon= KR (1),

implying that

and

2 . Fg (}’“}))_1
KK + 1)( o T ()

by the condition Fg, € 9. This resulting estimate contradicts the con-
dition F¢(x) = o(Fs,(x)), therefore the counting r.v. must have an

infinite support.

The following theorem generalizes Theorem 3.6.

THEOREM 3.8. Suppose a sequence of r.v.s {£1,&2, ...} and a coun-
ting r.v. v satisfy the basic conditions of Theorem 3.7. If
Fs, € ERV 1y with 1 < B < oo, and xF¢(x) = o(Fg,(x)), then
F, € 9, and asymptotic inequalities (3.2)-(3.4) are satisfied with o = 1.
REMARK 3.3. Conditions Fs, € EZY (1 gy and 2F¢(x) = o(Fg, (x))

imply that EE is finite and, moreover, E(§)" is also finite for some r > 1
(see Lemma 3.5 in [102] for details).

Proofs of theorems provided in this section rely on three propositions
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formulated below. Proofs of these propositions follow a completely dif-
ferent approach compared to proofs of Theorems 3.5 and 3.6 given in
[39]. Moreover, Propositions 2 and 3 present statements analogous to
Theorems 3.5 and 3.6 but for the class Z instead of #Z. Detailed proofs
of both theorems and these propositions are given in Section 3.3.

PROPOSITION 3.1. Let {&1,&2,...} be a sequence of i.i.d. copies of
a nonnegative r.v. € with positive mean p = EE, and let v be a counting
r.v. with infinite support and independent of the sequence {&1,&a,...}.
Then

Fs, (1 —e)ux) 2 Fy(z) (3.5)

for all e € (0,1).

PROPOSITION 3.2. Let {&1,&2,...} be a sequence of i.i.d. copies
of a nonnegative r.v. & with positive mean p = EE and d.f. Fg, and
let v be a counting r.v. with Ev < co and independent of the sequence
{&1,¢,...}. If Fs, € Z and F¢(z) = o(Fs,(x)), then F, € 2, and

Fs, (L +e)uz) S Fy(x) (3.6)
for alle > 0.

PROPOSITION 3.3. Let {£1,&2,...} be a sequence of i.i.d. copies
of a nonnegative r.v. £ with positive mean p = E&, finite moment EE"
of order r > 1, and d.f. F¢. Let v be a counting r.v. independent of
the sequence {&1,&2,...}. If Fs, € 2 and xF¢(z) = o(Fg,(x)), then
F, € 2, and asymptotic relation (3.6) holds.

3.3 Proofs of the Main Results

3.3.1 Auxiliary Lemmas

This subsection provides five auxiliary statements used in proofs of Pro-
positions 3.2 and 3.3. The first three are required for the proof of Propo-
sition 3.2, whereas the remaining two are used to prove Proposition 3.3.
The subsection begins with a lemma that contains a construction of a
special sequence of r.v.s with dominatedly varying distributions.
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LEMMA 3.1. Let {X1,Xs,...} be a sequence of nonnegative i.i.d.
r.v.s with common d.f. F such that F(x) = o(H(z)) for some d.f.
H € 9. Then there exists a sequence of i.i.d. r.v.s {Z1,Z2,...} with
common d.f. G € 9 such that P(X,, < Z,) =1 forn € {1,2,...} and

G(z) = o(H(x)).

Proof. The proof is based on the ideas of Lemma 4.4 from [39] and
considerations in [133].

Let

Liz)=1 if z¢ o,xozmax{Lsup{z:Z((z) >1}H,

L(z)=2 if z€ |xg,x1 = max{2xo,sup {z :

) [ z 1
L(z)=3 if xz€ _acl,xg—max{?)xl,sup{z: 70 > 32}}],
) F(z) 1
Lz)=Fk if z¢€ 9, X1 = kxj_o, =" > = ,
(z) if =z [azk 9, Th_1 max{ Th_2 sup{z ) k‘Q}}}

According to the presented construction, when z — oo,

L(z) - oo and L(x)IF{ii)) — 0,

because the sequence {z}} is unboundedly increasing and

F(x) < kE+1
k2’

T € (g1, Tx),

/

for k € {1,2,...}.

In addition, the function L slowly varies because for each fixed y > 1
and large x, either both points z and yx belong to the same interval

(xg—1, k], or x € (zk_1,xk) and yz € (g, Trr1]. In the first case,




and, in the second case,

L(yz) k+2
L(z)  k+1

In both cases,
lim 200
z—oo L(x)

implying that the function L slowly varies by the classical definition (see
Section 1 in [12]).

Let {W1,Was,...} be a sequence of i.i.d. positive r.v.s independent of
the sequence { X7, Xo,...} with tail function

D(z) = { 1@
1 if x<1.

if z2>1,

By the construction of functions D and L,
De 9, D(z)=o(H(z)), F(z)=o(D(x)). (3.7)

Now suppose that
Zn=Xpn+W,, neN.
This sequence of r.v.s has the following properties:

(i) P(X,, < Z,) = 1. This is obvious because W,, > 0 almost surely due
to the construction of r.v.s W,, n € N.

(ii) The sequence {Z1, Zs, ...} consists of i.i.d. r.v.s because for any real
numbers {z1,2a,..., 2y}, n €N,

[P(Xl +Wi <z, X + Wy, < xn)

o0 oo
= / / P(X1 + Y1 <21,y X + Y < 20)AP(W) < Y1, Wi < y)
— 0 —o0

= / / P(X; +y; < zj)dFw, (y1) - .. dFw, (Yn)
00 —oo J71

P(Xj + Wj < l’j).
1

n

J
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(iii) The d.f. G(x) = P(Z; < ) satisfies the condition G(x) = o(H (z))
because

Gle) = P(X, + Wy > 2) = / F(z — y)dD(y) + / Fla — y)dD(y)

0,3 (3,00)

< F<;C>IP><O <W, < ;) +D<;) < F<;) +D<;C>, (3.8)

and, therefore,

: G(x) _ .. F(5) H(5) .. D(3) D(x)
fimsup 77 ) S Hmsup H(%) ﬁ(;) +limsup 5(92;) ()

by (3.7) and the conditions of the lemma.
(iv) Finally, the d.f. G belongs to the class Z because

by relations (3.7) and (3.8). This finishes proof of the lemma. O

The following lemma presents a special property of i.i.d. r.v.s distributed
according to the dominatedly varying distribution. This exceptional
property plays an essential role in the proof of Proposition 3.2.

LEMMA 3.2. Let F € 2 be a d.f. on R with finite mean

[e. o]

m = / ydF(y).

—00

Then for all v > max{0, m}, there exists a constant D(vy) > 0, indepen-

dent of x and n, such that
F(x) < D(7)nF ()
for all x > yn and n € N.
The proof of the lemma is presented in Theorem 1 of [104] and is gene-
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ralized for a dependence structure in Corollary 3.1 of [101].

REMARK 3.4. If a d.f. F belongs to the class &, then F(x) < 1 or,
equivalently, F(z) > 0 for all x € R. This follows from the definition of
class 9 because the condition

£(3)

lim sup

< 00
T—00 JZ)

cannot be satisfied in the case F(xg) =0 for some x¢ € R.

The following lemma is another version of Lemma 3.2.

LEMMA 3.3. Let F be a d.f. on R with finite mean m. Then for all
~v > max{0,m}, there exists a positive constant D(v), independent of x
and n, such that

max
l<n<t nF(x)

forx = ~.

Proof. By Lemma 3.2,

Tz = 1;11;9;) < D),
=2y = g;j((j)) < D(v),
r23y — g;g((gf)) < D),

r>Ny = f\;ﬁg; < D(v).

For x > ~, it holds that z > L J'y, hence, the above estimates imply

z

¥
that

F*?’L

—

max z) < D(9).
1<n<|2] nF(x)

The lemma is proved. O

The following lemma gives an important inequality used in the proof of
Proposition 3.3.
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LEMMA 3.4. Let {X1, Xo,...} be independent copies of a r.v. X with
d.f. F, mean 0, and E(XT)" < oo for some r > 1. Then for all v > 0
and p > 0, there exist positive numbers a and C = C(~,p), independent
of x and n, such that

n

IP’(ZXk > :1:) <nf(a:c)+£

k=1

for all z = yn and n € N.

The above lemma is proved in [101] (see Lemma 2.3) for possibly de-
pendent identically distributed r.v.s. Discussions on similar inequalities,
which can also be used in the proof of Proposition 3.3, can be found in
[44, 80].

The last lemma is related to the tail property of distributions from the
class 2 which is used in the proof of Proposition 3.3.

LEMMA 3.5. Let F € Z be a distribution with upper Matuszewska
index Ji5. Then for all p > J3, it holds that x7P = o(F(x)).

It follows from Proposition 2.2.1 in [12]. Moreover, some details of the
proof can be found in Lemma 3.5 of [102].

3.3.2  Proof of Proposition 3.1

Since the generating r.v. £ is nonnegative, for all x > 0 and ¢ € (0, 1),

Fs,((1—e)uz) =Y P(S, > (1 - e)uz)P(v = n)

n=1

> ZP(S" > (1 —e)pz)P(v = n)

n>x

> ZP(SLzJ >(1 = e)p(lz] + {2}))P(v = n)

n>x

o Sle) —pl=] RN CIRY I
‘P<m > —ep+ (1 e)um>m )
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According to conditions of the proposition, F,(x) > 0 for all z € R,

hence,
lim ianS” (9 —&)pa)
T—00 FV(.CE)
Szl — pl|x
> limianP(HM > —ep+ (1— E),u{x}> =1
Z—00 =] =]
by the law of large numbers. Proposition 3.1 is proved. O

3.3.3 Proof of Proposition 3.2

For all z > 1 and ¢ > 0,

Fo, (1 +e)uz) = < > +Z)P(Sn > (1+&)pz)P(v = n)

1<n<x n>x
= Ji(z,e) + Jo(z,¢) (3.9)

For the term Ja(zx,¢),

“772(%5) <supP(S, > (1+e)ux) <1 (3.10)
FV x) n>x

because F,(z) > 0 for all x € R due to Remark 3.2.

Now let {€1,&s,. ..} be a sequence of nonnegative i.i.d. r.v.s with proper-
ties P(§, < &) =1for k € {1,2,...}, Fy € 7, and F¢, () = o(Fg, (2)).
Such construction is possible due to Lemma 3.1.

n

For S, = wand z > £
k=1 K
Ji(z,¢) < P(Sp > (1 4 e)uz)P(v = n)
1<ng B
I3
+ P(Sn > (1 +e)pz)P(v =n)
’%<n<m
= Ju(z,e) + Jia(z,€) (3.11)

where p < 1 = Eél < 00 because ES, = purv < oo by the conditions
of the proposition, and F{H () = o(Fs,(z)) by the construction of r.v.s
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{€1,&,...}. Tt is clear that

Ju(z,¢) Z P(Sy, — nji > —nji + pz + epz)P(v = n)

1<n<EE
NS Th

< Z P(S,, — nji > epx)P(v = n).

1<n<%

By using Lemma 3.3 for r.v.s {él — & —0,.. .}, one can obtain that

Julw,e) < D P(Sy—nji > epx)P(v = n)

1<

gleéliﬂ(sux) Z nP(v =n) < C’ﬂEVFél (epx)

for x > efi and some positive constant C1 = C1(e, t). The last estimate
implies that

F:(epx
lim sup = Ju(@,e) < C1Ev lim sup M
z—oo Fg, ((1+¢)px) z—00 F&( x)
F;(x o
x lim sup 761( ) lim sup = 5, (2) =0 (3.12)
T—00 F&/(%) T—00 FS,,((l + 8)#%)
because
Fg (epx)
limsup —— < 00
voo  Fg (@ (z)
1
by the condition Fy, € 2,
F:(x
lim sup 7517() =0

T—00 FS (1‘)
by the construction of r.v.s {él, &, .. .}, and

i Fs, ()
imsup =
T—00 FSV((1+€)/,L$)

by the condition Fg, € Z.

63



Further, consider the term Ji2(x,¢). It is evident that

Ja(,e) = > P(Sy > (1+e)uz)P(v = n)

‘:Lz <n<zr
= Z P(S, — nu > —np + px + epz)P(v = n)
%<n<x

< Z P(S, — np > epx)P(v = n)

%<n<m
Sh — (ux

<sup P ——pu>ep|F, | — ). (3.13)

n>% n M

Now let § € (0,1). The law of large numbers, decompositions (3.9) and
(3.11), and estimates (3.10), (3.12), and (3.13) imply that

Fs,(1+e)uz) <6Fs, (1 +¢e)ux) + 0F, < ;) + Fy(x) (3.14)

for sufficiently large x, say x > z1(e,d). In the particular case e = § = %,

for z > &1 = z1(3,1), one can get

2! f
Meanwhile, from the estimate of Proposition 3.1,
Fg, | — -F
s (%) 2 57

for sufficiently large =, say * > xz9. The last two inequalities imply
F, € 9 because

Fu(5) _ 6Fs (%)
Fy(z) =~ Fs,(%5%)

for z > max{£; L2 910} and Fs, € 2 by the conditions of the proposition.

Now from estimate (3.14) it follows that

. Fg, (14 ¢)px) 1 ( . Fu (%) )
lim su o < O limsup — +1
m—)oop FV(.’L') 1-6 :v—>oop y($>

for all ¢ > 0 and § € (0,1). The last estimate finishes the proof of
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Proposition 3.2 because F,, € Z and ¢ can be chosen arbitrarily small.

g
3.3.4  Proof of Proposition 3.3
According to decomposition (3.9), for all z > 1 and ¢ > 0,
Fs,((1+e)pz) < Ji(w) + Fy (@) (3.15)

with

Ji@)= 3 P(Sy > (1+)ua)B(v = n) < B(Sy) > (1+&)uz)

1<n<x

gIP( U {&n >Ew}> +IP’< ﬂ {6n <ex}, S > (l—i—s);m:)

n< |z n< |z
=: K1(x) + Ka(z). (3.16)

Since Fg, € 2, the conditions of Proposition 3.3 imply that

Ki(x)

For the second term in (3.16),

]
() = P( M (6 <er) > Enliercon +Enlieoeay) > (Lt e)ux>

n<|z| n=1

Lz
= P( ﬂ {6 <ex}, anﬂ{gngax} > (1+ E):U’x)

n<|z| n=1

=]
< P(anl{gngsx} > (1 + €)ux>

n=1

L2 =)
n=1

n=1
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Lz]
S P(Z(fnﬂ{ﬁnésx} - Efnﬂ{gngm}) > E,ux>

n=1
because, for all € > 0,

]
Z Egnﬂ{ﬁngax} < pe.
n=1

Rovs Yy =& lye,<eay — Eénlye, <ca), 7 € N, satisty conditions of Lem-
ma 3.4, that is, the sequence {Y1,Y3,...} consists of i.i.d. r.v.s, EY; =0,
and

E(Y])" = E((§1ecea) — Bl {ecerp) )" S E((E1qgceay) ™) < EE™ < 00

for r > 1 by conditions of Proposition 3.3. By Lemma 3.4, with v = %
and p > J;ES , it holds that

Co
(ep)Pa?

L)
Ka(z) < IP’(ZYn > sux) < |z) Fy, (aspz) + (3.18)

with constants a and Cy depending on E(Y;")", ¢, and p, but independent
of . By the definition of r.v. Y7, for z > 0,

Fy, (agpx) = P(Y1 > agpa) = P(ELlfeceyy > aspr + Bl eceyy)
S P(Eljgceny > acpur, & < ex) + P(§leceny > acpz,§ > €x)
< P(¢ > acpuzx) = Fe(asuz).

Therefore, by estimate (3.18), conditions zF¢(z) = o(Fg,(x)) and
Fs, € 9, and Lemma 3.5, one can derive

< — limsup M lim sup — s, (acux)
agpt z—oo  Fg, (acuz)  z—o0o Fg,((1+¢)ux)
C bl ]

+ 2_1im SUp = s, () lmsup —— - —o.

(en)P zo00 Fg,((14+e)uz) zm00 zPFg, (z)

66



Now let § € (0,1). Decompositions (3.15) and (3.16) and relations (3.17)
and (3.18) imply that

Fs,((1+e)uz) < 0Fs, (1 +€)uz) + Fy(2) (3.19)

for sufficiently large z, say x > x3(e,d). In this case e = § = %, one can
get

1— 3 —
3L, <2,um> < Fu(x)

for x > :L’3(%, %) Meanwhile, Proposition 3.1 implies

Fs,(ne) > 5Folo)

for large z, say x > x4. The last two estimates show that

Fs,((1 1
lim sup Sy (L +&)pe) <
T—00 FV(.T) 1-96

for all e > 0 and 6 € (0,1). Hence,

: F
lim sup — <1
T—00 FV (IL‘)

due to the arbitrary choice of parameter § € (0,1). This finishes the
proof of the proposition. O

3.3.5 Proof of Theorem 3.7

Let Fs, € &%V {45y, and suppose that yp = E§ > 1. In such case,
(1 —¢e)p > 1ife € (0,1) is sufficiently small. Since &ZY C 2, all
conditions of Propositions 3.1 and 3.2 are satisfied. By Proposition 3.1,

11m Su F( )
M Sup o= 10 — o)ua)

and the condition Fgs, € EZV |, gy implies that

<1

lim sup S"Sl —e)uz)
T—00 FSV (:L‘)

< (M =g)p)™
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for e € (0,1 — %) Therefore, for such ¢,

“F F Fs,((1—
lim sup M < p®limsup = (@) lim sup 5, ((1 = €)uz)
T—00 FSV 33) T—00 FSV((l —E)MJJ) T—00 FSV(J,‘)
<(1—-e)7 7,
implying that
poF,(z) < Fg,(z). (3.20)
Due to Proposition 3.2,
Fg,((1
lim sup S”(i +&)pe) <1

T—00 F,/(I)

for € > 0, and the condition Fg, € &% (, gy implies that

— = -1
lim sup = Fs, (@) = <lim inf Fs”gl i 6)'[“;)> < (1 +e)p)?’.
a—oo Fg, ((1+¢)ux) T—00 Fg, ()
Therefore
F 1 F Fs, ((1
lim supﬁ < — limsup = 5, (®) lim sup Sy ((7 +e)px)
T—00 ,U/BFV(I) ,U/B T—00 FSD((l —I-E),MSU) T—00 Fy(l’)
< (1+4¢)”,
implying that
Fs,(v) S p°Fo () (3.21)

Relations (3.20) and (3.21) imply the first asymptotic inequality (3.2)
of Theorem 3.7.

Now let again Fg, € XV (453, but let p = E{ < 1. In such case,
ﬁ > 1if ¢ € (0,1) is sufficiently small. Since £Z¥ C 2, all

conditions of Propositions 3.1 and 3.2 are satisfied. By Proposition 3.2,

F 1
lim sup su(; + €)uz) <1,

T—00 l,(.%‘)

and the condition Fgs, € EZV |, gy implies that

F Fs, (i)
lim sup = 5, () = limsup i R Tie
z—oo Fg, (14 ¢)ux) zs00  Fg (2)

<((L+e)m)
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1
if e € (0, — — 1). Consequently,
1

F 1 Fg,((1 F
lim sup ﬁ < — limsup Sy (L +&)uz) lim sup = 5, (@)
T—00 ,U,O‘FV(.’E) B z—oc0 FV(LU) T—00 FSV((l + 8);LIE)
< (1+e)%,
and
Fs,(2) S 1°F(a) (3.22)

1
due to the arbitrariness of € € (0, — — 1).
W

If o < 1, then ﬁ > 1 for all ¢ € (0,1). Hence the condition

1+e
Fs, € EXV (4 py implies that

Fg,((1- F
lim sup S”g £)pz) = lim sup %
T—00 FSD (.T) Z—00 FSV (7(1_5)“)

By Proposition 3.1,

°F F F 1—
hm sup M < ,LLB hm sup = V(x) hm sup Sug E)Mx)
T—>00 FSV (ZC) T—00 FSV((I — E)IU.CI}) T—>00 FS,, (.%')
< (1 - 5)_5>
which implies that
WF,(z) S Fs, (2). (3.23)

Asymptotic inequalities (3.22) and (3.23) imply the second relation (3.3)
of the theorem.

Consider the last case p = E& = 1. Since Fs, € EZY C P and p = 1,
Propositions 3.1 and 3.2 imply that

Fs,(1+¢e)x) SF,(x) SFg, ((1—¢)x)
for all € € (0,1). By the definition of the class 6"%7/{%5},

Fs,(1+e)a) 2 (1+¢) 7Fs, (x)



and
Fs,(1—e)z) S (1—2)7Fg, (2).

Consequently, for all € € (0,1),
(1+e)7Fs,(z) SFu(x) S (1—e) " Fs, (2),

which implies relation (3.4). Theorem 3.7 is proved. O

3.3.6 Proof of Theorem 3.8

The proof of Theorem 3.8 is completely analogous to that of Theo-
rem 3.7. The only modification is the use of Proposition 3.3 instead
of Proposition 3.2 since the conditions of Theorem 3.8 are consistent
with those of Proposition 3.3. g

3.4 Example

This section presents one illustrative example for the asymptotic rela-
tions stated in Theorems 3.6 and 3.8.

Consider the following model. The sequence of r.v.s {{1, s, ...} consists
of independent copies of a r.v. £ distributed according to the exponential
law, that is,

Fe(z)=P(E>xz)=¢" x2>0.

The counting r.v. v independent of the sequence {1, &, ...} is distribu-
ted according to the zeta law, that is,

1 1 > 1 2
]P)(V:n):@ﬁ’ n€{1,2,}, where C(Q):Zﬁ:%
n=1

In this case, E€ =1, E£" < oo for all r > 1, Ev = 0o, and

F —x
lim sup i 6(@) = lim sup e

T—00 FSV (Cﬁ) T—00 ﬁ ZSLOZI %an(‘r)




In addition, for = > 0,

1 &1 1 &1 gk
F - - —_fm - = - <+
5.0) = 7y 2 T ) = 7y e Kl
n=1 n=1 k=0
et Nk X1
¢(2) Zﬁ Z n2
k=0 n=k+1
Since
1 =1 1
- < =
k + 1 = Z 2 k
n=k+1
forallk >1
Fo(r) = < (fﬁ S S S )= <1+f3 - i)
Sy = 5 7 5 | =
¢(2) — n2 Pt k! Nl n? ¢(2) P (k+1)!
e * k e Tet—1 1

— et Xz et & xk > xk
F <e™® =" +
5.(¥) S e Zaplk ¢ @ (k:1 (k+1)! ; k(k + 1)!>

e et e =1 > xk
s +c<2>< v *;kwﬂ)!)'

The last estimate implies that

— 1
because
—zz xk 0o
k=1 E(k+1)!
P (S 3 )
K
1 e?—-11
< K+1 —z —x -
e ;k(k+1)!+xe r K

for all x > 0 and an arbitrary K > 2.
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It can be noticed from the obtained relations that

Fs, (z) ~ C(;)x ~ ECF(2),

which is consistent with Theorems 3.6 and 3.8. The results of simulated
relations are presented in Figure 3.1.

0.14 4

0.12 ~

0.10

0.08 4

0.06 A

0.04

0.02 1

10 20 30 40 50

FIGURE 3.1. Simulated asymptotic relations
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4 ASYMPTOTIC FORMULAS FOR THE
HAEZENDONCK-GOOVAERTS RISK MEASURE

As in Chapter 2, this chapter considers sums with a fixed number of
summands, namely S8 and S%. Assuming that r.v.s &1, ..., &, represent
individual random losses, the analysis presented here is devoted to the

assessment of risk associated with these aggregate loss models.

Problems of this type arise frequently in insurance and finance, parti-
cularly in the context of capital allocation, risk premium estimation,
solvency assessment, and stress testing. Accurate evaluation of the risk
inherent in aggregated losses is therefore of both theoretical and practi-

cal importance.

More precisely, this chapter focuses on the Haezendonck-Goovaerts (HG)
risk measure (see Definition 1.19), which is particularly useful in actu-
arial science and financial risk management due to its ability to capture
heavy-tailed and extreme losses. The HG risk measure is based on Orlicz
space, allowing for flexible modelling of risk aversion and tail behaviour.
This flexibility, and in particular the freedom to choose the associated
Young function, provides greater control over the influence of extreme
losses on the resulting risk assessment. At the same time, despite its
solid theoretical foundations, the practical implementation of the HG
risk measure may be challenging. Motivated by this, the aim of this
chapter is to derive asymptotic estimations of the HG risk measure for
sums Sfl and Sgﬁ as the confidence level tends to 1.

The rest of this chapter is structured as follows. Section 4.1 provides
the necessary background and reviews known results. Section 4.2 for-
mulates the main results of this chapter, followed by their proofs in
Section 4.3, while Section 4.4 deals with the analysis of the particular
example illustrating the accuracy of the derived asymptotic formula.

4.1 Background

The section begins by introducing an additional concept characterising
the monotonicity of a function used in the main results of this chapter.
This concept applies to a broad class of functions (see, e.g., [14, 17]). Ho-
wever, attention is restricted to the relevant subclass of d.f.s considered
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in [12, 64, 71] among others.

DEFINITION 4.1. A distribution function F supported on R is said
to have a positively decreasing tail, denoted by F € PD, if for any fized
y € (0,1)

F(yz)

lim inf — > 1,

or equivalently o
F
lim sup jym) <1

for any y > 1.

It can be observed that

Ry =\ B CPD; HNPD=0; €NPD=0.

a>0

Other properties of distributions from the class PD are presented in [64].

Although Section 2.1 reviews results on the asymptotic behaviour of tail
expectations of random and randomly weighted sums, a theorem from
[97] (see Theorem 4 and the remark below this theorem) is recalled below
due to its close relevance to the main results of this chapter.

THEOREM 4.1. Let {&1,...,&0} be a collection of real-valued pQAI
r.v.s such that Fg, € € for some L € {1,...,n}, and for other in-
dices k # L, suppose Fg, € € or P(|£k| > 33) = O(F&(:r)). If

E(&H) th h 0
121}52(” (Ek) < 00, then for each B € [0, ],

E((Sﬁ)ﬁﬂ{sﬁ>z}> ~ k;InE(g,f Ligoa) ) (4.1)
and for each 8 € (0,a],
E<((S§—x)+)ﬂ> ~ ZE((&-@*)B, (4.2)
k€T,

where I, C {1,...,n} is a subset of indices such that F, € € for all
kel,.

The following discussion provides known results for the HG risk me-
asure. Tang and Yang in [105] derived an explicit formula for calcula-
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ting the HG risk measure when the Young function is a power function
o(t) = t*, 2 > 1 (see Theorem 4.2 below). However, in the same article,
authors remarked that, in the general setting, no closed-form expression
for the HG risk measure is available, since its evaluation is related to the
determination of quantiles. In such cases, Tang and Yang suggested to
use asymptotic formulas. In particular, authors provided an asymptotic
formula for random risks with regularly varying tails (see Theorem 4.3
below).

THEOREM 4.2. Consider the power Young function ¢(t) = t* with
x> 1.

(i) If ¢ € (0,1), s =1, and EXT < oo, then

.
X~ F{ (a)
1—gq

E
HGo(X) = Fx (q) + ( , (4.3)
where F (q) =inf{z € R: Fx(z) > ¢} =inf{lz e R: Fx(z) <1— ¢}
s the quantile function of r.v. X.

(i) If g € (0,1), x> 1, P(X = F§{ (1)) =0, and E(XT)* < oo, then

= (4.4)

2\ 1/
HGq(X) =+ (W) ,

where x = x(q) € ( — 00, F;(_(l)) is the unique solution of the equation

=1-q. (4.5)

THEOREM 4.3. Consider the power Young function ¢(t) = t* with
» > 1, and let X be a real-valued r.v. such that Fx € %, for some
a > . Then

where
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1
/y bldy,a>0 b>0
0

is the beta function.

In this chapter, asymptotic formulas for the HG risk measure are derived
that are similar to those given in Theorem 4.3, but for distributions
from the broader class €. More specifically, asymptotic expressions are
obtained for the HG risk measure in the case where the risk variable
X represents a sum of consistently varying risks S5. The main results
of this paper are based on general formulas (4.4), (4.5), together with
asymptotic relations (4.1), (4.2).

It should be noted that the derived asymptotic formulas are also appli-
cable to the randomly weighted sum ng. The transition from asymp-
totic properties of the sum Sfl to analogous properties of the randomly
weighted sum SZS is ensured by the product convolution properties re-
viewed in detail in Chapter 5 of [71]. Recall that, for two independent
r.v.s X and Y, the distribution of the product XY is characterized by
the product convolution of the d.f.s Fix ® Fy. A particular result concer-
ning closure properties under product convolution is formulated below
(see Proposition 5.2(iii), Proposition 5.3(iii), Proposition 5.4(i) in [71]).

THEOREM 4.4. Let F be a distribution on R, and let G be a distri-
bution such that G(0—) =0 and G(0) < 1

(i) If F € %o and G(yz) = o(F(z)) for some y >0, then F @ G € %a;
(i) If F € € and G(yz) = o(F(x)) for somey >0, then F @ G € ¢;
(iii) If F€ 2, then FR G € 9.

In actuarial contexts, randomly weighted sums are commonly used to
model the present value of an insurer’s aggregate future net losses over a
finite horizon of n time periods. Here, the real-valued r.v. X} acts as a
net loss during the k-th period, while the corresponding random weight
0 is a stochastic discount factor from time k to the present time.

An analogous interpretation arises in financial risk management through
portfolio modelling. A portfolio may be viewed as a collection of n risk
components, each characterised by a random loss Xj; and a random
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weight 0y capturing the market environment. Under this framework,
the sum Szg represents the aggregate future losses potentially incurred
by the investment portfolio.

The problems related to the asymptotic behaviour of the sum 5’2‘5 were
considered in [20, 24, 47, 49, 55, 57, 76, 82, 102, 103, 109, 112, 132,
134, 136, 137], and asymptotic properties of distributions of sums 5o
related to the asymptotic behaviour of risk measures, similar to the ES
risk measure, were considered in [7, 42, 56, 107, 114, 139].

4.2 Main Results

The main results of this chapter are published in [92] and are presented
below. These results consist of two theorems describing the asympto-
tic behaviour of the HG risk measure for random sums with summands
whose distributions belong to the class ¥. The first theorem is formula-
ted for the sum of unweighted r.v.s, while the second theorem addresses
sums of weighted r.v.s.

THEOREM 4.5. Consider the power Young function p(t) = t* with
x> 1, and let {&1,...,&} be a collection of real-valued pQAI r.v.s.

(i) Let =1, 11111?<XnE(£’j) < o0, Fe, € € for some L € {1,...,n}, and

for other indices k # L, let Fe, € € or P(|&] > ) = o(F¢, (z)). If
Fe, € PD for allk €L, = {ke {1,...,n}: Fg, 6‘5}, then

HG,(S5) ~ i (a)+ 1iq > E(g - H:(Q))+,

qrl
where H,~ is the quantile function of the d.f.

H, := max {O, 1-— Z ng}.

ke,

. > —+ » o
(ii) Let s > 2, 1Iéll?§nE(£k) < 00, Fe, € € for some L € {1,...,n},

and for other indices k # L, let Fe, € € or P(|&| > z) = o(Fe, (2)).
Let, in addition,
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F <3 F x—1
<max lim sup 5k(yx)> (max lim sup gk(ﬂf)) <1 (4.6)
k€L, z—oo Flg, (z) k€Iln z—oo Fly, (yx)

for some y > 1, where T, = {k: e{l,....}: Fg € ‘5} Then
c R 1 R o\ 1/
16,(55) 3@+ (1=, L E(l6-3@)")")

k€Lly

where T = Z(q) is the unique solution to the equation
N+ x—1\ %
Yrer, E((6—3)7)
»—1 =1-q
~+\”*
(SherB((6-")")

As mentioned earlier, the second theorem addresses the asymptotic be-

haviour of the HG risk measure for weighted sums. In contrast to Theo-
rem 4.5, this result assumes that distributions of all primary r.v.s, rather
than only a subset, belong to the class % .

THEOREM 4.6. Consider the same power Young function as in The-
orem 4.5. Let {X1,...,Xn} be a collection of real-valued pQAI r.v.s
with corresponding d.f.s {Fx,,...,Fx,} belonging to the class €. Let
{01,...,0,} be another collection of arbitrary dependent, nonnegative,
and nondegenerate at zero r.v.s. Suppose that collections {X1,..., X,}
and {6, ...,0,} are independent and that 1I£a<xn{E9Z} is finite for some

AU

+
> max Jp. .
p 1<k<n FXk

~ _ +
(i) If 5 =1, 1I£l?§n]E(Xk) < 00, and Fx, € PD for all k € {1,...,n},
then

1 o +
0X *4— _ K
HG,(S1) g i) + 7= 2B (0~ 1)
where H} is the quantile function of the d.f.

n
H) = maX{O, 1-— ZFGka}'
k=1
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(i) Let > 2 be such that max E(X,")” < co. Let, in addition,
1<k<n

_ % x—1
F F
< max lim sup Xk(yx)) < max lim sup X’“(x)> <1
I<k<n z—00  Fx, (2) Isksn s—o00 Py, (y)
for some y > 1. Then
1/

HGq<SfLX) ~ z*(q) + <1iq En:E((@ka - x*(Q))Jr)%) ;
k=1

qrl

where ©* = x*(q) is the unique solution to the equation
n o+ x—1\ %
Zk:1E<(9ka —a”) )
N\ x—1
(st e 7))

=1-—q.

4.3 Proofs of the Main Results

4.3.1 Auxiliary Lemmas

This subsection provides auxiliary results concerning properties of qu-
antile functions which are necessary for the proofs of the main results.
Analogous statements to those formulated below can be found in [14,
15, 16, 17, 58, 65, 105, 116].

LEMMA 4.1. Let F be a d.f. from the class €. Then

F(F“(q)) ot and F<Fk(p)> P

where
FT(q) = inf{a: :F(z) > q}, q€(0,1),

s the quantile function for F', and
F (p) = inf{z : F(z) <p}, pe(0,1),
is the quantile function for t.f. F.
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Proof. Let q € (0,1). Since d.f. is right-continuous, the set
{0 F(2) > g} = A,
is closed. Hence, F"(q) € Ay, which implies that

F(F(g) > (4.7)
for all ¢ € (0,1). Therefore

F(F(g) Za (4.8)

For the first asymptotic relation of Lemma 4.1, it remains to prove that

lim sup M

< 1. 4.9
! q (49)

Suppose, on the contrary, that

lim sup M > 1.

gt q
Then, there exist A > 0 and a sequence ¢,, T 1 such that

lim 7F <Fe (qn)>

n—o0 Qn

=1+A,

implying that F(F‘_ (qn)) > (1 + %)qn for large n. Since F(z) < 1 for

all x, it holds that
AN -1
Gn < (1 + 5)
for large n. This is impossible because ¢, T 1. The obtained contra-
diction proves estimate (4.9). Estimates (4.8) and (4.9) imply the first
asymptotic relation of the lemma.

Now consider the second relation of Lemma 4.1 and let p > 0. Due to
inequality (4.7), it holds that

F(F%(p)) =1-F(inf{z: F(z) <p}) =1—F(inf{z : F(z) > 1 - p})
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=1-F(F(1-p) <p, (4.10)
implying that
F(F ) <» (4.11)

It remains to prove that

F
liminf ——~ > 1. (4.12)
0 p

Suppose, on the contrary, that

F —<—
lim inf 7(F (p))
0 b

<1

Then, there exist A € (0,1) and a sequence p,, | 0 such that

F(F" (pn))

n—o0 pn

=1-A.
Hence,

F(Fe(pn» = F(inf{z : F(z) <pn}) < (1 - %)pn,

or, equivalently,

P(inf{e : F(x) < pa}) = F(inf{a: F@) > 1 pa) > 1= put 50

for large n.

For notational convenience, temporarily denote
T =1inf{z: F(z) > 1—p,}.

Since F(z) > 0 for all x, the sequence z,, is nondecreasing, and x,, 1 co.
In addition, the d.f. F is right-continuous, so that F'(x,) > 1—p,. For a
fixed n, there are two possible cases: F'(x,) =1—p, or F(x,) > 1—p,.
In the first case, one can obtain

A
1_pn>1_pn+5pn7

which is impossible due to the positivity of A. Consequently, the d.f. F
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has a jump at each point x,,, from which it follows that

A
F((l — an)xn) <1l—p, and F(z,)>(1—py) + gpn

or, equivalently,

F((1=ep)an) >pp and F(zn) <pn (1 - %)

for some sequence &, | 0. These estimates imply that

F((1—
lim ((7 €n)1’n) > 2

>1

for some sequences x, 1T oo and g, J. 0. The derived relation contradicts
the condition F' € €, because the following should hold

o F((1-¢)x)
limlimsup —=—"* <
el0 z—oco F($)

by Definition 1.5.

The obtained contradiction proves inequality (4.12), which, together
with estimate (4.11), prove the second asymptotic relation of Lem-
ma 4.1. O

LEMMA 4.2. Let F be a d.f. from the class PD. Then,
F" (F(z)) ~z, and F* (F(z))~uz,

where the quantile functions ™ and F* are defined in Lemma 4.1.

Proof. Consider the first asymptotic relation. By the definition of the
quantile function T it holds that

F*(F(x)) = inf{y : Fly) < F(x)}.

Since the t. f. F is nonincreasing, meaning that F(y) < F(z) for y > =,
it holds that F* (F(x)) < z, implying

F" (F(2)) S . (4.13)



It remains to prove that
F"(F(2)) 2 . (4.14)

Suppose, on the contrary, that
lim inf
T—00 x

In such a case, there exist A € (0,1) and a sequence x,, T oo such that

lim 7F7<_ (F(xn))

n— 00 T,

=1-A.

Hence,

Since the t. f. F is nonincreasing, it must hold

F(1-3)or) =Pl

for n > Na. Therefore,

A-8)m)

lim —

Y

which contradicts Definition 4.1 of PD distributions class. Consequently,
asymptotic relation (4.14) holds. Asymptotic bounds (4.13) and (4.14)
imply the first relation of Lemma 4.2.

The second asymptotic relation of Lemma 4.2 follows from the equalities

Jlim W = lim % inf{y : F(y) > F(2)}
= xlgrolo é inf{y : F(y) < F(x)} = xlgglo W =1.
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This ends the proof of Lemma 4.2. O

LEMMA 4.3. Let d. f. F € PD. Then, for any two positive functions
a(x) and b(x) such that a(z) ~ b(x) and a(x) = 0, it holds that

F (a(z)) ~F" (b(z))

and, for any positive functions a(p) and b(p) such that a(p) rlJol;(p) and
P
a(p) IBO, the following holds
P

F (a(p)) ~ F (b(p)).

0
Proof. 1t is sufficient to prove the first equivalence relation because the

second relation follows from the first one by noting that
F (a(p)

lim — = lim w

) L)

Consider the first relation. Firstly, let’s show that

=
aooe B (b(x))
Assume that the opposite holds
=
lim inf —— (a(@ <1

It follows that

for large enough n. By the definition of Fk, it holds that

A
1=-3

84



This relation, together with (4.10), implies

s (a(xn))
for some sequence —————=

x — 00. This contradicts Definition 4.1.
5 n—oo

It remains to prove that

=t
limsup —=——2% <
el T (b))

Suppose, on the contrary, that

P
lim sup ——

(a(z)

> 1.

It follows that there exist A > 0 and a sequence z,, T oo such that

o £ (a(zn))
noo F (b(an))

Consequently,

F (a(an)) > (1 + %)F“ (b(zn))

for large n. By the definition of F it follows that

a(en) < F ((1 i g)pﬁ(bm))) .
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This relation, together with (4.10), implies

F((1+5)F (b))
F(F (b(zn)) b(p) n—oo

since a(z) ~ b(z). Thus,

for some sequence F (b(zn)) - oc This contradicts Definition 4.1.
n—oo

This ends the proof of Lemma 4.3. O

LEMMA 4.4. Let F and G be d.f.s such that F € € N'PD and
G(x) ~ cF(x) for some constant ¢ > 0. Then,

GT(1=p) o F© (1 . %)

Proof. The condition F' € PD and Lemmas 4.2 and 4.3 imply that

C

x~F (F(z)) ~F" <G($)> (4.15)

The conditions F' € € NPD and G(z) ~ cF(x) imply that G € € NPD.
Hence, G(x) > 0 for all x € R, and, therefore, é(_(p) — o0 aspl 0. By

taking z = G* (p) in (4.15), one can obtain

By Lemma 4.1, the following holds

@(@% (p)) P

Hence, from Lemma 4.3, one can derive



or, equivalently,

GT(1=p) o F© (1 . %)

This ends the proof of Lemma 4.4. ]

The following discussion examines several properties of the special func-
tion defined in equation (4.5).

Let X be ar.v. such that E(XT)* < co and Fx(z) = P(X > z) > 0 for
all z € R. Let

pel

(BE(x = a)"))
(B((X —a)t)")"

Vx (z) = z €R, (4.16)

be a well-defined function from equation (4.5). The following five lemmas

provide properties of the function vx and its components.

LEMMA 4.5. Let X be a r.v. such that E(XT)* < oo and Fx(z) >0
for all z € R. If » > 1, then function g(x) := E((X - x)"”)% is

continuously differentiable with

g ()= —>E((X —x)t) ", zeR.

If 5« = 1, then for each x € R the derivative from the right
gy (z) = —F(x) and the derivative from the left g_(z) = —F(x —0).

For the proof of the above result see Lemma 2.1 in [105].

The following statements address properties of the function yx.

LEMMA 4.6. Let X be a r.v. such that E(X1)* < co and Fx(z) >0
forallz € R. Let yx be a function defined in equation (4.16). If > > 1,
then

zErPOO vx(x) =1 and xlgglofyx(x) =0.

Proof. While [105] outlines the main steps of the proof (see the proof
of Theorem 2.1), a full and more in-depth proof is presented here for
completeness.
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Since Fx(x) > 0, it holds that

E(X —2)")" = %/(u —2)" "Fx(u)du > 0

T

for any = € R. By the classical Holder’s inequality,

(E((x =2 M) |
E(X o))

vx(z) =

=1 PN .
« {(E((X—J:)Jr)(%_l)"—l) ” (E(]l(%oo)(X)) ) } = Fx(x),
which implies the second equality of Lemma 4.6.

Consider the first equality of Lemma 4.6. It is obvious that

(22

z—;—oo - x;oo (IE (M)n>%—1 :

(4.17)

xT

The classical ¢,-inequality and inequality (a + )T < a™ + b™ provided
for any a,b € R imply that, for positive x,

E ((X+:c)+>”_1 < x <X++x>”‘1

X T

where

Hence,

i (3(22) ) (e () )

by the dominated convergence theorem.
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Similarly,

X 4\ 2\ »—1
lim (E <(+x)> ) ~1.
T—00 €T
Now the first equality of Lemma 4.6 can be derived by substituting the

last two relations into equality (4.17).

This ends the proof of Lemma 4.6. 0

LEMMA 4.7. Let X be a r.v. such that E(XT)” < oo and Fx(z) > 0
for x € R. If 5z > 2, then the function vx is continuous and strongly
decreasing on R.

Proof. Firstly, consider the case » > 2. By denoting 7, := (X — )",

(Enz")”
7X($) = 1
(Enz)*™
Due to Lemma 4.5,
, Enz=1)*"" ﬂ
V() = =l — 1)% (Boz B0z - (Enz7)), zeR

The classical Cauchy-Schwarz inequality and condition Fx(z) > 0,
z € R, imply that

x=2 x 1 1
Eny =t =Ene® 02 < (Eny~?)2 (Enj)?.
Therefore, vy (z) < 0 for z € R, implying the assertion of Lemma 4.7
in the case 7 > 2.
Now suppose that s = 2. In this case,

(En,)®
En2 ~

x(z) =

Using Lemma 4.5, one can obtain that the derivative from the right

En.
(En2)?
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is negative for any z € R due to the Hélder inequality

N

1 1 1

En, = Enw]l(x,oo)(X) < (Eﬂz) ? (E]l(x,oo)(X))2 = (Eﬂz) ? (F(.%')) )
where the strictness of the inequality follows from the condition
Fx(x) >0, x€R.

In the same way, one can get that the derivative from the left {’YX}_ ()
is also negative for any = € R because

Enw]l(x,oo) (X) = Enac]l[x,oo) (X)a r € R.

The derived properties of the function «vx imply that this function is
continuous and strongly decreasing on R.

This ends the proof of Lemma 4.7. O

LEMMA 4.8. Let X be a r.v. such that E(X*)% < oo and Fx € €.
If 3¢ > 1, then

lim lim sup Yx(xy) <
vl zoeo  Vx ()

Proof. If E(X ™)™ is finite, then

oo

E(X —2)")" = p/(u — 2)P7IP(X > w)du

T

for any 0 < p < s. Therefore, for all positive x and y

x(zy) _ (E((X - a:y>+)”‘1>” ( E((X — 2)*)” )”‘1
N 1

yx@)  \E((X - 2)t)" E((X —yx)*)”
fxy(u—xy”QFX [ (w—2)* T Fx (uw)du !
[ (u—2)*2Fx(u foou—xy’“lFX( )du
< ) <f;°u—:c”1FX( )du>%_1

[2%(u— 2)* 1 F x (uy)du
< | sup =
(7)) (

[ (u—z)*2Fx( uy )du
f;o(u—a: % 2FX

T

> 71. (4.18)



If y € (0,1), then

FX(U?/))%

lim sup 7x(zy) < (lim sup sup —
z—o00 VX (l‘) z—o0 uzzr Fx (u)

Since d.f. Fx € % the last inequality implies the statement of Lem-
ma 4.8. O

LEMMA 4.9. Let X be a r.v. with d.f. Fx such that E(X*)% < 00

and )
13 * 13 -
(lim sup X(y:v)) <1im supr(x) > <1 (4.19)
T—00 Fx(m) T—00 Fx(y.%')
for some ¢ > 1 and some y > 1. Then
lim sup x(2y) <1

z—o0 VX (l‘)

for some y > 1.

REMARK 4.1. Since Fx(z) > Fx(vz) for allv > 1, condition (4.19)
implies that Fx € PD.

If Fx € %, for some o > 0, then condition (4.19) holds for all s > 1.
If Fx € XYV (o5 C € for some ) < o < 8 < oo, then condition (4.19)

holds in the case 1 < ¢ < ﬂi

—a

Proof. Let 5 > 1 and y > 1 be such that condition (4.19) holds. By
estimate (4.18),

F P4 F x—1
lim sup x(zy) < lim sup <sup X (uy)) <sup — x() >
r—oo VX («73) T—r00 wxe F'x (U) wsz F'x (Uy)

_ (nm sup me))% (nm aup X (@) )H .

T—00 FX ($) T—00 FX (.CL‘y)

Now Lemma 4.9 follows from condition (4.19). O

REMARK 4.2. Let » > 2, and let X be a r.v. with d.f. Fx satisfying
condition (4.19). Then, the function vx, defined in equality (4.16), is
the t.f. of d.f. 1 —~vx belonging to the class € N PD.

It immediately follows from Lemmas 4.4-4.9.
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The next four lemmas provide some closure properties of d.f.s with re-
spect to the dependence structure and the product convolution. The
result of these lemmas is used to derive Theorem 4.6.

LEMMA 4.10. Let X, X2 be QAI r.v.s with d.f. Fx, € 9, Fx, € .
Let 01, 05 be two nonnegative, nondegenerate at zero r.v.s such that
vectors (X1, X2) and (61,02) are independent. If max{6],05} < oo for
some p > maX{JPfX1 , JEXQ}, then r.v.s 01 X1 and 02 X5 are QAL

For the proof of the above result see Lemma 4 in [58].

LEMMA 4.11. Let X and 0 be independent r.v.s, and let d.f. Fyx
belong to the class €. If 0 is a nonnegative, nondegenerate at zero r.v.
such that EOP < oo for some p > J;SX, then d.f. Fyx of the product 0X
also belongs to the class €.

The proof of the above result on the closure of class ¢ with respect to
the product convolution can be found in [116] (see Lemma 2.5).

LEMMA 4.12. Let X be a r.v. with d.f. Fx € PDNZ, and let 0 be
an independent of X, nonnegative, and nondegenerate at zero r.v. such
that EOP < oo for some p > J;X. Then the product d.f. Fyx belongs to
the class PD.

Proof. Fix y > 1 such that

F
lim sup 7X(my) <1,

T—00 FX (1‘)

and let a € (0,1) and b > 0 be such that P(b > 0) > 0. If z is sufficiently
large, then

Fox(zy) POX >zy,0 <z  POX > zy,0 > 2%)

Fox(z) P(OX > x) P(OX > x)
POX > zy,0 < x%) P(6 > x%)
S POX > 2,0 <2 POX >x,0>0)
< POX > zy,0 < 0 < %) n E6P
T POX >2,0<0<a%)  z%P(0 > b)P(X > ¥)
Fx % P r
CLBE w1 re

O<u<z® Fy (g) PO > b) zFx(z) F %>
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~ FX(zy)+ EoP 1 Fx(x)
o Fx(z) | P(0>b) 2% Fx(z) F<5> ‘

(4.20)

Since Fx € Z, it is obvious that Fx = O(Fx(%)). Moreover,

lim 27F x (z) = oo

Tr—00
for g > J;,EX (see, e.g., Lemma 3.5 in [102]). If p > J;TX, then there exists
a € (0,1) such that ap > J;EX. For this particular a, the second term on
the right side of (4.20) tends to zero as x tends to infinity. Consequently,
for this particular a € (0, 1),

F
lim sup M < limsup sup 7x(zy)
T—00 ng(l‘) T—00 zxgl-a Fx(Z)
F
= limsup 7X(scy) < 1. (4.21)

T—00 FX (.73)

Lemma 4.12 is proved. Note that a similar statement, but for a positive
random weight, is proved in Theorem 4.1 of [65]. O

LEMMA 4.13. Let X be a r.v. with d.f. Fx € &, and let 0 be an

independent of X, nonnegative, and nondegenerate at zero r.v. such that
E6P < oo for some p > JZQX. Then, for all y > 0,

F F
lim sup M < lim sup X (yz)

T—00 FQX (l’) T—00 FX (.Z‘)

and . .
F F
lim sup ﬂ < limsup = x(@) .
T—00 ng(yl‘) T—00 FX(yx)

Proof. According to (4.21),

F F F
lim sup L(yx) < limsup sup 7X(yz) = lim sup 7X(y3:)

T—00 Fex(x) T—00 zZxgl-a Fx(Z) T—00 FX(QZ)

with some special a € (0,1). Therefore, the first inequality of Lem-
ma 4.13 holds.
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Similarly to (4.20), one can obtain

F(2) N EoP 1 Fx(x)
F@X (ny) h z>xl—a F(yz) P(e > b) (yx)apFX (l‘) FX(%)

for large x, b > 0 such that P(# > b) > 0 and for a € (0,1) such that
ap > JZEX. The same arguments as in the derivation of (4.21) imply the
second inequality of Lemma 4.13.

This ends the proof of Lemma 4.13. O

4.3.2 Proof of Theorem 4.5

Consider the first part (i) of Theorem 4.5. By relation (4.1) of Theo-
rem 4.1, it holds that

E<(S§)ﬂﬂ{sﬁ>x}> ~ kgE(flfﬂ{gk>x})v (4.22)

for all g € [0, 1]. In the particular case 8 = 0,

Fye(w) =P(Sh >a) ~ > Fe () ~ Hy(2). (4.23)
kel

Notice that Fg, (z) > 0 for all k € Z, if z is sufficiently large. Hence,
according to the min-max inequality (see Lemma 2.1),

min Fﬁ’“ (zy) < @(yaj) < max FE’“( v) (4.24)

keI, Fe (v)  Hp(z)  keln Fg, (z)

for each y € (0, 1] and sufficiently large x. This double inequality shows
that the d.f. H,, together with the d.f. FSﬁ’ belongs to the class €NPD.
Hence, by Lemma 4.4,

Fée(q) ~ Hy (). (4.25)

For ¢ € (0,1), by equality (4.3) and the min-max inequality,
HG, (sg)

Hi o)+ 3 E(6 - Hi o)

kel,
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Fi(a) B(SS —1%((]))+ B(s —H%(q)f
< max Sk , n S5 n n
B g(s§ — Hi (o) Py E(& — Hi (0)
- + e P
. ZSEZ)) . ]E(Sn H,ﬁ(q)) - IP’(? ;gUHSZ(q))
" 2 E({k-H,‘j(q)) uzH; () (Sn > u)

kel,
(4.26)

because, according to the alternative expectation formula,

P(n > u)du "
E(n—z1)" _a{ > ) 1 P(n > “?;)

= < = sup
E(U - $2)+ TP(W > u)du T2 uzxo P(U > u)
T2

for all positive x1, z2 and every r.v. n such that P(n > z) > 0, z € R.

Now let € € (0, 3). By relations (4.25) and (4.26),

HG, (Sﬁ)
Hi (q)+ & 32 E(gk . He(q))+
n 1—q ke, n
E(Sﬁ - H:(Q))Jr ]PD(S§ > u(l - 5))
< (14+¢e)max< 1, — sup n :
> E(fk - H,f(q)) w2Hi (q)  P(Sh > u)

kel,

for all ¢ sufficiently close to the unit from the left. Since HS (q) — oo if

q T 1, from the last estimate one can obtain

HG,(55)
lim sup + < (1+¢)maxq1,
M H(q) + 1y X E(& - Hi(a)
k€L,
3 — +
. E(Sn - H <Q>) , P(SS > u(l—¢))
lim sup limsup sup £
P(Sy > u)

MY E(G - Hi(g) o weHio
ke,
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+
E SS —x ¢ B
= (1+¢) max {Lhmsup ( ) lim sup sup P(Ss >€u(1 £) }
T—00 Z E(fk — [L‘) T—00 u>x P(Sn > u)

k€ln

The fact that Fe € €, relation (4.2) of Theorem 4.1, and the arbitra-
riness of € € (0, 3) imply that

HG,(55)
lim sup _<1L (4.27)
MOH @)+ 2 E(gk _Hﬂq))
=
In a similar way, one can obtain
lim inf "G, (S’g)
1m in
+
@)+ 2 X B(& - Hi ()
kEIn
E(Sh—2)" P(S5 > u(1
> (1= cymin { L timint 200 gy P57 > 01 56))

00 Z E(fk —.CU)+ T—00 uU>x [P(Sg > U)
ke,

for all £ € (0, 3), and, under similar argumentations, one can derive

HG,(S5)
limilnf - > 1.
M H (@) + Ly X E(& - Hi(a)
keITL

The last estimate, together with inequality (4.27), finishes the proof of
the first part of Theorem 4.5.

Now suppose » > 2 and all conditions of part (ii) of Theorem 4.5 are
satisfied. Due to Theorem 4.2,

E((s5-%)) -
I—gq

HG,(S5) =7+ , (4.28)
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where = Z(q) is the unique solution of the equation

-1\ %
(s(si-2)")
T = Vsg(@=1-¢
(B((sf-2)"))
Let H,, be the d.f. defined in part (i) of Theorem 4.5. Due to asymptotic
relation (4.23), upper bound in (4.25), and conditions of the theorem,

d.f.s Fee and H, both belong to the class . In addition, according to
relation (4.23), the min-max inequality, and condition (4.6),

=1 x - x—1
Fge (yl‘) , Fge(x)
limsup =2—— lim sup =—=—

(hmsupfm) (hmsupwy*

a—oo  Hp(x)

—1

F F g
< <max lim sup gk(yx)) <max lim sup = g'“()> <1l (4.29)
k€L, zx—o0 ka( ) k€Zn z—o0 ng (yw)

for some y > 1. Therefore, Remark 4.2 implies that the d.f. 1 — vy
belongs to the class € NPD.

For sufficiently large x, by the alternative expectation formula, it holds
that

(g%E«&_xﬁy{j __Oz—Ufw_$y2HdmmO%

x—1 00 — -1
< > E((& - a:)ﬂ”) (}f J(u— x)”lHn(u)du>
kel, T

Ve

x—1
(E((G—2")") .
= 0\ x—1 = ’YCn ),
(E((G —2)")7)
where ¢, isar.v. with d.f. H,. Due to estimate (4.29), the d.f. F;, = H,
satisfies condition (4.19) which, according to Remark 4.2, implies that

the d.f. 1—~, belongs to the class ¥NPD together with the d.f. 1—ve.
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On the other hand, relation (4.2) of Theorem 4.1 implies that

Vo (@) ~ g, (@)

Consequently, all conditions of Lemma 4.4 are satisfied with ¢ = 1 and
d.fis 1 —7ge, 1 —,. According to this lemma,

#(q) ~ %(q)- (4.30)

Now the proof of this part continues in the same way as in the proof of
part (i). For all ¢ € (0,1), by relation (4.28) and the min-max inequality,

HG,(S5)

< max

o\ L

B((s5 - 7)")” 2 Bl& 7)) )

kel,

0| 5 E((G 7)) T E((&-70))

ke, keln

= Imax 7

If q is sufficiently close to the unit from the left, then

> B((6-a0)") S (- 3@)y Hauda

ke,

) E((fk —ﬂq))*)% - T(u—f(q))%*lﬁn(u)du

sup —
usslg)  Hn(u)

(2w . (i)
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Consequently, for ¢ sufficiently close to the unit from the left,

HG,(S5)
(g) + (11(1 keZInE((fk — f(q))+)%> %
s, ) [ B ) )
= 2(q) > E((g,c —#g ))J’)%uﬁ(q) H(u)

k€Ln

Since z(q) ?100, z(q) ~ Z(q), and the d.f. H, belongs to the class ¢,
q q

the last estimate and asymptotic relation (4.2) of Theorem 4.1 imply
that

HG, (S5
lim sup q( n) - <1
it X IREVAT:
#a)+ | 15 ¥ E((6 - 3)")
keT,
Similarly, one can derive that
HG, (S5
lim inf o(51) > 1.
qtl P
~ 1 ~ +\*
#a) + | 15 2 E((& - 3(a) ")
keT,
This finishes the proof of the second part of Theorem 4.5. O

4.3.3 Proof of Theorem 4.6

Consider the case s = 1. According to the conditions and Lemma 4.10, a
collection of r.v.s {01 X1, ...,0,X,} follows the pQAI dependence struc-
ture. By Lemma 4.11, d.f.s Fy, x, belong to the class ¢ for all
ke {1,2,...,n}. Since max EX;" < coand p > 1I£I?<an , by Lem-

<k<n

ma 3.5 of [102], Ep X < oo for all k € {1,2,...,n}, because

sup {v : / z'dF(z) < oo} < Jh

[0,00)
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for every d.f. F' from the class . Finally, by Lemma 4.12, Fy, x, € PD
for all k € {1,2,...,n}. Hence the collection of r.v.s {61 X1,...,0,X,}
satisfies all conditions of part (i) of Theorem 4.5. This implies the first
statement of Theorem 4.6.

Now, consider the second part of the theorem. If s > 2, then the second
part of Theorem 4.6 follows from the second part of Theorem 4.5 by
completely analogous reasoning as in the first part of the proof, only

instead of Lemma 4.12, one needs to use Lemma 4.13. Il

4.4 Example

This section presents an illustrative example demonstrating the applica-
tion of Theorem 4.5 to the evaluation of the HG risk measure when the
risk level is close to unity and the leading risk has a consistently varying

distribution.

Consider a collection of independent r.v.s {{1,&2,&3,84} with the follo-
wing d.f.s:

1 1
M’) Ljo,c0) (), Fa(z) = (1 - M’) Lj0,00)(2),

Fs3(z) = Fy(z) = (1 —e™™) 10,00y ()

The analysis focuses on the derivation of asymptotic formulas for the

Fi(z) = <1 -

HG, risk measure corresponding to power Young functions of the form
o(t) = t*, with 3 =1 and » = 2.

It is clear that the above collection of r.v.s satisfies the conditions of
Theorem 4.5 with Z, = {1, 2}.

In the first case, when » =1,

HG,(5) ~ Hil0) + 1 (B~ Hi () + Bl&a — Hi (@))")

where Hj~ is the quantile function of the d.f.
Hy = maX{O,l —F; —Fg}.
For large z,
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H =1-=
Therefore,
1
Hi (a) = — —1
v/5(1—q)

for ¢ sufficiently close to unity. For all z > 0,

E —2)" = 2(a;Jlr1)2’ E(& —2)" = m
Therefore, in this case,
1 1 3 2 ?
HG,(S5) ~ o 1+123 (3 3= Q)>
V3

wie

1 3 1
Y1 —q \2

Figure 4.1 displays the function defined above together with Monte Carlo

estimates of HG|, (Sf).

40
—— HG,4(S))

354 ~~" %@rﬁ—l
30

25 A

20 4

154

10 4

FIGURE 4.1. Simulated and asymptotically approximated values of
HG, (Sﬁ), where » =1
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Consider the second case, where » = 2. Then,

1/2

(B((& —3@)*)" +E((e - 2@)")") .

~ 1
HG,(S5) B0+ =

where Z(q) is the solution of the equation

(E(&1 — 2)* + E(& — 2)*)°

E(& -0 1 E(& -0 "
In this case,
E(& —2)" = #, E(é —z)" = #,
2(x +1)2 4(x +1)2
B((6 - o) = =7 B(@-9") = 5oy
Therefore,

3
o »
z(q) 0=

e L 3s/ 3
HG,(55) ~ 5 \/: 1

Figure 4.2 displays the function defined above together with Monte Carlo
estimates of HG,, (Sﬁ).

and
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—— HG,(S])
. 333 1
40 N1=g

30 4

201

104

FIGURE 4.2. Simulated and asymptotically approximated values of
HG, (SE), where » = 2
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CONCLUSIONS

A summary of the main results obtained in this dissertation is presented
below.

Chapter 2 extends Theorems 3 and 4 of [33] by allowing a broader class of
transformations beyond degree functions. It is shown that the following
asymptotic bounds for generalized left truncated moments of sums with
pQAI dominatedly varying summands hold

Z Le,.E (9(&)Lige>a}) S (‘P(Sr{z)ﬂ{sﬁn})

S Z 7E ©(Ek) 1{£k>z})

and, analogously, for randomly weighted sums,

ZLfk P (Orér) 1{9k§k>r}) (90(825)1[{525>m}>

Z (P(Ok&k) Lo, 6152)) -
k= k
under transformation ¢ : R — R4 = [0,00), satisfying the following

properties

(i) ¢ is eventually nondecreasing;
(ii) ¢ is eventually subhomogeneous;
(iii) ¢ is eventually differentiable;

(iv) for each k € {1,...,n}, the generalized moment E(¢(§k)1{¢,>a})
(or, respectively, E (gp(@kﬁk)]l{gkfpx})) is eventually finite.

Chapter 3 investigates randomly stopped sums S, and shows how the
membership of the distribution of S, in the classes £Z ¥ or ¥ influences
the membership of the counting r.v. v distribution in the class 2. These
results extend Proposition 4.9 of [39], which was originally formulated
for the more restrictive class Z. Moreover, asymptotic formulas relating
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the tail of a randomly stopped sum from class &%V , 3y to the tail of

a counting random variable were derived:
(B Fy(z) S Fs,(2) < (B Fy(x) if EE>1

(E€)°F,(z) S Fs,(z) S (B F,(z) if EE<1

Fg, (v) ~F,(z) if E&=1

Finally, assuming that r.v.s &i,...,&, represent individual random los-
ses, Chapter 4 investigates properties of the Haezendonck-Goovaerts risk
measure and extends results of [105]. It is shown that, in order to derive
the asymptotics of the HG risk measure for the sum of random risks, it
is sufficient to determine the appropriate characteristics of the sum of
dominant risks. It was noticed that such result holds under the assump-
tion that d.f.s of the dominant risks are consistently varying and satisfy
additional requirements related to positively decreasing tails. Moreo-
ver, this finding implies that the asymptotic behaviour of the HG risk
measure can be determined without computing complex convolutions.
Instead, it is sufficient to construct the d.f. from the sum of d.f.s of
the selected group. As a consequence to this result, an additional the-
orem is formulated, demonstrating that the procedure for determining
the asymptotics of the HG risk measure also applies in cases where a set
of r.v.s with random weights is considered.
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SUMMARY IN LITHUANIAN

Tyrimo objektas

Matematinis tyrimas, pateiktas Sioje daktaro disertacijoje, yra skirtas
sumy, kuriy démenis sudaro sunkiauodegiai atsitiktiniai dydziai, asimp-
totinei analizei.

Tiksliau tariant, démesys skiriamas kelioms atsitiktiniy sumy klaséms.
Pirmiausia nagrinéjamos atsitiktinés sumos su fiksuotu démeny skaiciu-
mi

SE=¢+.. 46

kartu su atsitiktinémis svorinémis sumomis
Szg = 0151 —+ ...+ gngn

Antra, tiriamos atsitiktinai sustabdytos sumos

0 if v =0,
G +...+& ifrv>1,

kuriose démeny skaicius v yra atsitiktinis dydis.

Visoms Sioje disertacijoje nagrinéjamoms sumoms budinga bendra savy-
bé, kad jy démenys arba stabdymo momentas yra sunkiauodegiai atsitik-
tiniai dydziai. Sunkias uodegas turintys skirstiniai pasizymi létu uodegos
tikimybiy nykimu ir atlieka svarby vaidmenj modeliuojant ekstremalius
ivykius. Tokie jvykiai yra neretai nagrinéjami draudimo ir finansy srity-
se, kai bendri portfelio nuostoliai yra nulemti individualiy ekstremaliy
nuostoliy. Siame kontekste, klasikiniai analizés metodai, paremti ekspo-
nentiniais momentais ar momentus generuojanc¢iomis funkcijomis, yra

netaikytini, todél naudojami alternatyvis asimptotiniais metodai.

Disertacijoje taip pat nagrinéjamas agreguoty nuostoliy rizikos vertini-
mas. Interpretuojant démenis kaip individualius atsitiktinius nuosto-
lius, ypatingas démesys skiriamas Haezendonck—Goovaerts rizikos ma-
tui — suderintam bei apibréztam Orlicz’o erdvéje. Sis matas suteikia
lanksty pagrinda rizikos valdymui ir uodegos jautrumo modeliavimui,
leidziantj kontroliuoti ekstremaliy nuostoliy jtaka pasirenkant atitinka-

ma Young funkcija. Disertacijoje analizuojama Haezendonck—Goovaerts
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rizikos mato asimptotiné elgsena, taikoma sunkigsias uodegas turinciy
riziky sumoms, ir tiriama, kaip dominuojantys sumos elementai lemia

Sig elgsena.

Tikslai ir uzdaviniai

Sioje daktaro disertacijoje suformuoti trys pagrindiniai tyrimo tikslai,
kurie siame skyriuje trumpai aprasSyti.

Pirma, nagrinéjama atsitiktiniy ir atsitiktiniy svoriniy sumy su fiksuotu

démeny skaic¢iumi apibendrinty nupjautiniy momenty
E(0(S)1 g ,,) it E(p(SE)L ge )

asimptotiné elgsena, kai * — oco. Cia ¢ : R — Ry = [0,00) Zy-
mi transformacijos funkcija, tenkinancig tam tikras salygas. Vienas is
pagrindiniy disertacijos tiksly yra gauti siy apibendrinty nupjautiniy
momenty asimptotinius apatinj ir virSutinj rézius, isreikstus individua-
liy démeny nupjautiniy momenty E(p(&x) e, >r)) arba, atitinkamai,
E(@(0kk)Lio,¢,>2)) suma tam tikry koreguojanciuy konstanty tikslumu.
Tokio tipo uzdaviniai jau buvo nagrinéti mokslinéje literaturoje. Pa-
vyzdziui, M. Dirma, S. Paukstys ir J. Siaulys [33] nustaté asimptotinius
apatinj ir virSutinj rézius tuo atveju, kai transformacijos funkcija ¢ yra
laipsniné funkcija. Sios disertacijos tikslas — toliau apibendrinti Siuos
rezultatus, leidziant platesne transformacijy klase.

Antra, tyrimas papildomas atsitiktinai sustabdyty sumuy S, analize.
Tiksliau tariant, analizuojami atvirkstinio tipo uzdaviniai, kai reguliaru-
mo salygos yra duotos sumos .5, pasiskistymui. Disertacijoje sprendzia-
mas klausimas, kaip skirstinio .5, priklausymas tam tikroms sunkiauo-
degiy skirstiniy klaséms lemia stabdymo momento v uodegos elgsena.
G. Fay, B. Gonzélez-Arévalo, T. Mikosch, G. Samorodnitsky [39] nagri-
néjo atvejj, kai atsitiktinai sustabdyta suma S, priklauso reguliariai kin-
tanciy skirstiniy klasei Z, su indeksu « > 0, ir nustaté salygas, kurioms
esant stabdymo momentas v taip pat priklauso tai paciai klasei. Sios
disertacijos tikslas — iSplésti Siuos rezultatus, parodant, kaip atsitiktinai
sustabdytos sumos S, reguliarumas, t.y. priklausymas platesnéms skirs-
tiniy klaséms, tokioms kaip ispléstinio reguliaraus kintamumo &Z7 ar
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dominuojancio kintamumo & klaséms, lemia stabdymo momento v re-

guliarumg dominuojancio kintamumo skirstiniy klaséje Z.

Galiausiai nagrinéjamas Haezendonck—Goovaerts rizikos mato, taikomo
sunkiauodegiy riziky sumoms, asimptotinis elgesys. Disertacijos tiks-
las yra nustatyti salygas, kurioms esant Haezendonck—Goovaerts rizikos
mato asimptotika yra nulemta dominuojanc¢iy sumos démeny, ir iSvesti
asimptotines formules, leidziancias iSvengti sudétingy konvoliucijos skai-
¢iavimy. Panasus uzdavinys jau buvo nagrinétas mokslinéje literaturoje.
Pavyzdziui, Tang ir Yang [105] iSvedé Haezendonck—Goovaerts rizikos
mato asimptotine iSraiska tuo atveju, kai Young funkcija yra laipsniné
funkcija p(t) = ¢t su » > 1, o nagrin¢jama atsitiktiné rizika priklauso
reguliariai kintanéiy skirstiniy klasei %, su indeksu o > s. Sios diser-
tacijos tikslas — iSplésti Siuos rezultatus nagrinéjant atsitiktiniy riziky
sumas, kuriy kai kurie arba visi démenys priklauso platesniam sunkiauo-
degy skirstiniy poklasiui, t.y. nuosaikiai kintanc¢iy skirstiniy klasei %.

Be to, analizé ispleciama ir atsitiktiniy svoriniy sumy atvejui.

Aktualumas ir praktiné motyvacija

Nors si daktaro disertacija yra teorinio pobudzio, atsitiktiniy sumy aktu-
alumas islieka praktiniuose taikymuose. Sios sumos natiiraliai atsiranda

uzdaviniuose, susijusiuose su draudimo ir finansy rizikos valdymu.

Sumos su fiksuotu démeny skai¢iumi daznai pasitaiko praktiniuose mo-
deliavimo uzdaviniuose draudimo kontekste. Diskretaus laiko rizikos
modeliai yra vienas i§ $iy pavyzdziy. Siuose modeliuose atsitiktiniai
dydziai & gali atitikti draudimo bendrovés grynuosius nuostolius laiko-
tarpiais (k—1, k], apibréztus kaip bendros iSmokéty zaly sumos ir bendry
draudimo jmokuy pajamuy skirtumas per laikotarpj (k — 1, k]. Atitinkami
atsitiktiniai svoriai 0y gali buti interpretuojami kaip stochastiniai dis-
konto faktoriai, transformuojantys busimus nuostolius momentu & j ju
dabartine verte momentu 0. Pagal sig interpretacija atsitiktiné svoriné
suma So° apraso bendrovés bendra grynuyjy nuostoliy dabartine verte
baigtiniame laiko intervale (0, n].

Kita svarbi su draudimu susijusi taikymo sritis yra individualios rizi-
kos modeliai. Siuose modeliuose laikoma, kad draudimo bendrové valdo
portfelj, sudaryta is n individualiy draudimo sutarc¢iy. Tuomet suma SZE
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interpretuojama kaip bendra zaly suma, patirta viso draudimo portfelio,
o kiekvienas narys 0y, k = 1,...,n, atitinka zala, susijusia su k-aja
draudimo sutartimi. Kadangi egzistuoja galimybé, jog tam tikrai sutar-
¢iai zala nebus patirta, atsitiktinis svoris 8} daznai modeliuojamas indi-
katoriumi (Bernulio atsitiktiniu dydziu), aprasanc¢iu k-osios zalos jvyki,
kai 0 = 1 reiskia, jog zala jvyko, o 0, = 0 kitais atvejais. Atsitiktinis
dydis & tuomet apraso k-osios sutarties zalos dydj su salyga, kad zala

ivyko.

Atsitiktinés svorinés sumos taip pat atlieka svarby vaidmenj finansy rizi-
kos valdyme, ypac portfeliy modeliavime ir kapitalo paskirstyme. Finan-
sinis portfelis gali buti laikomas kaip rinkinys n atskiry rizikos kompo-
nenty, pavyzdziui, turto klasiy ar verslo linijy. Siame kontekste atsitik-
tinis dydis & atitinka nuostolj, susijusj su k-uoju komponentu. Priklau-
somai nuo modeliavimo perspektyvos, 0 gali buti interpretuojamas kaip
stochastinis diskonto faktorius, taikomas busimiems nuostoliams, arba
kaip atsitiktinis k-ojo portfelio komponento svoris. Atitinkamai, suma
Sff gali buti interpretuojama arba kaip viso portfelio nuostoliy dabar-
tiné verté, arba kaip agreguotas svertinis portfelio nuostolis. Abiem at-
vejais atskiry komponenty priklausymas sunkiauodegiems skirstiniams
gali lemti situacijas, kai nedidelis skaic¢ius dominuojanciy riziky i$ esmeés

nulemia bendra portfelio rizika.

Ivairiuose praktiniuose taikymuose taip pat pasitaiko atsitiktinai sustab-
dytos sumos. Sios sumos atsiranda tuomet, kai démeny skai¢ius yra ne-
Zinomas, t.y. atsitiktinis. Draudimo ir finansy srityse tai gali buti susije
su atsitiktine sutarties trukme ar atsitiktiniu zaly skaiciumi. ISgyvena-
mumo analizéje atsitiktinai sustabdytos sumos naudojamos modeliuoti
agreguotas reiksmes, sukauptas iki atsitiktinio veiklos nutraukimo mo-

mento.

Galiausiai, Sios disertacijos praktiné reikSmé glaudziai susijusi su rizikos
vertinimu. Interpretuojant sumos narius kaip individualius atsitikti-
nius nuostolius, Haezendonck—Goovaerts rizikos matas suteikia lanksty
ir teoriskai pagrista pagrinda agreguotos rizikos kiekybiniam vertinimui.
Sio rizikos mato formulavimas Orlicz erdvése leidzia kontroliuoti jautru-
ma ekstremaliems nuostoliams, pasirenkant atitinkama Young funkcija.
Praktinis Sio rizikos mato taikymas daznai apsunkinamas sudétingy skai-

¢iavimy. Sioje disertacijoje gauti asimptotiniai rezultatai parodo, kad,
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esant tinkamoms salygoms, Haezendonck—Goovaerts rizikos mato elgse-
na agreguotiems nuostoliams yra nulemta dominuojanciy sumos démeny.
Si jzvalga leidzia reik§mingai supaprastinti rizikos vertinima ir suteikia
teoriskai pagrista pagrinda sudétingy rizikos maty aproksimacijai prak-
tiniame kontekste.

Disertacijos struktura

Siame skyriuje pateikiama daktaro disertacijos struktiira.

Darbas parengtas angly kalba ir prasideda trumpa jzanga.

1 skyriuje pateikiami disertacijoje naudojami zyméjimai ir apibrézimai,
sudarantys pagrinda tolimesnei analizei. Apzvelgiamios sunkiauodegiy
skirstiniy klasés ir jy poklasiai; aprasomos priklausomumo struktiros,
daznai sutinkamos kartu su sunkiauodegiais atsitiktiniais dydziais; pri-

menamos pagrindineés rizikos maty savokos ir pateikiamas Haezendonck—

Goovaerts rizikos mato apibrézimas.

2 skyrius skirtas sumoms su fiksuotu démeny skaiciumi. Jame nagrinéja-
ma apibendrinty nupjautiniy momenty asimptotiné elgsena tiek nesvo-
riniy, tiek svoriniy atsitiktiniy sumy atveju, esant jvairioms prielaidoms
apie sumos nariy uodegy elgseng ir transformacijos funkcija. Pagrindi-
niai sio skyriaus rezultatai pateikia apibendrinty nupjautiniy momenty
asimptotinius apatinj ir virSutinj rézius agreguotoms sumoms, isreikstus
atitinkamais individualiy sumos démeny momentais. Sie rezultatai taip
pat publikuoti [32].

3 skyrius skirtas atsitiktinai sustabdyty sumy analizei. Siame skyriuje
nagrinéjami atvirkstinio tipo uzdaviniai, susije su atsitiktinai sustab-
dytos sumos uodegos elgsenos ir stabdymo momento sarysiu. Tiksliau
tariant, nustatomos salygos, kurioms esant atsitiktinai sustabdytos su-
mos priklausymas tam tikram sunkiauodegiy skirstiniy poklasiui lemia
specifines sustabdymo momento uodegos savybes. Sie rezultatai grin-
dziami publikacija [91].

4 skyrius nagrinéja Haezendonck—Goovaerts rizikos mato, taikomo sun-
kiauodegiy riziky sumoms, asimptotine elgseng. Parodoma, kad, esant
tinkamoms salygoms, rizikos mato asimptotika yra nulemta dominuo-
janéiy sumos komponenty, kas leidzia reikSmingai supaprastinti mato
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skai¢iavima. Siame skyriuje gauti rezultatai taip pat gali buti taikomi

atsitiktinéms svorinéms sumoms. Sie rezultatai buvo publikuoti [92].

2, 3 ir 4 skyriai pasizymi panasia struktura. Kiekvienas skyrius pradeda-
mas trumpa literatiiros apzvalga, po to pateikiami pagrindiniai rezulta-
taiir juy jrodymai, o skyrius baigiamas bent vienu iliustraciniu pavyzdziu,
demonstruojanciu gauty rezultaty taikomuma. Visi siuose skyriuose pa-
teikti pavyzdziai buvo sugeneruoti naudojant ,,Python* programavimo

kalba.
Be pagrindiniy skyriy, disertacijoje taip pat pateikiama pagrindiniy re-
zultaty santrauka bei literatturos sarasas.

Sioje disertacijoje pateikti rezultatai buvo gauti autorés, jskaitant bend-

rus mokslinius straipsnius su kitais bendraautoriais, kuriy sgrasas pa-

teiktas DISSEMINATION OF RESULTS skyriuje.

Galiausiai, disertacijos pabaigoje pateikiamas autorés gyvenimo aprasy-

mas.
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